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محمـد وعلـى آلـه  الحمد الله رب العالمين ، والصلاة والسلام على خاتم المرسلين نبينا 
 .وصحبه أجمعين 
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لقــد مَيَّــز االله تعــالى اللغــة العربيــة بخاصــة الإبانــة والتعبيــر ، وأنــزل بهــا كتابــه الخــاتم  
علـى قلبـك لتكـون . نزل به الـروح الأمـين . وإنه لتنزيل رب العالمين  ﴿سان عربي مبين ، بل

فاللســان العربــي شــعار الإســلام وأهلــه ، واللغــة مــن  (*)﴾بلســان عربــي مبــين. مــن المنــذرين 
والأمـة العزيـزة تعتـز بلغتهـا وتحـرص علـى اسـتقلالها . أعظم شعائر الأمم التي بهـا يتميـزون 

والأمــة الذليلــة تفــرط فــي . حــرص علــى اســتقلالها العســكري والاقتصــادي ســواء اللغــوي كمــا ت
ومـــا ذلـــت لغـــة شـــعب إلا ذل ، ومـــا . لغتهـــا حتـــى تصـــبح أجنبيـــة عنهـــا وهـــي منســـوبة إليهـــا 

ومــن هنــا يَفــرض الأجنبــي المســتعمر لغتــه فرضــاً . انحطــت إلا كــان أمــره فــي ذهــاب وإدبــار 
ويشعرهم عظمته فيها ، ويحبس لغتهم في لغتـه سـجناً  ويركبهم بها ، ، على الأمة المستعمَرة

ـــي  ، مؤبـــداً  ـــد مســـتقبلهم فـــي الأغـــلال الت ويحكـــم علـــى ماضـــيهم بالقتـــل محـــواً ونســـياناً ، ويقي
 .ا لأمره تَبع عها ، فأمرهم من بعدهيصن
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بلغـــة كتابهـــا العزيـــز ،  ذَ فشخصـــية الأمـــة الإســـلامية تبـــدو جليَّـــةً عنـــد اعتيادهـــا الأخـــ
وجعلهــا لغــة العلــوم والثقافــة والمجــالات الهامــة فــي حياتهــا  ، واســتخدامها فــي شــتى الميــادين

فإن أهملت الأمة تلـك اللغـة ، واسـتبدلت بهـا غيرهـا مـن لغـات أجنبيـة . وأمور دينها ودنياها 
خــذ لغاتهــا ، الشخصــية فــي كيــان الأمــم التــي تأ، فــذلك مضــيعة لشخصــيتها ، وذوبــان لتلــك 

 .واعلم حينئذ أنها قد أصبحت أمة لا شخصية لها ، وعدَّها في الموتى 
_______________________________________________________ 
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لا جـرم كانــت لغــة الأمـة هــي الهــدف الأول للمسـتعمرين ، فلــن يتحــول الشــعب أول "  
، إذ يكون منشأ التحـول مـن أفكـاره وعواطفـه وآمالـه ، وهـو إذا انقطـع ما يتحول إلا من لغته 

من نسب لغته انقطع من نسب ماضيه ، فليس كاللغة نَسبٌ للعاطفة والفكر ، حتى إن أبناء 
الأب الواحــد لــو اختلفــت ألســنتهم فنشــأ مــنهم ناشــئ علــى لغــة ، ونشــأ الثــاني علــى أخــرى ، 

 .  )*(" العاطفة كأبناء ثلاثة آباء والثالث على لغة ثالثة ، لكانوا في 
 

وكــان علمــاء الأمــة رحمهــم االله فــي صــدرها الأول علــى وعــي كامــل بــأثر اللغــة فــي  
تكــوين الأمــة ، وخطرهــا فــي بنــاء شخصــية المســلم ، ولــذلك حرصــوا حرصــاً شــديدا علــى لغــة 

أدنــى  القــرآن والســنة ، وشــددوا النكيــر علــى مــن حــاد عنهــا إلــى غيرهــا ، واســتبدل الــذي هــو
" وهـو  ،وما زال السلف يكرهون تغيير شعائر العرب حتـى فـي المعـاملات . بالذي هو خير 

، ولكـن الألسن يجوز النطق بها لأصحابهــا  مع أن سائر.. إلا لحاجة " التكلم بغير العربية 
 .وها للحاجة ، وكرهوها لغير الحاجة ، ولحفظ الإسلام سوَّغ

 

بـي ، وبعــث بــه نبيـه العربــي ، وجعــل الأمـة العربيــة خيــر االله أنـزل كتابــه باللســان العر  
 –الأمم ، فصار حفظ شعارهم من تمام حفظ الإسلام ، فكيف بمن تقدم على الكلام العربـي 

 يغيره ويبدله ، ويخرجه عن قانونه ، ويكلف الانتقال عنه ؟ –مفرده ومنظومه 
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عندما يفتحون بلدا من البلدان يتركون لسانهم ولسان قرآنهم من أجل ولم يكن العرب  
لسان أحد ، وإنما تغلب العربية على أهل المصر المفتوح الذين يألفونها ، بل ويتسابقون فـي 
تعلمها ودراستها والتحدث بها ، ويكـره المسـلمون أشـد الكـره أن تتفشـى فـيهم العجمـة والرطانـة 

 .وأهله  البعيدتان عن لغة الكتاب
 

ريـب  واعتياد الخطاب بغير العربية حتى يصـير ذلـك عـادة للرجـل مـع صـاحبه ، فـلا 
وا أرض ـولهذا كان المسلمون المتقدمون ، لما سكن. أن هذا مكروه فإنه من التشبه بالأعاجم 

 ،  فارسيــــة مــــاأهله ةـــــولغان ، ـــراق وخراســــــروميَّة ، وأرض العا ــة أهلهمــصر ، ولغـــام ومــالش
_______________________________________________________ 
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عــودوا أهــل هــذه الــبلاد اللغــة العربيــة ، حتــى غلبــت : المغــرب ، ولغــة أهلهــا بربريــة وأرض 
 .مسلمهم وكافرهم : على أهل هذه الأمصار 

 

العربيــة كانــت هــي لغــة العلــم والثقافــة فــي بــلاد الأنــدلس أيــام  ومعلــوم كــذلك أن اللغــة
  .الحضارة الإسلامية العالمية الزاهرة 
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 وترجع سيادة اللغة العربية للغات العالم كله إلـى أن الكتـاب الخـاتم نـزل بهـا ، وتكفـل 
 ، فهــي)*( ﴾ لــه لحــافظون إنــا نحــن نزلنــا الــذكر وإنــا ﴿: االله عــز وجــل بحفظــه ، فقــال تعــالى

لغة محفوظة ، وهذا هو السر الذي يجعلنا لا نقيس العربية الفصحى بمـا يحـدث فـي اللغـات 
الحيــة المعاصــرة ، فــإن أقصــى عمــر هــذه اللغــات فــي شــكلها الحاضــر لا يتعــدى قــرنين مــن 

هــا ، تأخــذ من الزمــان ، فهــي دائمــة التطــور والتغيــر ، وعرضــة للتفاعــل مــع اللغــات المجــاورة
وتعطي ، ولا تجد في كل ذلك حرجا ، لأنها لم ترتبط في فترة من فترات حياتها بكتاب كـريم 

 .، كما هي الحال في العربية 
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واليوم تواجه العربية حربا شرسة هي جزء من المؤامرة على الإسلام وأهله ، فلقد قـام  
سـلام مـن جانـب ، والنحـل الفاسـدة والملـل الكـافرة مـن جانـب آخـر منـذ اليــوم الصـراع بـين الإ

ثـم لـم يـزل  ، بـه فـي تبليـغ رسـالتهر الأول الذي صـدع فيـه النبـي صـلى االله عليـه وسـلم بـأمر 
ـــى يـــوم النـــاس هـــذا  ـــزال  –وكـــان . يشـــتد إل ـــين الإســـلام مـــن أهـــم  –ولا ي ـــادين الصـــراع ب مي

م صــلى االله عليــــه القــرآن العظــيم ، ولغــة النبــي الكــري وخصــومه اللغــة العربيــة نفســها ، لغــة
 لمحــــاولة ة ــروف اللاتينيــة بالحــة العربيــة إلى كتابـــوات مختلفـــرت دعــــهـه ظــحتى إنم ، ــــوسل

______________________________________________________ 
 ٩: الحجر ) *(

 



  œ 
 

ام اللهجات العامية بدلا من العربية الفصـحى بحجـة التيسـير ، وإلى استخد! بالغرب اللحاق 
، وإلى إقصاء العربية تماما عـن ميـدان العلـوم بـدعوى مواكبـة التطـور العلمـي ! على الناس 

، واالله يشــهد إن المنــافقين لكــاذبون ، فهــم يخططــون ويعملــون ! الحــديث ومســايرة الأبحــاث 
لغـة التـي لا تسـتخدم تمـوت وتنـدثر ، ويسـهل بعـد ليل نهار للقضاء على لغة القرآن ، فإن ال

 !ذلك القضاء على أمة الإسلام وتغريبها بعد تغريب لسانها وفكرها وثقافتها 
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وإن . ، وإن التعريــب مــن أعظــم الخطــوات لنصــرة هــذا الــدين إن العربيــة مــن الــدين  
ة مــن أجَـــلِّ القربــات إلــى االله عــز وجـــل ، وإن تعلــم العربيــة لفهــم مقاصــد الكتــاب والســنة قربــ

واللسـان تقارنـه أمـور أخـرى مـن العلـوم . معرفة ما يقيم به المسلم فرضه فرض واجـب عليـه 
حبه االله وفيما يكرهه ، فلهـذا جـاءت الشـريعة يوالأخلاق ، فإن العادات لها تأثير عظيم فيما 

اهــة الخــروج عنهــا إلــى غيرهــا مــن غيــر بلــزوم عــادات الســابقين فــي أقــوالهم وأعمــالهم ، وكر 
وإذا كانت اللغة هي خزانة الفكر الإنساني فإن خزائن العربية قد ادخـرت مـن نفـيس . حاجة 

 .البيان الصحيح عن الفكر الإنساني وعن النفوس الإنسانية ما يعجز سائر اللغات 
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يهـــا أن تعمــل علـــى نشـــر دينهـــا إن الأمــة التـــي نـــزل بلســـانها الكتــاب الكـــريم يجـــب عل 
وآدابها بـين الأمـم الأخـرى ، وهـي تـدعوها إلـى مـا جـاء  وعلومها ونشر لسانها ونشر عاداتها

بــه نبيُّهــا مــن الهــدى وديــن الحــق لتجعــل مــن هــذه الأمــم أمــة واحــدة ، دينهــا واحــد ، وقبلتهــا 
أمــة وســطا ، ويكونــوا شــهداء واحــدة ، ولغتهــا واحــدة ، ومقومــات شخصــيتها واحــدة ، ولتكــون 

ا ، ويتبـع ـعلى الناس ، فمن أراد أن يـدخل فـي هـذه العصـبة الإسـلامية فعليـه أن يعتقـد دينهـ
 .شريعتها ، ويهتدي بهديها ، ويتعلم لغتها ، ويكون في ذلك كله تبعا لا متبوعا 
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ا لمســخها فــي ض لهــا أمتنــيبيــة العارمــة التــي تتعــر مــن هنــا نــدرك خطــورة الحملــة التغر  
مــن العقيــدة والخلــق والقــانون وأنظمــة التعلــيم والإعــلام ، إلــى العــادات والتقاليــد : كــل مجــال 

، أي اعتمـاد " تعريـب الأمـة " ولا بـد مـن بـذل الجهـود مـن أجـل . واللباس والطعام والشـراب 
ير في كـل أمـر ذي اللغة العربية الفصحى أداة وحيدة للتعب –مؤسسات وأفرادا  –الأمة كلها 

بــال ، ومــن ذلــك أمــر العلــم والتعلــيم ، وتظهــر أهميــة هــذا المســتوى مــن التعريــب إذا قصــدنا 
الأمـــة الإســـلامية كلهـــا ولـــيس العـــرب فقـــط ، وهـــذا هـــو التحـــدي الضـــخم الـــذي : بالأمــة هنـــا 

يواجه المسلمين اليوم ، والـذي نجـح أسـلافنا الصـالحون فـي إنجـازه حـين حملـوا الإسـلام إلـى 
 .ارج جزيرة العرب ، وحملوا معه اللغة العربية فأسلمت الشعوب وتعربت خ

 

ــــب   ــــالأمم كمــــا تتصــــارع ميــــدان إن التعري واســــع مــــن ميــــادين الجهــــاد الحضــــاري ، ف
حضاريا في الميادين السياسية والاقتصـادية والعسـكرية ، تتصـارع أيضـا فـي الميـدان اللغـوي 

خــرى ، بــل إنــه لســلاح عظــيم الفعاليــة فــي إحــراز الــذي لا يقــل أهميــة وآثــارا عــن الميــادين الأ
ومـن هنـا نفهـم السـر فـي الاهتمـام العظـيم الـذي أولتـه . النصر في ميـادين الصـراع الأخـرى 

 .ية ، لنشر لغاتها بين شعوب الأرضكل الدول الاستعمارية ، غربية أو شرق
 

موطنهــا وفــي إطــار ذلــك الصــراع أو الحــرب اللغويــة ، حوربــت العربيــة بشراســة فــي  
الأصلي وفي كل البلاد الإسلامية ، ولا تـزال العربيـة حتـى اليـوم فـي معقلهـا الأصـلي تواجـه 

بأيـدي أبنائهـا الـذين  - للأسـف –تلك الحرب التي تنفذ اليـوم  –على كل صعيد ومستوى  –
ولــذا فــإن جهــاد التعريــب ضــد هــذه الغــارة الشــاملة قــد بــات فــرض . يخربــون بيــوتهم بأيــديهم 

ولكل جهاد رجاله وخططـه . كل مسلم وعربي ، فالغزو قد وصل إلى عقر الدار عين على 
وكـل مـن يقعـد عـن هـذا الجهـاد ويخلـد إلـى الأرض فـو آثـم ، وكيـف لا وهـو يــرى . وأسـلحته 

أمــا .. شخصـية الأمــة تغتـال ، ومقوماتهــا تنتهــك ، وعوامـل تماســكها تحطــم ، ثـم يتقــاعس ؟ 
يــؤازرون مخططاتــه ، ويحرســون تنفيــذها ، : دق واحــد أولئــك الــذين يقفــون مــع العــدو فــي خنــ

هــؤلاء  رب العســكرية ، ومــا يســتحقهـفهـم لا يقلــون خيانــة عمــن يعمــل لحســاب العـدو أيــام الحــ
 ٠ يستحقه أولئك



  Ë 
 

دُّ وأنكــى مــن القصــف بالراجمــات ، ودك ـإن القتــل الحضــاري ذلا ومســخا وتــذويبا لأشَــ 
لتبريـــر الرضـــى بقتـــل هويـــة الأمـــة مهمـــا تكـــن  البيـــوت علـــى الـــرؤوس ، ولا تقبـــل أي تَعِـــلات

 .والذي نرى آثاره شاخصة في كل مكان 
 

 ƒ√Õ��¬ ¬·� ((��� …�√��¬� 
 

ـــوم الحديثـــة ظهـــرت والحمـــد الله فـــي الســـنوات  وضـــمن جهـــود التعريـــب فـــي ميـــدان العل
فـي مجـال علـم الحاسـوب ، وهـذه ) مؤلفـة أو مترجمـة ( الأخيرة بعض الكتب باللغـة العربيـة 

ـــة  الكتـــب ـــة جـــدا بالنســـبة لمـــا هـــو مطلـــوب فـــي عمليـــة تعريـــب العلـــوم الحديث وإن كانـــت قليل
للنهوض بأمتنا ، إلا أنها جهد مشكور ونواة طيبـة لمكتبـة علميـة عربيـة نـدعو االله عـز وجـل 

وهـذا الكتـاب إضـافة جديـدة . أن يبارك فيها لتثرى وتروي ظمأ الطلاب والدارسين والباحثين 
وقــد اتبعنــا فـــي ، ع نظريــة الحوســـبة والأوتوماتيــة واللغــات الشـــكلية لهــذه المكتبــة فـــي موضــو 

، المراجـع المـذكورة بنهايـة الكتـاب منهجه وترتيب فصوله ومحتوياته المرجع الثالث في قائمة
ونأمـل بـذلك أن ينفـع االله تعـالى بإذنـه . وهو من أفضـل المراجـع الحديثـة فـي هـذا الموضـوع 

يــة ، وأن يســد الكتــاب نقصــا فــي المكتبــة العلميــة العربيــة ، ســبحانه بهــذا الكتــاب أبنــاء العرب
ويكـون بـذلك لبنـة جديـدة فــي صـرح تعريـب العلـوم الحديثــة ، وجهـدا متواضـعاً نـدعو االله عــز 
وجـل أن يبــارك فيـه فيثقــل ميـزان حســناتنا يـوم نقــف بـين يــدي المـولى عــز وجـل فيســألنا مــاذا 

 .متنا ورفع راية التوحيد بين الخلق أجمعين قدمنا لغدنا ، وماذا عملنا من أجل النهوض بأ
 

" ة واللغـات الشـكلية نظريـة الحوسـبة والأوتوماتيـ" ا السـابق ـدادا لكتابنــاب يُـعَـدُّ امتــوالكت
ـــادئ )  ٢٠١١ح ، الكويـــت مكتبـــة الفـــلا(  ـــاول بأســـلوب ســـهل وبســـيط أســـس ومب ، الـــذي تن

ســـبة ، وبعـــض التطبيقـــات والمجـــالات والحو ) الأوتوماتـــا ( وقواعـــد اللغـــات الشـــكلية والآلات 
ذات الصلة ، والكتاب الحالي يتناول الموضوعات المتقدمة في نظرية الحوسبة والأوتوماتية 

، ات الشكلية والآلات ذاتية الحركـةكآلات تيورنج ونماذجها المتنوعة ، والتسلسل الهرمي لِـلُّـغ
فــــة للحوســــبة ، ودرجــــات التعقيــــد وحــــدود العمليــــات الحســــابية الخوارزميــــة ، والنمــــاذج المختل

 . الحاسوبية 
 



  “ 
 

وفي نهاية كل فصل من فصول الكتاب يوجد عدد من التمرينات والمسائل التي تعـين 
ويمكـن . الطالب بإذن االله على فهم واستيعاب المفاهيم والطـرق التـي وردت فـي ذلـك الفصـل

 . ابـنهاية الكت للطالب التأكد من صحة هذا الفهم بالرجوع إلى أجوبة التمرينات في
 

ومــن الممكــن تــدريس مــادة هــذا الكتــاب فــي فصــل دراســي واحــد لطــلاب كليــات علــوم  
 .الحاسوب وهندسة الحاسوب 

 

 „�fl�Ã� „�Ï 
 

بمكتــــب نائــــب مــــدير  ســــالمة موســــى/  الســــيدة ةالفاضـــــل تأن نشـــــكر الأخــــ هنــــا نــــود 
بــه مــن  تومــا تحلــ ه مــن جهــد كبيــرتــبجامعــة الكويــت علــى مــا بذل الجامعــة للشــئون العلميــة

صـــبر وأنـــاة فـــي طباعـــة هـــذا الكتـــاب حتـــى يخـــرج بهـــذه الصـــورة الطيبـــة التـــي تخـــدم عمليـــة 
.  دارة بـين الأمـمـالتعريب وتيسر نشر العلوم في آفاق أمتنا لتعود كمـا كانـت فـي مكانـة الصـ

 . في تيسير سبل طلب العلم والتماسه تهالمساهم اجعل االله ذلك الجهد في ميزان حسناته
 

ــــأل االله العلـــي القديـســـن ــــر أن ينفـ ــــع بهـ وجهـــه ذا الكتـــاب ، وأن يتقبلـــه عمـــلا خالصـــا لـ
 .، وعلما نافعا لأبناء أمتنا الإسلامية الكريم 

  
تعلمــوا العلــم ، فــإن تعلمــه الله خشــية ، وطلبــه : ( عـن معــاذ بــن جبــل رضــي االله عنــه 

لا يعلمه صدقة ، وبذلـه لأهلـه عبادة ، ومذاكرته تسبيح ، والبحث عنه جهاد ، وتعليمه لمن 
قربــة ، لأنــه معــالم الحــلال والحــرام ، ومنــار ســبل أهــل الجنــة ، وهــو الأنــيس فــي الوحشــة ، 
والصاحب في الغربة ، والمحدث في الخلوة ، والدليل على السـراء والضراء ، والسـلاح علـى 

خيـر قـادة وأئمـة تقـتص الأعداء ، والزين عند الأخلاء ، يرفـع االله بـه أقوامـا ، فـيجعلهم فـي ال
ترغــب الملائكــة فـــي خلاتهــم ، وبأجنحتهـــا . آثــارهم ، ويقتــدى بفعـــالهم ، وينتهــي إلــى رأيهـــم 

تمسحهم ، ويستغفر لهم كل رطـب ويـابس ، وحيتـان البحـر وهوامـه ، وسـباع البـر وأنعامـه ، 
م منـازل يبلـغ العبـد بـالعل. لأن العلم حياة القلوب من الجهل ، ومصابيح الأبصار في الظلم 

التفكيـر فيـه يعـدل الصـيام ، ومدارسـته تعـدل . الأخيار ، والدرجات العلى في الـدنيا والآخـرة 
القيام ، به توصل الأرحام ، وبه يعرف الحلال من الحرام ، وهو إمـام العمـل تابعـه ، يلهمـه 

 ] ابن عبدالبر ) [ السعـداء ويحرمه الأشقياء 
 .ن وآخر دعوانا أن الحمد الله رب العالمي
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Z�—uO�  ô¬ 
Turing Machines 

 
            ‚UO?��« …d?�  U?GK�«Ë W?LE�M*«  U?GK�« 5?� U?�U��—« „U?M� Ê√ r?KF�(regular and 

context-free languages)      …œËb?;«  ôü«Ë ¨ W?O�U� s?�(finite automata)   ô¬Ë
 qH??�_ l�b??�«  «Ë– ‰u??�I�«(pushdown accepters)  Èd??�√ W??O�U� s??�  Æ  U??GK�« Ê√ r??KF�Ë

    W?OKF� W??Oze� W?�uL� Ê�u??J� W?LE�M*« ØW�O�??� (proper subset)   ¨ ‚UO??��« …d??�  U?GK�« s??� 
 …œËb??;«  ôü« s??� Èu??�√ b??F�� qH??�_ l�b??�«  ô¬ ÊS??� p�c??�Ë Æp�c??� r??KF�Ë  …d??�  U??GK�« Ê√

    ?:« …œËb?� U?N�√ ô≈ ¨ W?���«  UG� W�«—b� W��M�U� WO�U�√ UN�√ r�— ¨ ‚UO��«‰U   (limited in 
scope)  Æ        q?�� WDO?���«  U?GK�« i?F� Ê√ U?M� 5�?�� U�bM� UM� `C�� «c�Ë{an bn cn}   Ë{ww} 

 ‚UO��« …d� X�O� Æ   ¡«—Ë U?LO� d?EM�« �≈ UMF�b?� «c�Ë    ̈  ‚UO?��« …d?�  U?GK�«    W?OHO� � Y?���« �≈Ë
   W?K��_« Ác?� q?�� vK� qL�A� …b�b�  UG� WKzU� n�dF� Æ     p?�– q?�√ s?�Ë    …—u?B�« �≈ œu?F� U?M�S�

 W??�¬ Í_ W??�UF�«Æ   qH??�_ l�b??�«  «Ë–  ôü«Ë …œËb??;«  ôü« 5??� U??�—U� «–≈  (pushdown 
automata)  WFO�� Ê√ Èd� UM�S� ¨   X�R*« s�e���«(temporary storage)    T?AM�� �?�« w�
 ULNMO� ‚—UH�«Æ       s�e?� Í√ „U?M� s?J� � «–S�(no storage)   UM�b?� ÊuJ�?��    …œËb?� W?�¬  Æ Ê≈Ë

  s�e?���« WKO�Ë X�U� ©  Êe?�*« Í√  ®   W?���—(a stack)        l�b?�«  «– Èu?�_«  W?�ü« UM�b?� ÊuJ�?��
 qH�_ Æl�u�� Ê√ UMMJ1 WE�ö*« Ác� ôULJ��«Ë   Ó√ «–≈ Èu?�√  U?G�  özU� nA�J� Ê√   W?�ü« U?MOD�

  W?�Ëd� d?��√ s�e� WKO�Ë (more flexible storage) Æ   ö�?L�    UM�b��?�« «–≈ Àb?� «–U?�–  �
 ÂUF�« jD�*« © qJ�± – ±  ®      «—u�U?� Ë√  U?�— Àö?� Ë√ 5�?�—(a queue)    s�e?� WKO?�Ë Í√ Ë√

ø Èd�√      «–U?�  ø …b?�b�  U?G� WKzU� t�ö� s�Ë  ôü« s� «b�b� U�u� ·�d�F�� s�e� WKO�Ë q� q�
      c?�  ø W�?�u(« œËb?� s?�Ë  ôü« Èu?�√ s?� ‰uI� Ê√ UMMJ1     W?�ü w?�U�_« Âu?NH*« �≈ U?�œuI� «

¢Z�—u??O� ¢(a Turing Machine)     Ë√ W??OJO�UJO� W�??�u� …d??JH� o??O�œ n??�dF� �≈ w�U??��U�Ë ¨
  WO�“—«u�(a mechanical or algorithmic computation) Æ 

 
 UM��«—œ √b��Ë w�— n�dF� ¡UD�S� �« Ê–S� Ø      «�?� W?K��_« i?F� w?DF� r?� ¨ Z�—u?O� W�ü wKJ� Z�

   W?OJO�UJO� Ë√ W?O�¬ Ê√ r?�— t�√ r�e� �r�� s�Ë ¨ WDO��  (mechanism)     Z�—u?O� W?�¬   WDO?��Ë W?Oz«b�
N�uNH� Ê√ ô≈ «b�U  l?�«Ë       …b?IF�  U?OKL� qL?A� Y?O� «b?� Æ�Ë    W?�dE� �≈ UM�?�«—b� q?B Z�—u?O�  



 ≤ 

(Turing thesis)       WO�U?�� W?OKL� Í√ Ê√ —d?I� �?�«(computational process)  ≠  p?K�� 
 ÂuO�« VO�«u(« UN� ÂuI� ��«–  sJ1  Z�—uO�  ô¬ s� W�¬ U�c=HM� Ê√Æ 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
 
 

 
WO�UOI�« Z�—uO� W�¬  The Standard Turing Machine           

 
           U?N�√ v?K� U?NO�≈ d?EM�« s?J1 Y?O� ¨ W?�U��« W�U?���U� Z�—u?O� W�¬ � s�e���« WKO�Ë eOL��
�        U?�ö� s?� b?F��« W?�œU�√ …œd?H� W?�uEM(a single, one-dimensional array of cells)  

   kH�??% Ê√ U???NM� …b??�«uK� s??J1   œd???H� e??�d� Æ    b???�9 W??�uEM*« Ác??�Ë(extends)     œËb???� ö??�
(indefinitely)       s?� …œËb?� �?� W?OLJ� �U?H��ô« vK� …—œU� wN� p�c�Ë ¨ 5�U&ô« vK� �

  U??�uKF*« Æ1Ë    V??O�d� ÍQ??� U??��OG�Ë  U??�uKF*« …¡«d??� U??MMJ Æ   WKO??�u�« Ác??� q??�� v??K� oKÚDM??�Ë
 s�e��K�UD�d�  (a tape)  t�A� UN�_ «dE�    w?�O�UMG*« j�d?A�«(magnetic tape)    ÊU?� Íc?�«

 W1bI�« VO�«u(« � Âb����Æ 
 
 
 

Output 
 U�d� 

Êe� 
Storage 

nK� ‰U�œ≈ 
Input File 

rJ% …b�Ë. 
Control Unit 

 qJ�± – ± 
�¬ qO�9 jD�W�d(« WO�«– W�U� W 

schematic representation of a general automaton 
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Z�—uO� W�¬ n�dF�  Definition of a Turing Machine           
 
  u???O� W???�¬  W???�¬ w???� Z�— W???�d(« W???O�«–  (automaton) – U???N�d�« Ø U???N�e�X???�R*«  

(temporary storage)  j�d� s� …—U�� Æ        U?NM� …b?�«uK� s?J1 U?�ö� �≈ r?��I� j�d?A�« «c?�Ë
    b?�«Ë e?�d� �U?H��ô«Æ    j�d?A�U� j��d?�Ë”√—   W?�U�J�«Ë …¡«d?IK�  (read – write head)    U?NMJ1

    5LO?K� j�d?A�« v?K� „d���«  ¨ —U?�OK� Ë√      e?�— W?�U�� Ë√ …¡«d?� U?NMJ1Ë  œd?H�(a single symbol)  
 „d????% q??� w??� Æ   U�d????�– o�????� ��« W???�d(« WO�«– W???�UF�« W�ü« s� öOK� nK??�� Z??�—uO� W�¬Ë

 © qJ�± – ±  ®    W?�U� Ã«d?�≈ WO�¬ Í√ Ë√ ‰U�œ≈ nK� vK� Íu�% ô UN�√ �(special output 
mechanism)  Æ�œ≈ Í√Ë????�≈ Ë√ ‰U????OHM� r�O� UM�eK� Ã«d??�ü« j�d� vK� Ác??  W(machine's 

tape)  Æ        jO?�� ��Q?� t?� W?�UF�« W?�ü« j?D� v?K� q�bF��« «c� Ê√ �« Ê–S� UI�ô ÈdM�Ë Æ  U?MMJ1Ë
 ��«  U�U�M��ô« s� Í√ vK� ��Q��« ÊËœ W�U� Ã«d�≈ WO�¬Ë ‰U�œù« nK0 �UH��ô«  U?NO�≈ qBM�

 W&UM�« W�ü« Ê_ ULN��M� UMMJ�Ë ¨ �« Ê–S� qOK� bF�– N�d� bF�L U–  n�u�« � öOK� qN�√ �b�F��Æ 
 
  qJ� 5��Ë± ≠≤  Z�—uO� W�ü UDD� 
 
 
 
 
 

 
 
 
 
 
 
 
 

 
 n�dF�± – ±  ∫     Z�—uO� W�¬ ·�dF��  (Turing machine) M  UN�√ vK�           

 
M = (Q, , , δ, q0, �, F) 

YO� 

W�U�J�«Ë …¡«dIK� ”√— 
Read-write head 

j�d� 
Tape 

rJ% …b�Ë 
Control 

Unit 

 qJ�± – ≤ 
Z�—uO� W�ü jD� 



 ¥ 

         Q    ∫  WOK�«b�«  ôU(« W�uL�(internal states)  Æ 
               ∫  ‰U�œû� W�b�_« W�uL:«(input alphabet)  Æ 
               ∫ “u�d�« s� …œËb� W�uL�(a finite set of symbols) ÓKD�    W�uL:« UNOK� o

K� W�b�_«  j�dA(tape alphabet)  Æ 
        δ       ∫  ‰UI��ô« W�«œ(transition function)  Æ 

  �     ∫�—e  ’U� (a special symbol) ⁄«dH�« tOK� oKD� (blank)  Æ 
  q0Q  ∫ WOz«b��ô« W�U(«(initial state)   Æ 
  FQ  ∫NM�«  ôU(« W�uL� WOzU(final states)  Æ 
 
 
 «c� �Ë  Ê√ ÷�H� Z�—uO� W�ü n�dF��«   - {�}  Æ W�b�_« W�uL:« Ê√ Í√

‰U�œû�   ⁄«dH�« «b� j�dAK� W�b�_« W�uL:« s� WOze� W�uL�Æ   U�«dH�« bF�����Ë
qOK� bF� �« Ê–S� `C��� »U��_  ö�bL� Æ   ‰UI��ô« W�«œ ·�dF��Ëδ  wK� UL�∫ 

 
δ: Q    Q    {L, R} 

 
   ÊS� U�uL�Ëδ  WOze� W�«œvK�Q     (a partial function on)  U���H�Ë ¨

(its interpretation)   Z�—uO� W�¬ t� qLF� Íc�« √b�*« wDF�Æ   UDO�ËË(arguments)  
 W�«b�«δ  WO�U(« W�U(« UL� (current state) ¨ rJ���« …b�u�  j�dAK� w�U(« e�d�«Ë

(current tape symbol)  t�¡«d� r�� Íc�«  (being read)  Æ  …b�b� W�U� w� W�O�M�«Ë
 j�dAK� b�b� e�—Ë ¨ rJ���« …b�u� © r�bI�« e�d�« q� q� Íc�«Ë ®  W�d� e�—Ë ¨(a move 

symbol) ∫ R    Ë√L   Æ W�U�J�«Ë …¡«dI�« ”√— W�d� ÁU&« �≈ �A� «c� W�d(« e�—Ë © Ë√ 5LOK�
 VO���« vK� —U�OK� ®��…b�«Ë WOK� W�U  (one cell)  j�dA�« vK� b�b'« e�d�« W�U�� ÂU9≈ bF�Æ 

 
 ‰U��± – ± ∫ 

       qJA�« w�U��« © qJ�± – ≥  ®  l{u�« 5��(situation)  ‰UI��ô« cOHM� bF�Ë q�� Ø
  W�d(«(move)  ∫ 

 
δ (q0, a) = (q1, d, R) 

 
 

 



 µ 

 
 
 
 
 
 

 
 

 qJ�± ≠ ≥ 

¿ ¿ ¿ 
 
 UMMJ????1Ë         qOG?A� …b?�Ë v?K� Íu?�� jO?�� »u?�U� UN�√ vK� Z�—uO� W???�¬ v???�≈ d????EM�«

(a processing unit)      …œËb?� …d?�«– U?�(a finite memory)    tD�d?� �Ë ¨(tape) 
   W?�u�U� s�e?� …b�Ë vK� »u�U(« Íu��(a secondary storage)      …œËb?� �?� WF?�  «–

(unlimited capacity) Æ F��«Ë   «b?� …œËb?� U�cOHM� »u�U(« «c� q�� lOD��� ��«  ULOK ∫
   ”U??��ù« t??MJLO�(sensing)    tD�d??� v??K� e??�d�¨     � q??FH� «–U??� b??�b��� W??�O�M�« Â«b��??�«Ë

  W??O�U��« …u??D)« Æ     w??� U??�“U$≈ Ë√ U??�–U�« W??�ü« lOD�??�� �??�« W??OKFH�«  «u??D)«Ë ∫   W??�U�� …œU??�≈
(rewriting)  �Ë ¨ w�U(« e�d�«rJ���« W�U� �OG  (state of control)    …¡«d?I�« ”√— p?�d%Ë ¨

 W�U�J�«ËÆ   ¨ …b?IF�  UOKL� ¡«d�ù W��UM� ��  ULOKF��« s� …�GB�« W�uL:« Ác� Ëb�� b�Ë  s?J�Ë
�_« Ê√ WIOI(« ????   p�c?� fO?� d Æ �—uO�  ôP?� ????�L�� Z ?????       W?�«œË ¨ √b?�*« Y?O� s?� W?IzU�  «—b?I� l

‰U???I��ô« δ  ��%Ë ·�d???�F???????B�� n???O� œb???????�U(« ·d???????¨ »u �Ë????? v�L???���� …œU ¢�U�d�?????�ü« Z????? W¢ 
(program of the machine) Æ  

              i?F� b?�u� Y?O� …U?DF*« W?Oz«b��ô« W?�U(« � √b?�� W?�ü« ÊS?� U?Lz«œ ‰U?(« u?� UL�Ë
 j�dA�« vK�  U�uKF*« Æ     % �?�«  «u?D)« s?� W?F�U��� �?� W�ü« qIM�� r�    ‰U?I��ô« W?�«œ U?NLJδ Æ 

          «d?� …b?� d?�O�G��Ë h?�H�� Ê√ s?J1 j�d?A�« v?K� W?OK� Í√  U�u�� ÊS� WOKLF�« Ác� ¡UM�√Ë Æ �Ë
  WOKLF�« ÊS� W�UNM�«(process)  n�u�� b� UNK� Ø  wN�M�(terminate)      q?B� �?�« W?�U(« w?�Ë ¨

 � UNF{u� Z�—uO� W�¬ � UNO�≈¢n�̂�u�� W�U�¢  (a halt state)  Æ≈ ‰UI�Ë    X?H�u� b?� Z�—u?O� W�¬ Ê
    W?�O� �≈ XK?�Ë U?LK� Ø  WKOJ?A� Ø   W?OM�uJ� W?�U�(a configuration)    Êu?J�   W?�«b�« U?NO�δ   �?�

    Ê_ «d??E� ÀËb??(« s??J2 T??� «c??�Ë ¨ W??��dF�δ   W??Oze� W??�«œ(a partial function)  Æ �Ë
  Í√ b?�u� ô t�√ ÷�HM� UM�S� WIOI(« �d�F��  ôU?I��«     W?OzUN� W?�U� Í_ W?�(final state)   w�U?��U�Ë ¨

n�u��� Z�—uO� W�¬ ÊS�  (halt)  WOzUN� W�U� XK�œ ULK�Æ 

a       b       c 

WOK�«b�« W�U(« q0  
Internal state q0  

  

        d     b     c 

WOK�«b�« W�U(« q1  
Internal state q1  

  

©√® 
 W�d(« q�� 

  

©»® 
 W�d(« bF� 

  



 ∂ 

 ‰U��± – ≤ ∫ 
      wK� U0 W��dF� Z�—uO� W�¬ UM�b� Ê√ ÷dH�∫ 
 

Q = {q0, q1}, 
          = {a, b},     
          = {a, b, �}, 
         F = {q1}, 
δ (q0, a) = (q0, b, R), 
δ (q0, b) = (q0,b, R), 
δ (q0, �) = (q1, �, L). 

 
     W?�U(« � Ác?� Z�—u?O� W�¬ U�√b� «–≈q0     e?�d�« Y?O�a      ”√— X?% œu?�u*« e?�d�« u?�

 w� oO�D�K� WK�UI�« ‰UI��ô« …b�U� ÊS� ¨ W�U�J�«Ë …¡«dI�«∫ δ(q0, a) = (q0, b, R)  Æ ÊS� p�c�Ë
�� ·u� W�U�J�«Ë …¡«dI�« ”√—e�d�U� ‰b��  a  Î«e�—b     j�d?A�« v?K� 5LO?�« �≈ „d��� r� ¨ Æ  vI��?�Ë

 W�U(« � W�ü«q0 Æ e�— Í√Ë  a   w�U�(subsequent)    e?�— U?C�√ t� ‰b����O� b    “u?�— Í√ s?J�Ë ¨
b ‰�b�F�� ô ·u� Æ ⁄«d� ‰Ë√ W�ü« ·œUB� ULMO�Ë (blank)  ̈  …b?�«Ë WOK� —U�OK� „d���� UN�S� ¨   r?�

  n�u��(halt)   WOzUNM�« W�U(« �q1    Æ 
 w�U��« qJA�« 5��Ë © qJ�± – ¥  ®  q�«d�(stages)   …b?�     W?�O� W�?�M�U� p?�–Ë W?OKLFK�

WOz«b��« WOM�uJ�  (initial configuration)  WDO��Æ 
 
 

!
 
 
 
 
 
 

* * * 
 
  ôU??I��ö� W??O�UO�  U??DD� Â«b��??�« U??MMJ1Ë  (transition graphs) �� q??O�L  ô¬

   w�L??��� Y??O� ¨ Z�—u??O�(label)   ·d??�√(edges)  w�U??O��« j??D�*«  (graph)   ¡U??�√ W??�ö�� Ø

b       b        a       a        

 qJ�±≠¥ 
 WF�U��� U�d% 

 A sequence of moves 
  

b      b       b       a        

q0 q0 q0 q1 



 ∑ 

 s�ËU??M� Ø d??�UM�(items)  ∫  w�U??(« j�d??A�« e??�— (current tape symbol)  Íc??�« e??�d�«Ë ¨
tK� q�O�  (replaces it)  W�U�J�«Ë …¡«dI�« ”√— Áu� „d���� Íc�« ÁU&ô«Ë ¨Æ 

 
U�� ‰± – ≥ ∫ 

      ‰U�� � …UDF*« Z�—uO� W�¬ q��1 Íc�« w�UO��«  ôUI��ô« jD� r�—«± – ≤ Æ 
 q(«∫ 

  w�U��« qJA�« © qJ�± – µ  ® »uKD*« w�UO��«  ôUI��ô« jD� wDF�Æ 
 
 
 
 
 
 
 
 
 

 ‰U��± – ¥ ∫ 
     w�UO��«  ôUI��ô« jD� UNK�1 Z�—uO� W�¬ UM�b� Ê√ ÷dH�  w�U��« © qJ�± – ∂ ∫ ® 
 
 
 

 
 

 
     

 
 
 
 
 Èd� w�   Àb�O?� «–U?�        W?OD/ W?�U� l?��� U?MMJ1 W?�ü« Ác?� l?�  (a typical case)  Æ

÷dH�  vK� �¡«b��« Íu�� j�dA�« Ê√  ∫a b …   W?�U�J�«Ë …¡«dI�« ”√— Ê√Ë ¨     e?�d�« v?K� W?H�«Ëa   Æ
  e�d�« √dI� W�ü« ÊS� p�c�Ëa ô UNMJ�Ë ¨  W?O�U��« W�U(« �≈ qI�M�Ë ¨ Ád�OG�  q1    …¡«d?I�« ”√— „d?���Ë ¨

q0 
 �, �, L 

a, b, R; 
b, b, R 

 qJ�±≠µ 
 

  

q1 q0 

a, a, L; 
b, b, L; 
! , ! , L 
 

a, a, R; 
b, b, R; 
! , ! , R 
 

 qJ�± ≠ ∂ 

q1 



 ∏ 

5LO�« �≈ W�U�J�«Ë ¨  Êü« `�B� YO�� e�d�« ‚u b  Æ�� e�d�« «c�Ë UC�√ √dI �OG� ÊËœ „���Ë Æ  œu?F�Ë
  W�U(« �≈ W�ü«q0  ¨Ë   —U?�O�« �≈ W?�U�J�«Ë …¡«d?I�« ”√— „d��� Æ      j�?C�U� U�b?� b?� Êu?J� Êü«Ë �≈

« W??�U(    Èd??�√ …d??�  U??�d���« W??F�U��� √b??��Ë ¨WOK??�_« Æ   W??�ü« Ê√ «c??� s??� `??C��Ë≠   X??�U� U??LN�
  UND�d?� vK� WOz«b��ô«  U�uKF*«≠    ̈  b?�ú� q?LF� qE�?�    q?IM�� Y?O�    5?� W?�U�J�«Ë …¡«d?I�« ”√—

   ö�b?F� Í√ q?L� ÊËœ —U�OK� W�d(«Ë 5LOK� W�d(«  (modifications)    j�d?A�« v?K�Æ   «c?�Ë
*« n�u�� ô Z�—uO� W�ü ôU�� bF�� ‰U� Æ    ?I� Z�—u?O� W?�¬ Ê≈ ‰u?I� W���«  U�KDB� l� WN�UA*U�Ël 

WOzUN� ô …Ëd� � Æ 
¿ ¿ ¿ 

 
  «dE�Ë          U?M� h?�K� Ê√ b?OH*« s?L� ¨ Z�—u?O� W?�ü W?�uM��  U?H�dF� …b?� ¡UD�≈ UMMJ1 t�_

 tOK� oKDM� Íc�«Ë ¨ UM�–uLM� WO�U�_« hzUB)« 
 n�dF�± ≠ ≤  ¢ ∫ WO�UOI�« Z�—uO� W�¬ ¢ " a standard Turing machine "       

 
©±® œËb� �� j�d� vK� Z�—uO� W�¬ Íu�% (unbounded)  ?�� U2 ¨ 5�U&ô« �  ÍQ?� `L

�Ë —U�OK�  U�d���« s� œb� 5LOKÆ 
 
©≤®   …œb?� W?�¬ Z�—uO� W�¬  (deterministic)    ‰U?I��ô« W?�«œ Ê√ Âu?NH0  δ  �d?�F��   d?��_« v?K� ·

WKOJA� qJ� …b�«Ë W�d�  (configuration) Æ 
 
©≥®     ’U??� ‰U??�œ≈ n??K� Í√ b??�u� ô(special input file)  Æ   X??�u�« b??M� t??�√ ÷d??H�Ë

  wz«b��ô«(initial time)     …œb?;«  U?�u�;« i?F� vK� j�dA�« Íu��Æ    Ác?� i?F�Ë
 sJ1  U�u�;« ö�b� U�—U���«  (input) Æ ô q�*U�Ë    Ã«d?�≈ …b?�Ë b?�u�  (output 

device)  W�U� Æ n�u�� U�bM�ËW�ü«   U?NO�≈ dEM� Ê√ sJ1 j�dA�«  U�u�� q� Ë√ iF� ÊS�
 U�d� UN�√ vK�  (output) Æ 

 
   U�öD??�ô« Ác??� —U??O��« - b??�Ë (conventions) W??�¡ö* U??�U�√ WI�U??��«  W??A�UM*«

 WO�U��«Æ   S?� ÈdM?� w�U��« qBH�« �Ë �« Ê– O?�   ôü Èd?�√ UG  Z�—u?O�    U?M�–uLM� U?N��ö� g�U?M�Ë ¨
 w�UOI�«Æ 

  U??M�Ë≠     ôü« W??�U� � U??L�pda ≠ ��√ ÊS??�??????I�d� V??????     öOJ??A� W??F�U��� ÷d??F� W
(sequence of configurations)  O� W??�¬?????���� Z�—u??????J� Âb??????�u�« …d?????E�K�« n??????w  

(instantaneous description) Æ � Í√ËWO�U(« W�U(U� U�U9 U�b�b% r�� WKOJA  (current 



 π 

state)    U�u��Ë ¨ rJ���« …b�u� j�dA�« W?�U�J�«Ë …¡«dI�« ”√— l{u�Ë ¨ Æ    �« Ê–S?� Âb��?�M�Ë
 tO� ÊuJ� Íc�« ÕöD�ô« 

   x1qx2 
  Ë√ 

   a1 a2 …ak-1 qak ak+1 …an 

 
 W�U(« � W�ü wE�K�« n�u�« u�q  t�{u� j�dA�« YO� w�U��« qJA�« © qJ�± ≠ ∑  ®∫ 

 
   

 

 
 

 qJ�± ≠ ∑  
 

 “u�d�« a1, …, an    ULMO� ¨ j�dA�«  U�u�� 5�� q �� rJ���« …b�Ë W�U� ·�d�F Æ    «c?� U?���« b?�Ë
   ?K� Íc?�« e?�d�« vK� Íu�% ��« WOK)« ‚u� W�U�J�«Ë …¡«dI�« ”√— l{u� `�B� w� ÕöD�ô« wq 

 …d�U��Æ 
 
  n??�u�«Ë  …¡«d??I�« ”√— —U??��Ë 5??1  U??�uKF*« s??� «œËb??� «—b??� j??I� w??DF� w??E�K�«

 W�U�J�«Ë Æœb;« �� ¡e'« U�√Ë  (unspecified part)   W?OK� Íu�� Ê√ ÷�H�� t�S� j�dA�« s�
   U?�«d� v?K�  (all blanks)  Æ          r�?� ôË ¨ U?� W?OL�√ ô  U?�«dH�« Ác?� q?�� Êu?J� U?� …œU?�Ë  UN?{d�

 wE�K�« n�u�« � W�«d� Æ   w?E�K�« n?�u�« ö�?L�  q � w   �?A� �≈    W?�U�J�«Ë …¡«d?I�« ”√— Ê√
 …d�U�� …œu�u*« WOK)« vK� lI�Ë√ —U��‰ “u�— s� e�—  w   ⁄«d� vK� Íu�% WOK)« Ác� Ê√Ë ¨Æ 

 
 ‰U��± ≠ µ ∫ 

      dNE� ��« —uB�«  qJ� �± ≠ ¥   E�K�« ·U?�Ë_« W?F�U��� q�UI� W?O  (sequence of 
instantaneous descriptions) ∫ 

q0aa, bq0a, bbq0�, bq1b 
¿ ¿ ¿ 

 W�d�K� e�dM�Ë  (a move) ÌWKOJA� s�  (configuration)   Èd?�_ ?�e�d�U  ├ Æ   ö�?L�
 ÊU� «–≈ 

  a1   

 

a2    .       .      .     ak-1    ak  ak+1   .      .      .      an    
a2    .      .       .     ak-1   ak   ak-1   .      .      .         an  

x2 
     
     

  

x1 
     

      

Internal state q   WOK�«b�« W�U(«             



 ±∞ 

δ (q1, c) = (q2, e, R) 
  W�d(« ÊS� 

abq1cd├ abeq2d  
 

     W?OK�«b�« W?�U(« X?�U� U?LK� r�?�  (internal state)  w?� q1     v?K� Íu?�� j�d?A�«Ë ¨  abcd  ¨
I�« ”√—Ëd«W�U�J�«Ë …¡  (read-write head) bM� WH�«Ë  c Æ   e?�d�« U�√Ë ├*     �≈ œU?�F*U� e��?��

  U�d���« s� Í—UO��« œb� Æ    «d?�R� �« Ê–S?� Âb���M�Ë Ø   vKH?�� Î«“u?�— (subscripts)   q?��
├M  ô¬ …b� 5� eOOL�K�Æ 

 
 ‰U��± ≠ ∂ ∫ 

      qJ� � WMO�*« Z�—uO� W�¬± ≠ ¥  UNKL� qO�9 UMMJ1 (action)  wK� UL�∫ 
 

q0aa ├ bq0a + bbq0�├ bq1b 
  w�U��U� Ë√∫ 

q0aa├* bq1b. 
 

* * * 
 
           n?�dF��« � WI�U?��«  U?E�ö*« h?�K� Ê√ V?�UM*« s?� t?�√ Èd?� UM�?�«—œ ‰ULJ��ôË

 w�U��«∫ 
 n�dF�± ≠ ≥   ∫¬ UM�b� X�U� «–≈ WO�U��« Z�—uO� W� 

 
M = (Q, Σ, , , q0, �, F)  

 ÊS�∫ 
(i)   WK?�K� Í√  a1… ak-1q1akak+1…an  Y?O� ai  , q1  Q    ÎUH?�Ë �b?�F��  U?OE(  (an 

instantaneous description)  W�x� M Æ 
 

(ii)   W�d(« 
a1… ak-1q1akak+1…an├  a1… ak-1bq2ak+1…an 

 
 U� «–≈ jI�Ë «–≈ WMJ2 ÊuJ� X� 

δ(q1, ak) = (q2, b, R) 
(iii)   W�d(« 



 ±± 

a1… ak-1q1 akak+1…an├  a1… q2ak-1bak+1…an 
 

X�U� «–≈ jI�Ë «–≈ WMJ2 ÊuJ� 
δ(q1, ak) = (q2, b, L) 

 
(iv)   ‰U???I�≈W???�ü« Ê  M   n???�u��(halt)   W???Oz«b��« WKOJ???A� s???� ÎW???zb��� (some initial 

configuration)   x1qix2          �U� «–≈ X 
x1qix2 ├* y1qjay2 

 
 Í_qj   Í√Ëa   UL�bM� ÊuJ�δ(qj, a)    W��d�F�� ��(undefined) Æ 

 öOJA��« WF�U���Ë (sequence of configurations)   n?�u� W�U� �≈ ÍœR� ��« (a halt 
state)   UNOK� oKD�� W����Ø   WO�U�� WOKL�(a computation) Æ 

 
  ‰U??�� `??{u�± – ¥  W??O�UJ�≈   U??�ö�≈ Z�—u??O� W??�¬ n??�u� Âb??�(never halts)  Y??O� ¨

WOzUN� ô …Ëd� � q�b�  (endless loop)  UNM� »Ëd�« lOD��� ô Æ «dE�Ë   V?FK� W?�U(« Ác� Ê_
   UN??K�/ Y??O� ¨ U??�U� U�öD??�« U??� Âb��??�M� p�c??K� ¨ Z�—u??O�  ô¬ q??L� W??�«—œ � UO??�Oz— «—Ëœ

 W�öF�U� 
x1qx2 ├* , 

 
�≈ �??A� �??�«   W??Oz«b��ô« WKOJ??A��U� U�√b??� «–≈ t??�√x1qx2  ÊS??� n??�u�� ôË …Ëd??� � q�b�??� W??�ü«

 U�ö�≈Æ 
 

 WGK� ‰u��  ôP� Z�—uO�  ô¬ 
Turing Machines as Language Accepters 

 
 s??J1   ‰u??��  ô¬ U??N�√ v??K� Z�—u??O�  ôü d??EM� Ê√  (accepters)   w�U??��« ÂuNH*U??�∫ 

   WK??�K� Í√ V??�J��(a string) w  j�d??A�« v??K�  (tape)    ¡q??�� l??� ¨(filling)   �??� ¡«e??�_«
 �b��?�*«  W�(unused portions)   U??�«dH�(blanks) ¨  ?�ü« √b??��Ë?�U(U� W????W??Oz«b��ô« W  q0  ¨

�?{Ë l??I�« ”√— l?????�U�J�«Ë …¡«d???K� W?? v�K��« e�—???WK  w   œu�u*«�√???�—U�� vB???  U(leftmost 
symbol of w)  Æ          W?OzUN� W?�U� W?�ü« X?K�œ «–≈  U?�d���« s?� W?F�U��� b?F�Ë(a final state) 

  WK�K��« Ê√ ��F� UM�S� ¨ XH�u�Ëw   U�u�� - b�Æ 
 



 ±≤ 

 n�dF�± – ¥   ∫Ê√ ÷dH�  M = (Q, , , δ, q0, �, F)   Z�—uO� W�¬  Æ 
 

 UNK�I� ��« WGK�«(the language accepted by) M  w�  ∫ 
 

L (M) = { w  + : q0w├* x1qfx2 for some qf  F, x1, x2,  * } 
 
 
 ‰U�œù« WK�K� Ê√ �≈ �A� n�dF��« «c�  w    �  U?�«dH�« œu?�Ë l� j�dA�« vK� V�J��

 5��U'« b�√Æ         Êü« `?C�O��  ö�b?*« s?�  U?�«dH�« œUF��?�« � V�?��« U?�√Ë∫     Ê√ U?M� b?�R� t?�≈
   …—u?B�  ö�b*« lO�(restricted)          «b?O� «b?�b% …œb?�Ë W?��d�F�� j�d?A�« s?� W?IDM� �

(well-defined region)    U??�«dH�« s??� ”«u�Q??� …—u??B� ¨(bracketed by blanks) 
 —U�O�«Ë 5LO�« vK� Æ ÕöD?�ô« «c� ÊËb�Ë  (convention)      «b?� l?C� Ê√ lOD�?�� ô W?�ü« ÊS?� 

(limit)  UNOK� ��« WIDMLK� s� UNO� Y��� Ê√  ö�b*« Æ       �?�«  U?�«dH�« œb?� s?� d?EM�« iG�?�
lOD�???�� ô U???�«d� Ê√     U???�«d� X???�O� w???� �???�«  ö�b???*« i???F� b???�u� � t???�√ U???�ö�≈ b???�Q��  

(nonblank input)  j�dA�« vK� d�¬ ÊUJ� �Æ 
 

              o�U��« n�dF��«Ë © n�dF�± – ¥  ® Êu?J� U�bM� Àb� Ê√ V� «–U� U��� w  L (M)  Æ
 tMJ�ËW�O�M�« s� U�O� d�c� ô  (outcome)  Èd�√  ö�b� Í_ W��M�U�Æ  Êu?J� ô U�bM�Ë w   �
  WGK�«L(M)  s�d�√ b�√ Àb� Ê√ sJ1 t�S� ∫W�ü« n�u�� Ê√ U�√  (halt)  � Ë√ ¨ WOzUN� �� W�U�

 U??�ö�≈ n??�u�� ôË W??OzUN� ô …Ëd??� � W??�ü« q�b??� Ê√ ÆW??�ü« n??�u�� ô WK??�K� Í√Ë  M   U??� W�??�M�U�
 ÊuJ�– n�dF��« vK� �¡UM�  (by definition) –  WGK�« � …œu�u� ��L(M)  Æ 

   
 ‰U��± – ∑ ∫ 

        ÷d?H�{0, 1}   Ω  Æ  W?�¬ r�L?�           rE�?M*« ��?F��« U?NO�≈ e?�d� �?�« W?GK�« q?�I� Z�—u?O�
00*Æ  

 q(«∫ 
  q??????N� V�—b??� «c?????� �« Ê–S??�  ??O�  ô¬ W??????�d� � Z�—u Æ�   d??��_« ·d??D�« b??M� √b??�

    t?�√ o?I���Ë e�— q� √dI�Ë ¨  ö�bLK�0  Æ         5LO?K� „d���U?� dL�?�� U?M�S� ö?F� «dH?� ÊU?� ÊS?� Æ  «–S?�
  ⁄«d????� �≈ UMK??�Ë(a blank)     w??N�M� U??M�S� ¨ dH??B�« �??� T??� Í√ U??MK�UI� Ê√ ÊËœ(terminate) 

 WK�K��« q�I�ËÆ  vK�  ö�b*«  u��« «–≈ U�√1 √ �  � X?�O� WK�K��« ÊS� ¨ l{u� ÍL(00*)  ¨
  n�u��Ë(halt)   WOzUN� �� W�U� �(nonfinal state)  Æ   U�U�(« VIF��Ë(keep track of 



 ±≥ 

the computation)    ÊU?�OK�«œ ÊU?��U� U?MOHJ�(internal states) Q = {q0, q1}   W?�U�Ë ¨
…b�«Ë WOzUN�(final state) F = {q1}  Æ  ‰U?I��« W?�«b�Ë (transition function)   Ê√ U?MMJ1

 c�Q� 
 (q0, 0) = (q0, 0, R), 
 (q0, �) = (q1, �, R). 

 
Ë «dH� Ê√ U*U�0      5LO?�« �≈ „d���?� ”√d?�« ÊS� ¨ W�U�J�«Ë …¡«dI�« ”√— X% dNE� Æ    √d?Ô� U?� «–S?�

   b?�«Ë1          W?OzUNM�« �?� W?�U(« � n�u��?� W?�ü« ÊS?� W?E( Í√ �q0    Ê_ «d?E� ¨ (q0,1)  �??�
W��d�F�� Æ     W�U???(« � U????�U�√b� «–≈ W?OzUN� W�U� � UC�√ n�u�� Z�—uO� W�¬ Ê√ k�ôËq0     ⁄«d????� v?K�

(a blank)  Æ    ‰u??�� t??�√ v??K� «c??� d??�H� Ê√ U??MMJ1Ë(acceptance)   w�U??)« e??�dK�λ �Ë ¨??J s
  WOM� »U��_(technical)   WO�U)« WK�K��« ÊS�(empty string)  ô n�dF� UNKLA�±  ≠ ¥ Æ 

 
¿ ¿ ¿ 

        W�uF?� d?��√ «b?OIF� d?��√  U?G� v?K� ·dF��« �b�F��Ë Æ     v?K� Íu?�% Z�—u?O�  ô¬ Ê_ «d?E�Ë
         Èu�?�*« W?O�U� W?G� � W�uN?�� U???N��� Ê√ U?MMJ1 �?�«  U�U???�(« ÊS� ¨ WOz«b�  ULOKF� W�uL�

(a higher level language) � ��Ë …bIF� …œU� ÊuJ� ¨ Z�—uO� W�¬ vK� WDO� Æ  ÊS?� p�– l�Ë
   U?L� ¨ rO�U?H*« Ác� »UFO��«Ë rN� qN��« s�Ë ¨ UMJ2 ‰«“ô «bOIF� d��_«  UGK�« Ác� vK� ·dF��«

 WO�U��« WK��_« �« Ê–S� p�– `{u� Æ 
 

 ‰U��± – ∏ ∫ 
       Ê√ ÷dH� = {a, b}  Æ  WGK�« q�I� Z�—uO� W�¬ rL� 
 

L = {anbn : n ≥ 1} 
(« q∫ 

      W?O�U��« W?I�dD�U� �« Ê–S� W�Q�*« q�M� ∫    e?�d�« b?M� √b?�� a      r?� —U?�O�« v?B�√ œu?�u*«
sJO�Ë ¨ U� Î«e�— tK� q� ÊQ� ÁbF���� x   Æ r�  b?��� 5LO�« �≈ „d��� W�U�J�«Ë …¡«dI�« ”√— qF$

 e�d�« b¬ U� «e�— tK� q� ÊQ� Á—Ëb� ÁbF���� Íc�«Ë ¨ —U�O�« vB�√ œu�u*«  sJO?�Ë ¨ d� yÆ   b?F�Ë
 e�d�« �≈ Èd�√ …d� —U�OK� „d��� p�–a vB�√ œu�u*«      «e?�— t?� ‰b��?��Ë ¨ —U?�O�«x    „d?��� r?� ¨

 e??�d�« �≈ b v??B�√ œu??�u*« «e??�— t??� ‰b��??��Ë ¨ —U??�O�«y  «c??J�Ë ¨ Æ U??MO1Ë «—U??�� „d���U??�Ë Ác??N�
rz«u� Ê√ UMMJ1 WI�dD�« (match)   e�— q� 5�a   e?�d�«Ëb *«   t?� q?�UI Æ     b?$ � «–≈ U?� Ì…�?� b?F�Ë

 e�— Í√ UM�b� UOI���a  e�— Í√Ëb  WGK�« � ÊuJ� Ê√ V� WK�K��« ÊS� ¨ L Æ 
 



 ±¥ 

  tO� q�U� q� �≈ qB� q(« qO�UH� W�«—b�Ë∫ 
 

Q = {q0, q1, q2, q3, , q4}, F = {q4},  = {a, b},  = {a, b, x, y, �} 
 

 ôUI��ô« rO�I� sJ1Ë (transitions)   ¡«e�√ …b� �≈∫ 
(i)   �Ë_« W�uL:«∫ 

δ (q0, a) = (q1, x, R), 
δ (q1, a) = (q1, a, R), 
δ (q1, y) = (q1, y, R), 
δ (q1, b) = (q2, y, L) 

 
  «e�— ‰b���� W�uL:« Ác�x   e�d�U�a      …¡«d?I�« ”√— q?F& r?� ¨ —U?�O�« vB�√ œu�u*«

e�— ‰Ë√ �≈ UMO1 „d��� W�U�J�«Ë   b«e�— t� ‰b�����  y Æ     e?�d�« V?�J�� U�b?M�Ëy     q�b?� W?�ü« ÊS?� ¨
ÎW�U�  q2  Î…�A�  e�— 5� WK�UI� WOKL� ÕU�M� X9 b� t�√ �≈a     t?� �q?�UI� �e?�—Ëb    W?K�UI� X?9 Í√ ¨

ÃË“ ÍdBM�  a, b Æ 
 

(ii)   WO�U��« W�uL:« ∫   ÁU?&ô« f?JF�  ôUI��ô« s� WO�U��« W�uL:« ©   W?�d� ÁU?&«  W?�ü« ®  v?��
Î«e�— q�UI�  x     e?�d�« ‚u?� W�U�J�«Ë …¡«dI�« ”√— l{Ë bOF� r� ¨ a  œu?�u*«

¨ —U�O�« vB�√ rJ���« bOF�Ë (returns control)  WOz«b��ô« W�U(« �≈∫ 
 

δ (q2, y) = (q2, y, L), 
δ (q2, a) = (q2, a, L), 
δ (q2, x) = (q0, x, R). 

 
 �ô« W�U(« �≈ Êü« U�b� b�ËWOz«b�  q0  5O�U��« s�e�d�« l� q�UF�K� s�bF��� ¨a, b Æ 
 
  …b�«Ë …—Ëœ bF� € b�«Ë —Ëd�(one pass) ›        Êu?J� ¨  U�U?�(« s?� ¡e?'« «c?� ‰ö?�

 WOze'«  U�U�(« ¡«d�≈ X9√ b� W�ü«(partial computation)   WO�U��« 
 

q0aa…abb…b ├* xq0a…ayb…b 
 

�«Ë e�— 5� W�¡«u*« X9 YO� ba b�«Ë e�—Ë b Æ  
 5�—Ëœ bF�Ë (two passes)  WO�U��« WOze'«  U�U�(« ¡«d�≈ X9√ b� W�ü« ÊuJ� 
 



 ±µ 

q0aa…abb…b├* xxq0…ayy…b 
 

W�O�� WI�dD� U�ƒ«d�≈ r�� W�¡«u*« WOKL� Ê√ �≈ Î…�A� ¨ «cJ�Ë  (properly) Æ 
 
 J� U�bM�Ë ?????*« Êu ?????  ö�b�� ????   WK?�K� s?� …—Uan bn  ?� ¨ ÊSOKL� ????�≈ W ????�U�J�« …œU ????W 

(rewriting)       “u?�— Í√ b?�u� ô U?LMO� j?I� n?�u��Ë ¨ WOHOJ�« ÁcN� dL��� a    UN�?�� r�?O� Èd?�√ 
(to be erased) Æ e�d�« s� Y��� U�bM�Ë  a        …¡«d?I�« ”√— ÊS?� —U?�O�« v?B�√ œu?�u*«  W?�U�J�«Ë

 W�U(« � ÊuJ� W�ü« YO� «—U�� „d���q2  ÆUI� U�bM�Ë Î«e?�— q�  x ¨       q?BM� ÁU?&ô« f?J� r�?� t?�S�
 e?�d�« �≈   aÆ        «e?�— b?$ Ê√ s?� ôb?� Êü« U?MMJ�Ëa      «e?�— b�M?� U?M�S�y  Æ     q?LF� U?M�S� w?N�M� w?�Ë

«��√ «—U���« (a final check) “u�d�« lO� X�U� Ê≈ ÈdM�  a   Ëb    K� “u?�— ‰ö?�≈ - b� ???? UN
 €nA�JM� (detect)  O� l?�����  ö�b�    �e?�— U?Na    Î«e?�—b  ›       ôU?I��ôU� —U?���ô« p?�– q?L� U?MMJ1Ë

 WO�U��«∫ 
δ (q0, y) = (q3, y, R), 
δ (q3, y) = (q3, y, R), 
δ (q3, �) = (q4, �, R). 

 
 ‰U��± – π ∫ 

     Ê√ ÷d??H�  L  o�U??��« ‰U??�*« � …U??DF*« W??GK�« w??� © ‰U??��± – ∏  ® Ê√Ë M W??�¬ w??�
NLOLB�� XL� ��« Z�—uO� ‰U�*« «c� � UÆ 

 √ ®   W?��UF�*« W?OE�K�« ·U�Ë_« l������(successive instantaneous descriptions)   W�?�M�U�
  ö�b*« WK�K��aabb  WK�K��« ‰u�� Âb� Ë√ ‰u�� s�O����Ë ¨Æ 

 » ® W??�x� U??MK�œ√ b??� U??M�√ ÷d??H�M   ö�b??*« WK??�K�an, bm  Y??O� n > m  Æ W??�U� Í√ �
 W�ü« n�u��� WK�K��« ‰u�� Âb� Ë√ ‰u�� s������ w�U��U�Ë øÆ 

 
 q(«∫ 

 √ ® ö�b*« WK�K�  aabb   WO�U��« W��UF�*« WOE�K�« ·U�Ë_« UMODF�∫ 
 

q0aabb ├ xq1abb├  xaq1bb├ xq2ayb 
 

            ├ q2xayb├  xq0ayb├ xxq1yb 
 

            ├ xxyq1b├  xxq2yy├ xq2xyy 
 

              ├ xxq0yy├  xxyq3y├ xxyyq3� 
 



 ±∂ 

    ├ xxyy�q4�. 
 

   n�u��??� W??�ü« Ê√ �??F� U??2  (halts) W??OzUN� W??�U� � "q4"   WK??�K��« ÊS??� w�U??��U�Ë ¨  
aabb  q�I���Æ 

 
 » ®������Ë_« l???OE�K�« ·U????W      q�UI�?� W????�ü« Ê√ ÈdM?� W?��UF�*«(encounter) �√ ????�«d� «� ???? U

(a blank) W�U(« �  q1  Æ n�u���Ë     ‰U?I��« b?�u� ô t?�_ «d?E� W?�ü« (transition)   œb?�
 l{u�« «c�Æ WOzUN� �� W�U� bM� XH�u� W�ü« Ê√ Í√ (nonfinal halting state) Æ   w�U?��U�Ë

�� ô …UDF*«  ö�b*« WK�K� ÊS�WGK�« � …œu�u� �� Í√ ¨ q�I L  Æ  
 
 � Z�U�d� l���� Ê√ r�dJ�« ∆—UIK� sJ1Ë ‰U�± ≠ ∏ WHK��  ö�b� q�ö� …bF� ¨   UN?CF�

WGK�« �  L  WGK�« � fO� UNCF�ËL  Æ 
 

 ‰U��± – ±∞ ∫ 
        WGK�« q�I� Z�—uO� W�¬ rL� 
 

L = {anbncn : n ≥ 1} 
 q(«∫ 

     ‰U?�� q?� � U�UM�b��?�« ��« —UJ�_«± – ∏       U?M�U�� � �« Ê–S?� W�uN?�� U?NI�D� Ê√ s?J1
  w�U?(« Æ z«u?M�r (match)    W?�ö� q?�  “u?�— a, b, c        “u?�d�« V?O���« v?K� U?N� ‰b��?�� ÊQ?�

W�ö��« x, y, z   Æ    WOK?�_« “u?�d�« l?O� Ê√ s� oI��� W�UNM�« �Ë(original symbols) 
 UNK� “u�— ‰ö�≈ - b� €  U?N��U�� …œU?�≈ X9 b� (rewritten) Æ ›     œ«b?��« Âu?NH� Ê√ r?�—Ë

(extension)  ‰U??�� q??�± – ∏     W??K2 ÊuJ�??� w??KFH�« Z�U??���« W??�U�� Ê√ ô≈ ¨ UDO??�� Ëb??��
 …d�U�� UNMJ�Ë WK�u�Ë Æ  Ê√ r?�— t?�√ k�ôË{an bn}    ‚UO?��« …d?� W?G� (a context-free 

language)  ULMO�{an bn cn} ¨ ‚UO��« …d� WG� X�O�    Z�—u?O�  ôP?� UL�u�� sJ1 t�√ ô≈
�� «b� WN�UA��  UO�M(very similar structures) Æ 
 

¿ ¿ ¿ 
      �?�_« ‰U?�*« «c?� s?� UNO�≈ qB� ��«  U�U�M��ô« b�√      Ê√ s?J1 Z�—u?O� W?�¬ Ê√ u?�

   ¨ ‚UO??��« …d??� �??�  U??GK�« i??F� v??K� ·d??F��  Èu??�√ Z�—u??O�  ô¬ Ê√ v??K� W??O�Ë√ W??�ôœ ‰b??� U??2 
(more powerful)  qH�_ l�b�«  ô¬ s�(pushdown automata) Æ  



 ±∑ 

 
  ôu�L� Z�—uO�  ô¬ W�UDK�               Turing Machines as Transducers 

 
   W�UD�«  ôu� W�«—b� Íu� l�«œ Í√ UM�b� sJ� � Êü« v��(transducers)  Æ  w?H�

   U??GK�« W??�dE�(language theory)  ô¬ b??F�� ‰u??�I�« (accepters)   W??O�U�Ë «b??� W�??�UM�Æ 
        ??O�  ô¬ ÊS??� q??OK� b??F� �« Ê–S??� ÈdM??� U??L� s??J�Ë     U???GK� ‰u??��  ôP??� j??I� U�b??OH� ô Z�—u 

(language accepters) ¨    UDO?�� «œd?� U?�–u/ UC�√ UMODF� UNMJ�Ë (a simple abstract 
model) WOL�d�« VO�«u�K� (digital computers)  U�uL�Æ      s?� w?�U�_« ÷d?G�« Ê_ «d?E�Ë

 q�u% u� »u�U(«(transform)  qLF� t�S� ¨  U�d� �≈  ö�b*«   W?�UDK� ‰u?�L� Æ  «–S?�
  Ã–U??/ l?C� Ê√ U?�œ—√ (models)     «c??� �≈ d?EM� Ê√ U??MOKF� ¨ Z�—u?O�  ô¬ Â«b��??�U� VO?�«u�K�

 UIL� d��√ Ÿu{u*«Æ 
    WO�U?�� W?OKL� Í√  ö�b?�  (a computation) J�� ???? O� w?� Êu ????�d�« l ???  �?� “u

�«dH�« ????? U (nonblank symbols) �u*«Ë ????  M� j�d?A�« v?K� …œu? ????�«b� b ?????�u�« W ?????X (at 
the initial time)  ÆM�Ë?? b�UN�??? W�U�(«??  U(conclusion of the computation)  ÊS�

J��  U�d�*«????� U� w� Êu????�u� u???N��Ë œu ???   j�d?A�« v?K� U Æ    Ê√ U?MMJ1 t?�S� «c?J�Ë  �≈ d?EM�
�u;« Z�—uO� W�¬ ????DK� W???�U ????W (a Turing machine transducer) M  N�√ v?K� ????OHM� U ????c 

(implementation) W�«b�  f   wK� UL� W��d�F��∫  
 

ŵ = f (w) 
  Ê√ ◊dA� 

q0w ├*
M qfŵ  

  U� ÌWOzUN� ÌW�U(  qf Æ 
 

 n�dF�± – µ ∫ 
         W�«b� ‰UI��  f   U�U�(domain) D  UN�≈Z�—uO� W�¬ vK� »U��K� WK�U� (Turing 

- computable) �U��� Ë√ ¨???? WK�U� ????��K� W ?????»U (computable)      U?� Z�—u?O� W?�¬  b?��Ë «–≈
M = (Q, , , δ, q0, �, F)  Ê√ YO�  

q0w ├*
M qf f(w),     qf  F,       w  D   

 
r�eM???� U???L�Ë (claim)    WO???{U�d�« ‰«Ëb???�« l???O� ÊS???� �« Ê–S???� q???OK� b???F�WFzU???A�« 

(common mathematical functions) –  U�bOIF� W�—œ X�U� ULN�–    v?K� »U?��K� WK�U�



 ±∏ 

 Z�—uO� W�¬Æ       WDO?���«  U?OKLF�« i?F� �≈ dEM�U?� �« Êu?F� √b��Ë lL'U?� (addition)   W?�—UI*«Ë ¨
WO�U�(« (arithmetic comparison) Æ 

 
 ‰U��± – ±± ∫ 

  Ê√ ÷dH� x, y  ÊU��u� ÊU�O�� Ê«œb� ÆŸuL:« V�% Z�—uO� W�¬ rL�  y  ´ x Æ 
 q(«∫ 

     W?��u*« W�O�?B�« œ«b?�_« qO�L�� U� ÎU�öD�« —U�� Ê√ ôË√ UMOK�Æ    Âb��?�M� W�U?��K�Ë
D�ô«???�_« Õö???ÍœU (unary notation)      V?�u� `O�?� œb?� Í√ t?O� q��L�� Íc�«  x   «c?J� 

w (x)  {1}+  Ê√ YO� 
 

w (x) = x 
 
 � Ê√ U????MOK� V??� U????L�I????O� —d????M� n???? s�œb??F�« lCx, y  �« v??K�????�«b��« � j�dA????W  

(initially)    U�U?�(« W�UN� � ULN�uL� dNEO� nO�Ë ¨Æ  Ê√ ÷d?H� w(y) w (x),    ÊUF?{uO�
œdH� dH� ULNMO� qBH� ¨ ÍœU�_« ÕöD�ôU� j�dA�« vK� (a single) 0  ¨ œu�Ë l�  …¡«d?I�« ”√—

e�— vK� W�U�J�«Ë   w (x)«U�O�« vB�√ œu�u*— Æ    ÊuJO?�  U�U?�(« ¡«d�≈ bF�Ëw (x + y)   v?K�
 t�IF� j�dA�« œdH� dH�(a single) 0 ��Ë ¨ ÊuJ W�U�J�«Ë …¡«dI�« ”√—    Èd?�O�« W?�UNM�« b?M�(left 

end)  W�O�MK� Æ UM�S� p�c�Ë  U�U�(« “U$S� ÂuI� Z�—uO� W�¬ rOLB� œu� 
 

q0w (x) 0w(y) ├* qfw(x + y) 0 
 

 Y?O�  qf    W?OzUN� W?�U�Æ    Z�U?�d� ¡U?A�≈ W?OKL�Ë (constructing a program)   ÷d?G�« «c?�   �b?�F��
   UO�?�� WDO?�� Æ       dH?B�« „�d?���� Ê√ u?� t?KL� ÃU?�� U?� q?J�   0 q?�UH�« (separating 0)   W?�UN� �≈

w(y)   v??MLO�«¨   Z??�œ W??OKL� œd??� s??� d??��√ `�??B� ô l??L'« W??OKL� Ê√ Y??O�  (coalescing) 
 5�K�K��« Æ�– oOI���ËW�¬ TAM� p 

M = (Q, , , δ, q0, �, F) 
  YO� 

Q = {q0, q1, q2, q3, , q4}, F = {q4}, 
 

δ (q0, 1) = (q0, 1, R), 
δ (q0, 0) = (q1, 1, R), 
δ (q1, 1) = (q1, 1, R), 
δ (q1, �) = (q2, �, L), 



 ±π 

δ (q2, 1) = (q3, 0, L), 
δ (q3, 1) = (q3, 1, L), 
δ (q3, �) = (q4, �, R). 

 
 

 ô k�dHB�« p�d��� UM�√   0 5LO�« �≈«b�«Ë U��R� TAM�� UM�S�   1 UO�U?{≈ (create an 
extra 1)  ¨ U�d???�c�� W????IOI� w????�Ë(remember)   W????�U(« � W?�ü« l??{u�q1  Æ  ‰U?????I��ô«Ë

δ (q2, 1) = (q3, 0, R)  «c� W�«“ù tO�≈ ÃU�� © �U{ù« b�«u�« ®�U�(« W�UN� �  UÆ  ‰U�*«Ë
 WOKLF�« Ác� `{u� w�U��«Æ 

 
 ‰U��± – ±≤ ∫ 

       ‰U�� q� � —u�c*« Z�—uO� W�¬ rOLB� Âb���«± – ±±   5�O�?B�« s�œbF�« lL'
 5��u*« © ÍœU�_« ÕöD�ôU�® 111, 11 ÊUO� l�  lL'« WOKLF� WOE�K�« ·U�Ë_« WF�U���Æ 

 q(«∫ 
 q0111011 ├ 1q011011├ 11q01011├ 111q0011 

 
        ├ 1111q111├ 11111q11├ 111111q1� 

 
            ├ 11111q21├ 1111q310    
 
            ├* q3�111110├ q4111110.    

 
 WE�ö�∫ 

           t?�√ ô≈ ¨ W?OKLF�«  U�U?��K� W�?�M�U� q?�u�Ë q?2 ÍœU?�_« ÕöD?�ô« Â«b��?�« Ê√ r�—
 Z�—uO�  ô¬ W��� «b� rzö� Æ Z�«��U�  b?M� UNO�≈ q�u�� ��« pK� s� j��√Ë ��J� dB�√ W&UM�«

 Èd�√ qO�9 ‚d� Â«b���« wzUM��« qO�L��U�(binary)  ÍdAF�« qO�L��« Ë√ ¨(decimal) Æ 
 

¿ ¿ ¿ 
 
  �U{≈ �b?�F��???? W Ø�???? l�_«???? »u??�U� Í_ W�??�M�U� WO??�U�_«  U??OKLF�« Èb??�≈ œ«b �??�«Ë ¨

  V??O�d� � U??�U� «—Ëœ V??FK�(synthesis)   U??LOKF�(instructions)   «b??OIF� d??��√ Æ  U??OKLF�«Ë
O�U�_«???� Èd�_« W??� w???�ö��« a�?? q(copying strings) �—UI*«Ë??DO���«  U???W (simple 

comparisons)  Æ Z�—uO� W�¬ Â«b���U� W�uN�� U�ƒ«d�≈ UC�√ sJ1  UOKLF�« Ác�ËÆ 
 



 ≤∞ 

 ‰U��± – ±≥ ∫ 
              œU?�ü« s?� q?�ö� a?�M� Z�—u?O� W?�¬ rL?� 1's (copies strings of)  Æ  ��?F��Ë

‚œ√ ∫  U�U�(« ¡«d�S� ÂuI� W�¬ b�Ë√ 
q0w ├* qf ww 

  Í_ p�–Ë 
w  {1}+ 

  W�ü« Ác� w�UO��«  ôUI��ô« jD� r�—«ËÆ 
 q(«∫ 
            W�Q�*« Ác� q(«uD)« cOHM�� ÂuI� WO�U��« WON�b��«  ∫ 

©± ® b�«Ë qJ� ‰b���«1 Î«e�—  xÆ 
©≤ ® e�d�« b�Ë√x  «b�«Ë t� ‰b���«Ë ¨ 5LO�« vB�√ œu�u*«1Æ 
©≥ ®  v??MLO�« W??�UNM�« �≈ „d??%(right end)    W??O�«dH�« �??� “u??�dK� W??O�U(« W??IDMLK�(current 

nonblank region)  Î«b�«Ë TA�Ó√Ë(create a) 1  „UM�Æ 
©¥ ® —d� 5�uD)«©≤ ® Ë©≥ ® e�— Í√ UM�b� vI�� ô Ê√ �≈ x Æ 
 
  w�U��« w�UO��«  ôUI��ô« jD� � 5�� q(« «c�Ë © qJ�± – ∏  ®Æ 
 
 
 

  
 
 

   
 
 
 
 
 
 

x,1 , R ! ,1 , L 
! ,! ,R 
R 

q1 

q2 q3 

q0 

1, x, R 1, 1, L 

! ,!  , L 

1, 1 , R 

 qJ�±≠  ∏ !
!
!
 
 
 
 
 



 ≤± 

 sJ�Ë ¨ q(« «c� W�� s� oI���« W�«b��« � VFB�« s� Ëb�� b�    `?{u� w�U?��« ‰U�*«
« «c� W�� �« Ê–S� t�«uD� l��� o�d� s� q(Æ 

 
 ‰U��± – ±¥ ∫ 

       l��� (trace)    o�U?��« ‰U?�*« Z�U�d� ©  ‰U?��± – ±≥  ®     ö�b?*« WK?�K��� Â«b��?�U�
WDO���« 11  ¨ U�ƒ«d�≈ r�� ��« W��UF�*«  U�U�(« ÊUO�ËÆ 

 
 q(«∫ 

q011├ xq01├ xxq0�├ xq1x 
 

      ├ x1q2�├ xq111├ q1x11 
 

                  ├ 1q211├ 11q21├ 111q2� 
 
                  ├ 11q111├ 1q1111 
 
        ├ q11111├ q1�1111├ q31111.   

 
 ‰U��± – ±µ ∫ 

      Ê√ ÷dH�  x, y       ÍœU?�_« ÕöD?�ôU� Êö��?�L�� ÊU?��u� ÊU�O�� Ê«œb� Æ   W?�¬ T?A�√
n�u�� Z�—uO� (halt) WOzUN� W�U� �  qy  X?�U� «–≈x ≥ y ��Ë ¨    W?OzUN� �?� W?�U� � n?�u qn   «–≈

X�U�  x <  y   Æ WO�U��«  U�U�(« ¡«d�S� ÂuI� W�ü« ÊS� «b�b% d��√ WGOB�Ë∫  
 

q0w (x) 0w (y) ├* qyw (x) 0w (y)   if x  y, 
 

q0w (x) 0w (y) ├* qnw (x) 0w (y)   if x  y. 
 

 q(«∫ 
             …dJ� Â«b���« UMMJ1 W�Q�*« Ác� q( ‰U�� q�± ≠ ∏  WDO���«  ö�bF��« iF� l�Æ  ôb��

   “u??�d�« 5??� W??�¡«u*« s??�a    “u??�d�«Ë b  b??�«Ë q??� 5??� rz«u??� ¨1    dH??B�« —U??�� v??K�0 q??�UH�« 
(dividing 0)  b�«u�«Ë1   5LO�« vK� Æ U�≈ j�dA�« vK� UM�b� ÊuJO� W�¡«u*« W�UN� �Ë 

 
xx…110xx…x� 

    Ë√ 
xx…xx0xx…x11� 



 ≤≤ 

� p�–ËX�U� «–≈ U� V�  x > y    Ë√  y > x   ÆÎ«b�«Ë rz«u� Ê√ ‰ËU� ULMO� �Ë_« W�U(« �Ë1 
 ⁄«dH�« UMK�UIO�� d�¬ (blank)   t?O� qLF� Íc�« e�O(« 51 vK� œu�u*« (working space)  Æ

 «c??�Ë  …—U??�S� Âb��??��� Ê√ s??J1  (signal)  W??�U(« � ‰u�b??K�  qy   Æ U??�√Ë �U��« W??�U(« � W??O
Î«b�«Ë b$ qEM��  1   ?�ü« l?O� ÊuJ� U�bM� 5LO�« vK�œU1's        “u?�— ‰ö?�≈ - b?� —U?�O�« v?K�

 UNK�Æ Èd�_« W�U(« � ‰u�bK� p�– Âb����Ë  qn  Æ� q�UJ�« Z�U���«Ë  «d?�U�� �b�F�� W�Q�*« Ác
 r�dJ�« ∆—UIK� V�—b�� t���ËÆ 

 
  ??O� W??�¬ Ê√ w??�Ë W??�U� W??DI� `??{u� ‰U??�*« «c??�Ë «—«d??� –U??�ô Z��??�� Ê√ s??J1 Z�—u  

(making decisions)  WO�U��  U�—UI� vK� �¡UM� Æ      lzU?� WDO?��  «—«d?� –U?�« s?� ŸuM�« «c�Ë
  W?G� � W?�ü«  (machine language)     r�?� Y?O� ¨ VO?�«u(« �      U?LOKF��« s?� qO?� ‰U?�œ≈

  qz«b��«(alternate instruction streams)      W?�O�� v?K� �¡U?M�(outcome)     WO�U?�� W?OKL�
(arithmetic operation)  Æ 

 
 …bIF� ÂUN� cOHM�� Z�—uO�  ô¬ 5� lL'« 

Combining Turing Machines for Complicated Tasks 
 
         Ê√ s?J1 VO?�«u(« l?O� � …œu?�u*« W?�U�«  U?OKLF�« i?F� Ê√ nO� ÎW�«d� UM�√—

 Z�—u??O� W??�¬ WD??�«u� U�c??HM� Æ � t??�_ «d??E�Ë WO??�U�_«  U??OKLF�« Ác??� Êu??J� W??OL�d�« VO??�«u(« Ø
¡UM��« V�«u� WOz«b��« (building blocks)       n?O� �U?F� �« Ê–S?� ÈdM?�� ¨ «bOIF� d��√  ULOKF��

    iF�?�« UN?CF� l?� WO?�U�_«  UOKLF�« Ác� l{Ë UC�√ UMMJ1  (put together)     Z�—u?O� W?�¬ v?K� Æ
  ô¬ 5� lL'« WOHO� `O{u�Ë ÷dF�Ë    n?�u� √b?�� Y?O� ¨ W���« � ÎUFzU� U�uK�√ l��M� Z�—uO�

  Èu�?�*« w�U� (high-level description)       t?�OIM�Ë tKO?BH�Ë tKI?B� Âu?I� r?�  (refining) 
 UN� qLF� ��« WOKFH�« WGK�U� Z�U���« `�B� v�� l�U���« vK�Æ     Z�—u?O�  ô¬ n?B� Ê√ U?MMJ1Ë  …b?F�

     r?EF� �Ë Èu�?�*« W?O�U� ‚d?�  ?�M�  «d?*«    W?O�UO��«  U?DD�*« U?�≈ Âb�� ©I�«  W?O��U  ®(block 
diagrams)  œuJ�« Ë√ Ø WNO�A�« Z�«��« © WHz«e�«  ®(pseudo codes)   W?O�U��« UM�UA�UM� �Æ  �Ë

  UDD�*« W�U� W?O��UI�«   n?=KG� U?M�S�  (encapsule)    V?�«u� �  U�U?�(« Ø   o�œUM?�(boxes) 
 sJ�Ë ¨ UN�ULN� n��u� dNE�� ô WOK�«b�« UNKO�UH� Æ     s?J1 t?�√ UOML?{ r�e?� V�«uI�« Ác� Â«b���U�Ë

 UN�O�d�Ë U�ƒUA�≈ UOKF� ÆU�L�Ë‰ � U� `O{u�� w�Ë√� w�U�� ��¬ 5� lL$ o± ≠ ±±  Ë± ≠ ±µ Æ 
 

 ‰U��± – ±∂ ∫ 
        W�«b�« WLO� V�% Z�—uO� W�¬ rL� 

 



 ≤≥ 

f (x, y) = x + y  if x ≥  y. 
       = 0        if x <  y. 

 q(«∫ 
 N�� Ê√ ÷dHM� WA�UM*« W�ux, y       W?�œU�_« WGO?B�U� Êö��?2 ÊU?��u� ÊU�O�� Ê«œb� Æ

 e�d�U� q��L��� dH� WLOI�«Ë0   U�«d� j�dA�« WOI� ¡UI� l�(blank) Æ 
 
  W�«b�« WLO� »U�� WOKL� —uB� Ê√ UMMJ1f (x, y)      j?D�*« WD?�«u� �‰U� Èu��� vK�

�??*« qJ??� � 5± – π  Æ   ôË√ Âb��??�� U??M�√ 5�??� j??D�*«Ë     W??�—UI� W??�¬(a comparing 
machine)   ‰U�� W�P�± – ±µ X�U� «–≈ U� b�b��� x ≥  y   ô Â√Æ   X�U� ÊS�x ≥  y  “UN??� ÊS� 

 
 

 
 
 
 
 
 
 
 
 

 W�—UI*«(comparer)    ¡b� …—U�≈ q�d�(a start signal) �≈    l?L'« “U?N�(adder)    Íc?�«
      Ÿu?L:« »U?�� c?zbM� Âu?I�x + y    Æ  X?�U� Ê≈Ëx <  y     √b?�� U?M�S�(start) �U�d� ????� Z ???  u

(an erasing program) IO�??� �OG�� Âu?? q1 � �≈???  ⁄«d(a blank) Æ 
¿ ¿ ¿ 

 
        q??O�L��« «c??� q??�� U??��U� Âb��??�M� W??O�U��« UM�U??A�UM� � (representation)    Èu�??�*« w�U??�

 Z�—uO�  ôü WO��UI�« WO�UO��«  UDD�*U�Æ  p� ô WI�dD�« Ác�Ë√  Â«b��?�« WI�d� s� `{Ë√Ë Ÿd�
 ôUI��ô« W�uL� 's   W?K�UI*« WF?��u*«  (the corresponding extensive set of 's)  Æ

 U�—�� Ê√ V� Èu��*« WO�U� …dEM�« Ác� q�I� Ê√ q��Ë Æ «–U� ö�L�   W?�—UI*« “U?N� Ê≈ UM�uI� �F�
       n?�dF� � T?� b?�u� ö?� ø l?L'« “U?N� �≈ ¡b� …—U�≈ q�d�± ≠ ±     W?O�UJ�ù« Ác?� ÷d?F� Æ  l?�Ë

 …d�U�� WI�dD� p�– cOHM� sJLO� p�–Æ 

qJ� ± – π   

W�—UI*« “UN� 
Comparer  

C 

 lL'« “UN�
Adder      

A 

 “UN� u;«
Eraser     

E 

x, y 

x+ y 

0 

ƒ (x, y) 



 ≤¥ 

W�—UI*« “UN� Z�U�d� U�√  C  UL� t��JM�ÁUM���«  ‰U�� �± ≠ ±µ   5�b��?�� ¨    Íu?�% Z�—u?O� W?�¬
WD��d�  ôU� vK�  Ø WL]�d� Ø  …d?�R� (indexed with)   W?�—UI*« “U?N�  C  Æ  W�?�M�U� U?�√Ë   “U?N'

 ‰U�� …dJ� Âb���M� lL'«± ≠ ±±  ôU(« qF� l�  lL'« “UN� …d��R�  A Æ    “U?N' W�?�M�U� U?�√Ë
;« ?????  u  E  T?AMM� O� W?�¬ ???�% Z�—u ???? � v?K� Íu ????  …d?��R�  ôU N� ??? u?;« “U  E  Æ  U�U?�(«Ë  

(computations)  w� UN� ÂuI� Ê√ W�—UI*« “UN� vK� ��«∫ 
 

qC,0w (x) 0w (y) ├* qA,0w (x) 0w (y)   if x  y, 
 p�c�Ë 

qC,0w (x) 0w (y) ├* qE,0w (x) 0w (y)   if x  y 
 

U�c??�√ «–S??�  qA,0   l??L'« “U??N' W??Oz«b��ô« W??�U(« U??N�√ v??K�  A  p�c??�Ë ¨qE,0   W??�U(« U??N�√ v??K�
��ô« u;« “UN' WOz«b E   W?�—UI*« “UN� Ê√ ÈdM� ¨C   ∆b���O?�� (starts)      l?L'« “U?N� U?�≈A   Ë√

u;« “UN�  E  Æ 
 («Ë$S� lL'« “UN� ÂuIO� ��«  U�U� w� U�“U∫ 
 

qA,0w (x) 0w (y) ├* qA, f w (x + y) 0 
 

 u;« “UN� ÂuIO� ��«  U�U�(«ËU�cOHM��  w�∫ 
 

qE,0w (x) 0w (y) ├* qE, f 0 
 
      W?�—UI� “U?N� s?� q?� qL� 5� lL& …b�«Ë Z�—uO� W�¬ w� W�O�M�«ËC     l?� “U?N�Ë ¨

A   u� “UN�Ë ¨E   qJ� � 5�� u� UL�± ≠ π Æ 
¿ ¿ ¿ 

 
  …dE� „UM�Ë(view)         v?K� qL�?A� Z�—u?O�  ôü W�?�M�U� Èu�?�*« W?O�U�Ë …bOH� Èd�√

 tO�??� œu??� Øn??z«“(pseudocode)   Æ??�d� �Ë   …b??O� W??I�d� n??z«e�« œu??J�« �b??�F�� »u??�U(« W
        WOH?�Ë  «—U?�� Â«b��?�U�  U�U?��K� ÂU?F�« —U?�ù« b?�b%Ë hO?�K��(descriptive phrases)  

 U�UMF� rN� qN��Æ      t?�√ ÷�?H� U?M�√ ô≈ ¨ »u?�U(« vK� Â«b���ö� ö�U� n�u�« «c� ÊuJ� ô ULMO�Ë
 ÃU??�� 5??� W�??�UM*« W??GK�« �≈ t??��d� s??J1 p??�– �≈ Æ  œu??JK� WDO??���« Ÿ«u??�ú� W??K��_« b??�√Ë

J� nz«e�«??LOKF��« …d??�U*« W?? Ëd ØO�U�ù«??W(a macroinstruction)  �� w� ��«Ë ¨???� …—U ??? s
��??H� …—U???…œd (a single statement)   GO� �b�F�� ????�� W ????��* …dBF�U ???  s?� W  «—U?�� CH�M� ??? W



 ≤µ 

 Èu�?�*« (a sequence of lower - level statements)   Æ    Ëd�U?*« W?LOKF��« ôË√ ·�d�F�M?�Ë
��� q??�_« W??GK�« W??�ôb�???? Èu Æ���� r??�????LOKF��« Âb????  q??�_« œu??J�« Ê√ ÷d??H� Z�U??�d� � Ëd�U??*« W

���???�öF�« «– Èu????W (relevant low - level code)  �O�????� q??? q(substitutes for) 
U*« WLOKF��«  dN� ULK� Ëd� Æ Z�—uO�  ô¬ W�d� � «b� …bOH� …dJH�« Ác�ËÆ 

 
 ‰U��± – ±∑ ∫ 

        Ëd�U*« WLOKF��« UM�b� Ê√ ÷dH� 
 

if a then qj else qk  

 w�U��U� U���H�Ë 
      Î«e?�— Z�—u?O� W?�¬  Ó√d?� «–≈a       U?N��U� s?� d?EM�« i?G� U?N�S� ¨ W?O�U(« (current state) 

 W�U(« �≈ qI�M�qj  ÊËb�  W�U�J�«Ë …¡«dI�« ”√— p�d% Ë√ j�dA�«  U�u�� �OG�Æ 

  ¡ËdI*« e�d�« sJ� � «–≈Ëa  ÊS� ¨  W�U(« �≈ qIM� W�ü«qk  ÊËb�  T� Í√ �OG�Æ  

 
 Ác� cOHM�ËWLOKF��«  Z�—uO� W�¬ s� UO��� W�{«Ë  «uD� …b� VKD�� Ëd�U*«∫ 

 
      δ (qi, a) = (qj0, a, R)     qi  Q, 

δ (qi, b) = (qk0, b, R)     qi  Q,   b   - {a},   
     δ (qj0, c) = (qj, c, L)      c  , 
     δ (qk0, c) = (qk, c, L)      c  , 

 
  ÊU��U(«qj0, qk0    ÊU��U�     «b?OIF��« U?'UF�Ë —U?���ô« � «c�Q�� ULNH�dF� - ÊU�b�b�

� W??�¬ � t??�√ W??IOI� s??� W�??�UM�«  W??�d� q??� � UNF??{u� W??�U�J�«Ë …¡«d??I�« ”√— d??�O�G�� WO??�UOI�« Z�—u??O
(move)      � W??�U�J�«Ë …¡«d??I�« ”√— „�??� s??J�Ë W??�U(« d??�OG� Ê√ œu??� Ëd�U??*« W??LOKF��« � U??LMO� ¨

 UNF{u� ÆW�U� � W�ü« lC� sJ�Ë ¨ 5LOK� „d��� ”√d�« qF�M�    qj0 Ë√ qk0  Æ�Ë   t?�√ �≈ �?A� «c
d� qL� V� W�uKD*« W�U(« � ‰u�b�« q�� —U�OK� W�qj  Ë√qk  Æ 

 
¿ ¿ ¿ 

 
     W???O�d� Z�«d???� Ëd�U???*«  U???LOKF�� ‰b��???�� Ê√ U???MMJLO� b???F�√ …u???D� Êü« UM�b???I� «–≈Ë

(subprograms)  Æ…œU�Ë  Ëd�U� WLOKF� ÍQ� ‰b���� UM�S�     ¨ W?LOKF�K� —u?N� q?� b?M� wKFH�« œuJ�«
WFD� s� …—U�� w�d� Z�U�d� Í√ ULMO�        U?NO�≈ U?M���« U?LK� U?�—«dJ� UNO�b�?�� …b?�«Ë œu?� Æ   Z�«�?�«Ë



 ≤∂ 

          ô¬ l?� UN�«b��?�« U?C�√ U?MMJ1 s?J�Ë ¨ Èu�?�*« W?O�U� W?���«  UGK� W��M�U� WO�U�√ bF�� WO�dH�«
 Z�—uO�Æ          Z�U?��� Z�—u?O� W?�¬ Â«b��?�« W?OHOJ� W?C�dF�« ◊u?D)« —U?B��U� œb� UM�œ p�– q��ÓI���Ë

��« sJ1 w??�d�     Èd???�√ Z�—u?O� W?�¬ W???D�«u� U??�—«dJ� ÁƒU??�b ÆË     …b???�b� W???O�U� V???KD�� «c???�
  w�b�??�*« Z�U??���« WKOJ??A� s??�  U??�uKF� s�e??� v??K� …—b??I�« w??�Ë(calling program's 

configuration)   ¡UA�≈ …œU�≈ sJ1 v��(recreating)   …œuF�« bM� WKOJA��«(return)   s?�
 w�dH�« Z�U���« Æ�  W�ü« Ê≈ UMK� «–≈ ö�LA   W�U(« �qi    W?�ü« w�b�?��B  Æ    s?� w?N�M� U�b?M�B  ¨
  n�Q�??�� Ê√ œu?�  Z�U?�d�A   W??�U(« �qi      W?�U�J�«Ë …¡«d??I�« ”√— Y?O�Ë ¨ © �??�«Ë U?0—  b??� Êu??J�

 qL� ¡UM�√ X�d%B   ® wK�_« UNF{u� � ÊuJ� Æ      W?�ü« w�b�?��� b?� Èd?�√  U?�Ë√ �ËA      W?�ü«
B � W�U(« sqj    rJ���« œuF� Ê√ V� czbM�Ë  ¨(control)  W�U(« Ác� �≈ Æ  q?I� WKJA� q(Ë

 rJ���«(control transfer problem)      s?�  U?�uKF*« d?�d9 v?K� s�—œU� ÊuJ� Ê√ V�A   
 �≈B        WKOJ?A� ¡U?A�≈ …œU?�≈ v?K� s�—œU� ÊuJ� Ê√Ë ¨ fJF�«ËA     bOF�?�� U�b?M�«   s?� rJ��?�B   ¨
 Ê√Ë  U�U�� Ê√ sLC�A    U?NHO�u� - ��«  U?��R�(temporarily suspended)    c?OHM�� d�Q?�� �

B   Æ qJ� � 5�� u� UL� o�UM� …b� �≈ j�dA�« rO�I� UMMJ1 WKJA*« Ác� q(Ë± ≠ ±∞ Æ 
 
 

 
 
  
 
  W�ü« w�b���� Ê√ q��A    W�ü«B    ÂuI�A    W�U�J�    U?N�U�% �?�«  U?�uKF*«B   €  ö�?� ∫

 W�x� WO�U(« W�U(«A     W�x� ¡UD�u�«Ë ¨B  (arguments for)  ›    U?� ÌW?IDM� � j�dA�« vK�T  Æ
r� ��—�d�L  A    �≈ rJ���«(passes control to) B �‰UI��« cOHM��    � W?Oz«b��ô« W?�U(« �≈B  Æ

 Âb���� ‰UI��ô« bF�ËB   WIDM*«T   UN�ö�b?� b��� Æ    W?�ü« q?L� W?IDM�ËB     s?� WK?BHM�T   s?�Ë
L� WIDM�q   W�ü«A   q�«b� Í√ Àb� Ê√ sJ1 ô w�U��U�Ë ¨ Æ  wN�M� U�bM�ËB     bOF�?� UN?KL� s�

 W??IDM*« �≈ W??�uKD*« ZzU??�M�«T  l??�u�� Y??O� ¨A   U�b??& Ê√ Æ q??�UH�� Ê√ s??J1 W??I�dD�« Ác??N�Ë
(interact)  K??�_U� ÊU??�U���« »u??KD*« »u Æ      � ö??F� Àb??� U??* «b??� tO�??� «c??� Ê√ k??�ôË

 w�d� Z�U�d� ¡U�b��« r�� U�bM� wIOI� »u�U�Æ 

# # 

Region separator   o�UM� q�U�             

Workspace for B 
             W�ü« qL� WIDM�B 

 

Workspace for A 
             W�ü« qL� WIDM�A 

 

T 
 

 qJ�± ≠ ±∞  
 



 ≤∑ 

 
  t??O�� œu??J� Z??�—uO�  ô¬ Z??��� Ê√ Êü« U??MMJ1Ë(pseudocode)  F� Ê√ ◊d?A� ??? ·d

 © q�_« vK� U�dE� ® wKF� Z�—uO� W�¬ Z�U�d� �≈ tO�A�« œuJ�« «c� r��� nO�Æ 
 

 ‰U��± ≠±∏ ∫ 
        ÍœU�_« ÕöD�ô« � 5��u� 5�O�� s�œb� »dC� Z�—uO� W�¬ rL�Æ 

 q(«∫ 
      »d?{ W?�¬ ¡U?A�≈ U?MMJ1(a multiplication machine)      �?�« —U?J�_« 5?� lL'U?�

  l??L'« �O??KL� q??� � U??MF�  d??�(adding)  a??�M�«Ë(copying)  Æ   U??�u�� Ê√ ÷d??H� U??M�œ
j�dA�« Oz«b��ô« qJ� � 5�� u� UL� Ëb�� WOzUNM�« j�dA�«  U�u��Ë W± ≠ ±± Æ 

 

 
 
 
 
 
 
 

 
 
 

 qJ�± ≠ ±± 
 
            —d?J� a?�� W?OKL� U?N�√ v?K� »d?C�« W?OKL� �≈ d?EM� Ê√ c?zbM� U?MMJ1(a repeated 

copying) « œb????FK� t?????O� »Ëd???C*(multiplicand)y  q??????J� p???�–Ë1  »—U???C�« œb????F�« �
(multiplier) x     ·UC�� YO�Ë ¨(added)   WK�K��«y    q?�U� �≈  «d*« s� V�UM*« œbF�«

 t�U�� - Íc�« wze'« »dC�«(partially computed product)  Æ   w?K� U?LO�Ë   tO�?A�« œu?J�«
F� WO�Ozd�«  «uD)« s�O�� Íc�« »dC�« WOKL  

©±®   `�B� Ê√ �≈ 5�O�U��« 5�uD)« —d�x  œU�¬ Í√ s� WO�U�1's    ∫ 

1 1 0 1 1 

x y 

1 1 0 0 

WOz«b��ô« j�dA�«  U�u�� 

0 0 0 1 1 1 1 1 1 1 1 . . . 

x y x y 

 j�dA�«  U�u��WOzUNM�« 



 ≤∏ 

(i)   b�«Ë s� Y�«1  �x d�¬ «e�— t� ‰b���«Ë ¨  a Æ 
(ii)  dHB�U� ‰b���« 0   —U�O�« vB�√ œu�u*« 0y Æ 

©≤®  «œU�¬ ‰b���«1's  “u�d�« lOL� a's Æ 

 
√ ô≈ j??D� œd??� tO�??A�« œu??J�« «c??� Ê√ r??�—Ë «b??� WDO??�� …d??JH�« Ê �« Ê–S??� s??J1 t??�√ Y??O�

 p� v�œ√ ÊËœ U�cOHM�Æ  
¿ ¿ ¿ 

 
   WOH??�u�« W??FO�D�« r??�— (descriptive nature)      s??� fO??� t??�√ ô≈ ¨ WI�U??��« W??K��ú�

 Z�—uO�  ô¬ Ê√ —�uB� UNM� Z�M��� Ê√ bF���*«≠  r�—WOz«b� UN�√ (primitive)  √b�*« YO� s�– 
UNMO� lL'« sJ1 (combined)       W?O�U� …—b?�  «Ë– UN?KF�M� ‚d?� …b?F�(quite powerful)  Æ

 W�U� sJ� � WI�U��« UM�K��√Ë(general)  WKBH�Ë(detailed)        U?M���√ b?� U?M�Q� ¡U?�œö� U?O�U� öO?BH�
  ÂU??N*« i??F� c??OHM�� Âu??I� Ê√ U??NMJ1 Z�—u??O�  ô¬ Ê√ W??K�d*« Ác??� � U??MO�≈ w�u??� U??NMJ�Ë ¨ U�O??�

 …bIF*«Æ 
 

Z�—uO� W�U�—     Turing's Thesis 
 
        s�O?���� s?J�Ë ¨ j?��√ ¡«e?�√ s?� Z�—u?O� W�¬ ¡UA�≈ sJ1 nO� WI�U��« WA�UM*« s� UM� s�O����

     Èu�?�*« W?CH�M�  ôü« Ác?� q?�0 q?LFK� �K� V�U� t�H� X�u�« � UC�√ UM�  (low-level 
automata)  ÆjD� W�d� Ê√ lL� ≈ tO�� œu� Ë√ ��U�    U?M� ‚dG�?�� q?�UI� Z�—uO� W�¬ Z�U�d� �

           Q?D�K� W?{d� Êu?J�Ë ö�u?� U?��Ë ‚dG�?�� U?OKF� p?�– c?OHM� Ê√ ô≈ ¨ UDO?�� «�JH�Ë öO� Æ  W?�uL�Ë
 ULOKF� (instruction set)  «b� …œËb� �b�F�� Z�—uO� W�¬ (so restricted) v��   q?� Í√ Ê√

WDO�� �� W�Q�* ÊU�d� Ë√ ‘UI� Ë√  (nontrivial problem) ö2Ë «b� ö�u�  �b�F�� Æ 
 
  WKJA� UMN�«u� Êü«Ë∫   1 Z�—u?O�  ô¬ Ê√ r�e� Ê√ œu� s�M�     fO?� c?OHM�� Âu?I� Ê√ U?NMJ

�« jI�FOKL     U?OKL� U?C�√ U?/≈Ë ¨ W�d� Z�«d� U� UM{d� ��« WDO���«  U     UNH?�Ë s?J1 «b?OIF� d?��√
  UDD�0tO��U�  tO�� œuJ� Ë√Æ  U��ùË «c�   *« Z�«�?�« s�O?�� Ê√ UMOK� r�e�«    ÎW�«d?� p�c?� W?K�UIÆ 

 UMMJ�√ U� t�M& œu�Ë Z�e�Ë q�u�Ë q2Ë ��� �� d�√ p�– sJ�ËÆ     wD?�Ë q?� s?� Y��� p�c�Ë
  ‰u�I�Ë ‰uIF� wI�«u�(reasonable compromise)  Æ      «c?� �≈ ‰u?�u�« ‰ËU?� w?K� U?LO�Ë

 wI�«u��« q(«Æ 



 ≤π 

 « …b� �≈ ‰u�u�« UMMJ1 WI�U��« UM�K��√ s� WDO��  U�U�M�� Æ u�  U�U�M��ô« Ác� ‰Ë√
 qH�_ l�b�«  ô¬ s� …—b� d��√Ë Èu�√ UN�Q�Ë Ëb�� Z�—uO�  ô¬ Ê√ €    ÃU�M�?�ô« «c?� v?K� oOKF��Ë

 W�Q??�*« d??E�«± ≠ π  q??BH�« «c??� W??�UNM� Æ › ‰U??�� �Ë± ≠ ±∞ ??DD� UMF??{Ë U(a sketch)   ¡U??A�ù
(construction)  W??�¬ Z�—u??O�  qH??�_ l??�œ W??�¬ U??� b??�u� ô w�U??��U�Ë ¨ ‚UO??��« …d??� X??�O� ÌW??GK� Æ

 WK��_« UM� X�M�O��Ë± ≠ ±±  Ë± ≠ ±≥  Ë± ≠ ±µ     U?OKLF�« i?F� ¡«d�S� ÂuI� Ê√ UNMJ1 Z�—uO�  ô¬ Ê√
q�ö�K�  U'UF*« iF�Ë ¨ WDO���« WO�U�(«  (string manipulations)     U?�—UI*« i?F�Ë ¨ Æ

�� UL� 5� lL'« UMMJ1 nO� WA�UM*« UM� X�M�O    W?Oz«b�  U?OKL�(primitive operations)   q?(
   ̈  «b?OIF� d?��√ qzU?��     V?O�d� U?MMJ1 n?O�Ë Ø   s�u?J�(composing)   ̈  Z�—u?O�  ô¬ …b?�  n??O�Ë

    w?�d� Z�U?��� q?LF� Ê√ Z�U?��� sJ1  (subprogram)    d?�¬ Z�U?���Æ      ¡U?M� s?J1 t?�_ Î«d?E�Ë
(building) bI� ¨ WI�dD�« ÁcN� «b� …bIF�  UOKL�        s?� »«�?�ô«  √b?� b?� Z�—u?O� W?�¬ Ê√ pA�

 …—bI�« YO� s� œU�F*« »u�U(« (power)  Æ 
 
 5L���« �≈ qB� Ê√ Ê–≈ UMMJ1 q�  (conjecture)  ØH�« ÷d (hypothesis) Ê√ ∫

I�« � W�ËU�� Z�—uO�  ô¬???? …—b (equal in power) �U(????»u L�—????� w?wDL  (a typical 
digital computer) ø  

 ®¿©H�« «c� bO�Q�� ÷d ∫  s�O?��Ë W�uF� d��√ qzU�� …b� c�Q� Ê√ UMMJ1     Â«b��?�U� UN?K� s?J1 n?O�
 Z�—uO�  ô¬ Æ  W?�¬ rLB�Ë 5F� »u�U� W�U)« W�ü« WG�  ULOKF� W�uL� c�Q� Ê√ p�c� UMMJ1Ë

« lO� cHM� Ê√ UNMJ1 Z�—uO�W�uL:« �  ULOKF�� Æ   « «c?� � ÕU?$ q� Ê√ r�—Ë   Íu?I� ÁU?&ô
H�« W�B� UM�UM��« s� ÊU�d� �≈ ÍœR� ô t�√ ô≈ ¨ ÷d Æ     U?� j�?C�U� ·d?F� ô U?M�√ � sLJ� W�uFB�«Ë

  ?� œuBI*« ¢ wD/ wL�— »u�U� ¢ oO�œ n�dF� b�b��� WKO�Ë UM�b� b�u� ôË ¨Æ 
  Èd�√ WO�U� s�Ë∫ 

  ®¿©� i�b� ÷dH�« «c ∫Ê√ ‰ËU� Ê√ UMMJ1 b$  �¡«d�≈ (procedure)      t?� V?�J� Ê√ U?MMJ1 U?�
  »u�U� Z�U�d�(a computer program)        W?�¬ t?� b?�u� Ê√ s?J1 ô t?�√  U?��≈ UMMJ1 sJ�Ë ¨

 Z�—uO� Æ ÷d?H�« «c� i�d� ”U�√ UM�b� ÊuJO�� UMJ2 p�– ÊU� ÊS�  Æ    lD�?�� � Êü« v?�� s?J�Ë
b??�√ �� w??DF� Ê√  U??C�UM� ôU????(a counterexample)  Æ   Ác??� q??�� l??????O� qA?????� W?????IOI�Ë

  O�UJ�ù« Ác??� W�U��??�« �≈ …—U??�≈ Ë√ v?K� W??�ôœ U??N�√ v??K� c??�R�� Ê√ V??�  ôËU?;«???? W Æ l??O�Ë
         …—œU??�Ë W??�u� √b??�*« Y??O� s??� Z�—u??O�  ô¬ Ê√ �≈ �??A�  ôôb??�«(powerful)   Í√ …—b??I�

 »u�U�Æ 
 M�  œ√ b???�Ë??M�« «c� s�  U???A�U� Ÿu  Z�—uO�(A. M. Turing)  nB�M� � s�d�¬Ë

  U???????OMO�ö��«(mid-1930s) 5L��????�« �≈ Ø   r???????�U� ·Ëd???????F*« ÷d???????H�«�—????????Z�—u????O� W�U  
(Turing thesis)  Æ  ÷d?H�« «c� hM�Ë(hypothesis)   Ê√ v?K� ∫    U�c?OHM� U?MMJ1  U�U?�� Í√



 ≥∞ 

 W??OJO�UJO� qzU??�u�(mechanical means)  UMMJLO??� ¨ U??C�√  ô¬ s??� U??� W??�¬ WD??�«u� U�c??OHM�
 Z�—uO�Æ 

 
   …—U?�F�« Ác�Ë ©   Z�—u?O� W�U?�— ®     t?�M�d� s?J1 U�O?� X?�O� Æ    Ê√ U?MOK� p?�– �≈ ‰u?�uKK�

 ÕöD�ô« W�b� ·�d�F�� ¢ WOJO�UJO� qzU�Ë Æ¢  …œd???:« Ã–U??LM�« i??F� VKD�O� «c�Ë(abstract 
models)   Èd�_«      UI�U?� t?OK� U?M� U?2 bF�√ ÂU�ú� ÂbI�� UMKF� ôË ¨ Æ     Z�—u?O� W�U?�— ÊS?� p�c?�Ë

  ???��√ …—u??B� U????NO�≈ d??EM��?????? ?N�√ v??K� V????     W?????��� Ê�u??????J� U??* n?????�dF� U????? Ø   W??????O�U�� W?????OKL�
   W?????OJO�UJO�(a mechanical computation)  ¢ ∫  WO�U?�� W?OKL� Í√  (a computation) 

 WOJO�UJO� ÊuJ�(mechanical)  Z�—uO�  ô¬ s� U� ÌW�¬ WD�«u� U�cOHM� sJ�√ «–≈ jI�Ë «–≈Æ ¢ 
 
        U?L� ‰ƒU?���« ��?� U?M�S� ¨ n?�dF� U?N�√ W�U��� Z�—uO� W�U�— U����«Ë ÁU&ô« «c� UM�O�M���� «–S�

 WO�U� W�—b� UC�d� n�dF��« «c� ÊU� «–≈(sufficiently broad)  t?�√ YO� ¨  ∫    �q?� qL?A� q?�
 Êü« tz«œQ� ÂuI� T� ©  q�I�?�*« � tKLF� b�Ë ®      ??� W?F�UI�« W?�U�ù« ø VO?�«u(« Â«b��?�U�¢ r?F� ¢

  W???MJ2 X???�O�¨     «b???� W???�u� UN(U???� � W???�œ_«Ë b�«u???A�« s???J�Ë Æ  w???K� U???LO�Ë   Z???�(« i???F�
(arguments) OJO�UJO*« WO�U�(« WOKLF�« n�dF� UN�√ vK� Z�—uO� W�U�— ‰u�I� W∫  

 
©±®  Z�—uO� W�¬ WD�«u� ÁcOHM� UC�√ UMMJ1 œu�u� wL�— »u�U� ÁcOHM� sJ1 T� Í√Æ 
©≤®           W?O�“—«u� W?�«b� Á�?�F� U?0 U?????NK� s????J1 W�Q?�� ÷d?????� s???� Êx� b???�√ s???JL�� �

(an algorithm)  Z�—uO� W�¬ Z�U�d� U� V�J� Ê√ UMMJ1 ôËÆ 

©≥® W??K�b� Ã–U??/ Õ«�??�« -  (alternative models)  ¨ W??OJO�UJO*« WO�U??�(«  U??OKLFK�
 Èu�√ UNM� Í√ sJ� � sJ�Ë Ø Z�—uO� W�¬ Ã–u/ s� …—b� d��√Æ 

 
 U{d� �b�F�� ‰«e� ô ��«Ë ¨ Z�—uO� W�U�d� U�U�d� �b�F�� ô Z�(« Ác�(an assumption)   Æ

      Í—U???O��« n???�dF� U???N�√ v???K� W�U???��� Z�—u???O� W�U???�— �≈ …d???EM�« s???J�Ë(an arbitrary 
definition)  W�U� WDI� �≈ bI�H� Æ »u�U(« rK� � VFK� Z�—uO� W�U�— Ê√ —U���« UMMJ1 YO�

   ¡U?OLOJ�«Ë ¡U?�eOH�« � WO�U�_« 5�«uI�« t�FK� Íc�« t�H� —Ëb�« Æ   W?�bOKI��« ¡U?�eOH�U�(classical 
physics) �d�K� s�uO� 5�«u� vK� …��� W�—b� U�U�√ WOM�� ö�� W Æ    ô≈ 5�«u?� UNOL?�� U?M�√ r�—Ë

 WOIDM*« …—ËdC�« �≈ bI�H� UN�√(logical necessity)    Ã–U?/ s� …—U�� UNMJ�Ë  ¨(models) 
  wzU?�eOH�« UM*U� � ��J�« ÕdA� W�u�I� Æ        q?B� �?�«  U�U�M�?�ô« Ê_ 5�«u?I�« Ác?� q?�I� s�M?�

   U??M���Ë UM�«b�U??A� l??� o??H�� 5�«u??I�« Ác??� s??� U??NO�≈ U??M�UE�ö�Ë Æ  Ác??� W�??�  U??��≈ s??J1 ôË
   »—U????���« ZzU????�� s????� W????�O�� X????{—UF� «–≈ UN��????� Âb????� ÊU????O� s????J1 U????0— q????� ¨ 5�«u????I�«



 ≥± 

(experimental results)       5�«u?I�« Ác?� ”U?�√ v?K� v?M�� ÃU�M��« l� Æ    Èd?�√ W?O�U� s?�Ë
       «c?� W�?B� U?�œUI��« Íu?I� U?� �Êu�U?� W�� Âb�  U��≈ � dL��*« qAH�« ÊS�    t?O� U?M�I�Ë Êu�U?I�« Æ

            U?�u�U� U?���F� U?MKF& �?�« »U�?�_« i?F� UM�b?K� p�c?�Ë ¨ Z�—u?O� W�U?�d� W�?�M�U� ‰U(« u� «c�Ë
 »u�U(« rK� � UO�U�√ Æ        s?� t?�dF� U?� l?� o?H�� Z�—u?O� W�U?�— s� UNO�≈ qB� ��«  U�U�M��ôU�

  W??OIOI(« VO??�«u(«(real computers) l??O� XK??A� Êü« v??��Ë ¨  Âb??� ÊU??O��  ôËU??;«
 UN��� Æ             i?F� q?=KF� Ë√ d?��ÓH�� d?�¬ n?�dF�� q�I�?�*« � �b?�√ w�Q?� Ê√ W?O�UJ�≈ U?Lz«œ „U?M� v?I��Ë

        …d??z«œ � l??I� q??E� U??NMJ�Ë Z�—u??O�  ô¬ U??NODG� ô �??�« W??�U)«  ôU??(« Ë√ ŸU??{Ë_« Ø Èb??�
     W?OJO�UJO*« WO�U?�(«  U?OKLFK� wN�b?��« UM�öD�« Æ  eKO?� c?zbM�Ë     W?O�U��« UM�U?A�UM� i?F� q�b?F� Â

F� U�d�u� ö�b ÆI% ‰UL��« Ê√ ô≈ «b� öO�{ Ëb�� WO�UJ�ù« Ác� oÆ 
 

 WO�“—«u�K� oO�œ n�dF� ¡UD�S� UM� `L�� l{Ë � s�M� Z�—uO� W�U�— UMK�� b�Ë Êü«ËÆ 
 

 n�dF�± – ∂ ∫ 
       WO�“—«u)«  (an algorithm)  W�«b�f : D  R    �—u?O� W?�¬ w�Z  (Turing 

machine) M   dBM� Í√  ö�bL� X�OD��Ô√ «–≈d YO�  d  D      n�u��?� U?N�S� ¨ UND�d?� v?K�
 Î«��√ (eventually halts)   W�O�B�« W�U�ù« ÊuJ� YO�f (d)  R   UND�d?� vK� Æ  …—u?B�Ë

Ê√ VKD�� Ê√ UMMJ1 «b�b% d��√  
 

q0d├*
M qf f (d), qf  F,   

 d  D.  
 

�dF�Ë??????n «u)«O�“—??????? W I�dD� X??��� ÊQ??� U??M� `L??�� Z�—u??O� W??�¬ Z�U??���???????LJ� W?????? W
L���“????  ÎU(a claim)  ��???? q ¢ ∫�u�????O�“—«u� b?? W¢ ÆÆÆ   (there exists an algorithm …) 

 Ë√ ¢�u� ô ?????O�“—«u� Í√ b ????? W  ¢ ÆÆÆ(there is no algorithm …) Æ OKL� Ê√ ô≈ ????�≈ W ??????¡UA 
(constructing)  ÎW�«d??� W??O�“—«u�(explicitly)  W??K�u� W??OKL� b??F� UO�??�� WDO??�� qzU??�* u??�Ë

  «b?�Æ              U?MMJ1 T?� Í√ Ê√ r�e?�Ë Z�—u?O� W�U?�— �≈ Q?�K� `�d?*« �?� »uK?�_« «c?� q?�� V?M���Ë
OHM�???�U� Í√ vK� Ác????MMJ1 »u ?????C�√ U ?????OHM� U ?????�«u� Ác ???  Z�—u?O� W?�¬ WD Æ M�Ë ???OK� �¡U ???MMJLO� t ??? U

 i�uF��«(substitution)  …—U�F� ¢  WGK� Z�U�d�C ¢ ("C program")  s� ôb�  ¢  Z�—u?O� W�¬ ¢  
("Turing machine")  n�dF� �± ≠ ∂  Æ «c�Ë     ÷d?�Ë W?�U�� ¡V?� s� …��� W�—b� UM���

  UO�“—«u� Æ UM�S� U�OKL�Ë≠   ö?F� p�c� UML� b� UL�≠  � ÂbI�M?�     W?OEHK�« ·U?�Ë_« q?�I�Ë b?F�√ …u?D  
(verbal descriptions)   W?O��UI�«  U?DD�*« Ë√  (block diagrams)     v?K� ¨  U?O�“—«u��

t�√ ÷d�  p�– UM� VKÔ� «–≈ Z�—uO� W�¬ Z�U�d� U� V�J� Ê√ UMMJ1 Æ   ‘U?IM�« jO?��� �≈ ÍœR� «c�Ë



 ≥≤ 

 œUI��ö� W{d� Õu{u� UM��� t�√ ô≈ ¨ …��� W�—b�Æ O��  ??�« �b�F�� ULM ¢   W?GK� Z�U?�d�C ¢    Î«œ�b?�Ë ÎU?��d�F��
«bO� «b�b%  (well defined)  p�c� �b�F�� ô ¢    `?{«u�« w?EHK�« n?�u�«¢  ("clear verbal 

description")     …œu??�u� �??�  U??O�“—«u� œu??�u� r�e??�« d??D) W??{d� c??zbM� `�??B�Ë ¨Æ  s??J�Ë
    « q?F� U?M�UJ�S� d?D)« «c?� œUF���« UMMJ1        U?M�UJ�S� p�c?�Ë ¨ UON�b?� U�u?{Ë U�?{«ËË UDO?�� ‘U?IM�

W�LÓJ����Ë …e�u� ·U�Ë√ ¡UD�≈  (concise descriptions)  U� ÎU�u� …bIF*«  UOKLFK�Æ  
 



 ≥≥ 

 r�—  UM�d9  ©± ® 
 

± – ± ≠  √®    WGK�« W�ü« q�I� YO�  ôU?� Àö� s???� d�???�√ vK???� Íu????�% ô Z????�—uO� W??�¬ r??L�
L (a (a + b)*)  Æ Ê√ ÷d�«Σ = {a, b} Æ 

           »  ®  5��U�  «– W�P� rOLB��« «c� cOHM� sJ1 q�(a two - state machine) ø 
 

± ≠ ≤  ®  vK� WO�U��« WGK�« q�I� Z�—uO� W�¬ TA�√{ a, b }  ∫ 
  √®            L = L (aba*b)    
  »®        L =  {w : | w |   is even}  
 

± ≠ ≥  ®   n??B�M� b??�u� Z�—u??O� W??�¬ rL??�(middle)   WK??�K�(string)  ‰u??D�« W??O�Ë“ Æ …—u??B�Ë
 «b�b% d��√ ∫  w� WK�K��« X�U� «–≈ 

w = a1a2… anan+1...a2n;   ai  Σ 
 

  wDF� Ê√ V� Z�—uO� W�¬ ÊS� Ø Z�M��(produces)   
ŵ = a1a2… ancan+1...a2n;  c   - Σ 

 
± ≠ ¥      ®  UNO� Z�—uO� W�¬ rL� = {0, 1, �}   WOK� Í√ vK� U�√b�� U�bM� UN�√ YO� ¨(cell) 

  ⁄«d???� v???K� Íu???�%(blank)   Ë√1  n�u��???� U???N�S� ¨(halt)  «–≈ Èu???��« «–≈ j???I�Ë
  vK� UND�d� 0 tOK� U� �l{u� �Æ 

 
± ≠ µ       ®     j?I� …b?�«Ë W?OzUN� W?�U� vK� XKL��« qBH�« «c� � WK��_« lO� Ê√ XE�ô pKF� Æ

     W?OzUN� W?�U� v?K� Íu?�% Èd�√ Z�—uO� W�¬ b�u� Z�—uO� W�¬ Í_ t�√ U�uL� `O�� q�
  UN�H� WGK�« q�I�Ë jI� …b�«Ë(accepts the same language) ø 

 
± ≠ ∂      ®�b��????�U«  l????�L�� …e????N�√ s????� Í√ Â(adders)   Õd????� Ë√(subtracters)   W????�—UI� Ë√

(comparers)    a?�� Ë√(copiers)    »d?{ Ë√(multipliers)    U??O��U� U?DD� r??�—«
(a block diagram)   V�u� `O�� œb� Í_ WO�U��« W�«b�« V�% Z�—uO� W�ün Æ 

 
f (n) = n (n + 1) 
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± ≠ ∑      ®   ?� UH?�Ë V?��«U   Èu�?�*« w�(a high - level description)     q?�I� Z�—u?O� W?�ü
 q?�LÓJ��  (complement)   W?GK�«L = {wwR}   v?K�{a, b}   Æ    s?� W?�uL� ·�d?��

 U�cOHM� qN��« s� t�√ dFA� W��UM� Ëd�U�  ULOKF� Æ  q(« � UN�b���« r�Æ 
 

± ≠ ∏      ®Î«cOHM� V��«  (an implementation) Ëd�U*« WLOKF�K� 
 

searchright (a, qi, qj) 
 

            w�U?(« l?{u*« 5?1 v?K� j�d?A�« � Y���?� W?�ü« Ê√ �≈ �?A� �?�«(current 
position)    e�dK� —uN� ‰Ë√ s�a  Æ  Î«e�—  b���Ë ÊS�a      ⁄«d?� q?��(a blank)   ÊS?�

  W�U(« �≈ V�c� W�ü«qi p�– «b� U�Ë ¨   W�U(« �≈ V�c� UN�S�qj Æ 
 

± ≠ π ®     b?M� q?BH�« «c?� � U�d�– UM�?A�UM�        Èu?�√ U?N�Q�Ë Ëb?�� Z�—u?O�  ô¬ Ê√ Z�—u?O� W�U?�d�
—b� d��√Ë qH�_ l�b�«  ô¬ s� … Æ_ «dE�Ë     t?KF$ Ê√ U?Lz«œ U?MMJ1 Z�—u?O� W�¬ j�d� Ê

     W?���— q?�� ·d?B��(like a stack)     √ U?OKF� U?MMJ1 t?�√ Ëb?�O� ¨ ?� Ê   Z�—u?O� W?�¬ Ê√ r�e
   …—b?� d?��√Ë Èu�√ Æ      ÂU?�« q?�UF�« u?� U?�(important factor)    � Ác?�Q� � Íc?�«

 ÃU�M��ô« «c� �≈ UM�u�Ë � —U���ô« Æ 
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 qBH�«w�U��« 
 

ü Èd�√ Ã–U/Z�—uO�  ô 
Other Models of Turing Machines 

 
   o�U??��« U??MH�dF�–  ‰Ë_« q??BH�« �–      b??O�u�« n??�dF��« u??� fO??� WO??�UOI�« Z�—u??O� W??�ü

 WK�b�  UH�dF� „UM� b�u� q� ¨ sJL*«¨ t�H� ÷dG�« W�œQ� sJ1    UN?�H� …œu'U�Ë Æ   U�U�M�?�ô«Ë
� Ê√ UMMJ1 ��«  …—b?� ‰u� UNO�≈ qB(power)           W?OM��« s?� …��?� W?�—b� WKI�?�� b?F�� Z�—u?O� W?�¬

  W??�U)«(specific structure)   U??� U??�—U�� �??�« Æ   …b??� �« Ê–S??� ‰ËU??M�� q??BH�« «c??� �Ë
  «�OG�(variations)   ¨ W�x�     W?��UJ� WO?�UOI�« Z�—u?O� W?�¬ Ê√ X���Ë–  ?�   t��dFM?� Íc?�« ÂuNH*U– 
Ã–ULMK�  «bOIF� d��_« Èd�_«Æ 

 
        s�e?� WKO?�Ë U?NzUD�S� WO?�UOI�« Z�—u?O� W?�¬ b?OIF� Ê√ l�u�� UM�S� Z�—uO� W�U�— UMK�Ó� «–≈Ë 

(storage device)  «b??OIF� d??��√    W??�ü« …—b??� v??K� ��Q??� Í√ t??� Êu??J� ô ·u??� Æ U�U??�� Í√Ë  
(computation) W�O���« Ác� q�� vK� U�ƒ«d�≈ sJ1  (arrangement)  Ø …b�b'« W�O���«

     …d?z«œ sL?{ l?I� qE�?� ØW??I��  (category)   ̈  W?OJO�UJO*«  U�U?�(«    U�c??OHM� sJLO?� w�U?��U�Ë
 w�UO� Ã–u/ WD�«u� Æ      w?LOKF�Ë w�O?{u� ÷d?G� b?OH*« s� t�S� p�– l�Ë(instructive)  Ê√
OIF� d��√ Ã–U/ ”—b�J� � u� v�� ¨ «b???�¬ ÷dG� s????F�« Ê√ Èu� d???B�« ÷d????`�d  (explicit 
demonstration)       ̈  Z�—u??O� W?�¬ …—b?�Ë …u?� U??M� dNE�?� W?F�u�*« ZzU?�MK�    � U??M�I� œ«œe?� p�c?�Ë

�—????? Z�—u??O� W�U Æ�Ë?????G� „UM????  � —u�c??*« w??�U�_« Ã–u??LM�« v??K� U??�ƒ«d�≈ s??J1 …b??�b�  «�O
 n�dF�± – ±  Æ   U?MMJ1 ö�?L�   Z�—u?O�  ô¬ —U?���ô« � c?�Q� Ê√        j�d?� s?� d?��√ v?K� Íu?�% �?�«

œbL�� j�«d� vK� Ë√ ¨ b�«Ë (extend) œUF�√ …b� � (several dimensions) Æ  � c�QM�Ë
 «�G�� …b� �« Ê–S� —U���ô« (variants)  bF� ULO� UM�UA�UM� � U�bOH�� ��«Æ  

 
  wIKM� UL�        …œb?;« �?� Z�—u?O�  ô¬ v?K� �« Ê–S?� …d?E�(nondeterministic) 

 s�O��Ë  Èu�√ X�O� UN�√(no more powerful)  …œ�b;« pK� s� Æ      «d?E� l?�u�� �?� d?�√ «c?�Ë
   j??I� w??DG� Z�—u??O� W�U??�— Ê_  � ÷d??F�� ôË W??OJO�UJO*«  U�U??�(«   w�c??�« 5L��??K(clever 

guessing)  s�LC�*«(implicit)   b�b���« Âb� �(nondeterminism)  Æ   d?�¬ d?�√ „UM�Ë
ô�q����   «—u�  (not immediately resolved)        Z�«d?� c?OHM�� W?�¬ Âu?I� Ê√ u?�Ë Z�—u?O� W�U�d�



 ≥∂ 

 WHK��  U�Ë√ � WHK�� Æ    Z�—u?O� W?�¬ …d?J� �≈ ÍœR� «c�Ë ¢  W?�UF�« Ø  WK�U?A�« ¢(universal)  Ø
¢ W���« …œU�ù WK�UI�«¢  (reprogrammable) Æ  
 
 � W??O�U��« ‰u??BHK� «b??ON9 «�??�√Ë  W??OD)« …œËb??;«  ôü« v??K� …d??E� w??IK(linear 

bounded automata)  Æ         wzU?N� ô j�d?� U?� Z�—u?O�  ô¬ s?� …—U?�� Ác?�Ë(an infinite 
tape)           j?I� …b?OI� W?I�dD� j�d?A�« s?� …œUH�?�ô« U?NMJ1 s?J�Ë ¨(only in a restricted  
way)  Æ 

 ôË√ ∫WO�U�_« Z�—uO� W�¬ vK� WHOH�  «�OG� 
Minor Variations on the Basic Turing Machine 

 
    n??�dF� � UO�??�� W??HOHD�«  «�O??G��« iF�??� �U??F� �« Êu??F� √b??��± ≠±  «–≈ U??� Y??���Ë ¨

   ÂU??F�« Âu??NH*« � ·ö�??�« Í√ �≈ ÍœR�??�  «�O??G��« Ác??� X??�U� Æ  U??M�S� n??�dF� Í√ U??�d�O� U??LK�Ë
–≈ U� ‰Q��Ë  ôü« s� «b�b� U�u� ·�d�F�M� s� wIOI� ÂuNH0 WHK�� …b�b'«  ôü« Ác� X�U� «

     UI�U?� U?OKF� U?�UM�d� �?�« pK� Æ     w?IOI(« ·ö��ôU?� b?BI� «–U?L� Ø   w?�U�_«(essential/real 
difference)     ô¬ W??I�� 5??�(class of automata)      „U??M� Êu??J� b??�  ø Èd??�√ W??I��Ë

      ô b?� s?J�Ë ¨ 5�?I�� w?H�dF� 5?� W�{«Ë  U�ö��«    Í√  U?�ö��ô« Ác?� Êu?J�   ZzU?�� Ë√  «��Q?�
  W???I�ô W???LN� ÆM�    �b???;« …œËb???;«  ôü« �I�???� w???H�dF� Ê√ ö�???� ·d???F …œ�b???;« �???�Ë …œ 

(deterministic and nondeterministic finite automata)  U?HK��Ê  ̈  U?�U9   �s?J�Ë
 ??C�U� U??LNOK� ·�d??�F���« r�??� U??LN�√ Âu??NH0 ÊU??���UJ�� 5�??I�D�«  j�(exactly identified)  W??KzUF�

  WLE�M*«  UGK�«(family of regular languages)  Æ     U?MMJ1 t?� ÎôULJ�?�«Ë «c?� s� U�öD�«Ë
  ôü«  UI�� 5� U�uL� R�UJ��« Âb� Ë√ R�UJ��« n�dF�Æ 

 
  ôü«  UI�� R�UJ�  Equivalence of Classes of Automata 

 
    5?� R�U??J��« ·�d?�F�� U?LMO�     «–U??� W?�b� œb??� Ê√ V?�O�  ôü« s??� 5�?I�� 5?� Ë√ 5�??�¬ 

   R�U?J��« «c?N� bBI� Æ  v?��Ë W?�UN�           R�U?J�� W�?�M�U� UI�U?� ÁU?�d�– Íc?�« Âu?NH*« l����M?��Ó� q?BH�« «c?�
 ôü«  dfa's  ôü«Ë  nfa's   U???GK�« ‰u???�� v???K� …—b???I�« u???�Ë ¨  (ability to accept 

languages) Æ 
 

 n�dF�≤ ≠ ± ∫ 
                     ®¿©  Ê≈ ‰U?I� 5�?�¬  (two automata)  ÊU?���UJ�� (equivalent)  U?�K�� «–≈   W?GK�«

UN�H�  (same language) Æ 
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  ®¿©Ê√ ÷dH�Ë  C1, C2   ôü« s� ÊU�I�� Æ  W?�¬ q?J� t�√ ◊dA�« oI% «–≈  (automaton) M1 
WI�D�« �  C1  W�¬ b�u�  M2  WI�D�« �  C2  Ê√ YO�  

L (M1) = L (M2) 
 

 WI�D�« Ê≈ ‰uI� UM�S�C2     W?I�D�« …u?� � q?�_« v?K� w�  (at least as powerful as)  C1  Æ
≈Ëw�JF�« ◊dA�« oI% «– (converse) W�¬ qJ� t�Q� UC�√  M2   WI�D�« �C2   W?�¬ b�u�M1  �

 WI�D�«C1  Ê√ YO� 
L (M1) = L (M2) 

 
 Ê≈ ‰uI� UM�S� 5�I�D�«C1, C2  (the two classes) ÊU���UJ��  (equivalent) Æ 

 
       W???OzUM��« W???I�dD�« ö�???� U???NM� ¨  ôü« R�U???J�  U???��ù …b???�b� ‚d???� „U???M�Ë ØWOzU???A�ù«  

(construction)  ôü« R�U???J�  U???��ù  dfa's  ôü«Ë  nfa's  Æ???�U� � R�U???J��« ÊU???O��ËW   ô¬
�� ��« W�U�« WI�dD�« Âb���� U��U� UM�S� Z�—uO� UNOK� oÓKD¢  …U�U;« ¢ (simulation) ∫ 

 

 Ê√ ÷d??H� M   W??�¬  (an automaton)  Æ�??I Èd??�√ W??�¬ Ê≈ ‰u


M  …U??�U� U??NMJ1  

(simulating) WO�U�� WOKL�  (a computation)   W?�ü« �M     W?�ü« X?�U� «–≈


M   lOD�?��
 w�U% Ê√ Øb=KI�  (mimic)   � WO�U?�(« W?OKLF�«  M     W?O�U��« W?I�dD�U�  (in the following 
manner) ∫  

 Ê√ ÷d?H�  d0, d1, …     W?OE�K�« ·U?�Ë_« W?F�U��� w?�  (sequence of instantaneous 
descriptions) � WO�U�(« WOKLFK�  M   Ê√ Í√ ¨ 

 
d0 ├ Md1 ├ M … ├ Mdn … 

 

  W�ü« ÊS�


M   w�U%(simulates)   c]H�� «–≈ WO�U�(« WOKLF�« Ác� 
 

0d


├*


 1
M

d ├* 


M
…├*



 n
M

d … 

Y??O�  ...,d,d 10


    ö??� Ê√ Y??O� ¨ W??OE( ·U??�Ë√ w??�  j��d??� U??NM�  (associated with) 
 �Ë WKOJ?A�� …b?O  (a unique configuration)    öOJ?A� s?�  M  Æ     d?�¬ »uK?�Q�Ë∫   U?M�d� «–≈

  WO�U�(« WOKLF�«(computation)   W�ü« UN��c]H�� ��«


M     U?� j�?C�U� œ�b?� Ê√ UNM� UMMJ1 t�S� ¨



 ≥∏ 

   W??�ü« U??N� ÂuI�??� X??�U� �??�« WO�U??�(«  U??OKLF�« w??�M  ��« U??MOD�Ô√ «–≈  W??K�UI*« W??Oz«b��ô« WKOJ??A
(corresponding starting configuration) Æ  

 
 …U�U� Ê√ k�ô  (simulation) …b�«Ë W�d�di ├Mdi+1   W�ü« �  M   qL�A� b�

W�ü« �  U�d� …b� vK� 


M  Æ   � WOD�u�«  öOJA��«Ë(intermediate 


 1i
M

d ├*
id



 

configurations in)  q�UI� ô b� (correspond to)    W�ü« � WKOJA� Í√M     «c?� s?J�Ë ¨

     W???�ü« � W???�öF�«  «Ë–  öOJ???A��« b???�b% UMFD�???�« «–≈ T???� Í√ v???K� ��Q???� Í√ t???� fO???�


M 

(relevant configurations of)  Æ   lOD�?�� U?M�√ U?*U�Ë     W?�ü«  U�U?�� s?�


M   U?� b?�b% «–

 W??�ü« qFH�??� X??�U�  M   ÊS??� ¨ W�O�??� …U??�U;« Æ W??�ü« X�UD�??�« «–≈Ë


M  W??OKL� Í√ …U??�U�

 W�ü« � WO�U��M    W?�ü« Ê≈ ‰uI� UM�S� ¨


M     W?�ü« …U?�U� U?NMJ1M  Æ   Êu?J� Ê√ V?�Ë   U�?{«Ë

 W�ü« X�UD��« «–≈ t�√


M W�ü« …U�U�  M  ÊU��ü« q�I� v�� W�“ö�«  U�O���« qL� UMMJ1 t�S� ¨ 


M M,  ¨ UN�H� WGK�«   5���UJ�� ÊU��ü« `�B�Ë(equivalent) Æ   ôü« s� 5�I�� R�UJ� ÊUO��Ë
� t�√ X��� Ê√ UMOK� ¨ UN�U�U� vK� …—œU� Èd�_« WI�D�« � W�¬ b�u� 5�I�D�« Èb�≈ � W�¬ qJÆ 

 
 ¡UI��« —UO��«  «Ë– Z�—uO�  ô¬ © l{u*« �® 

Turing Machines with a Stay - Option 
 
      U??�≈ „d??��� Ê√ V??� W??�U�J�«Ë …¡«d??I�« ”√— Ê√ U??�d�– WO??�UOI�« Z�—u??O� W??�¬ n??�dF� b??M�

 —U�OK� Ë√ 5LOK� ÆUO�√    …¡«d?I�« ”√— v?I�� Ê√ u?�Ë Y�U� —UO��« „UM� ÊuJ� Ê√ V�UM*« s� ÊuJ� U�
   W?�U�� …œU?�≈ b?F� UNF{u� � W�U�J�«Ë  (rewriting)    W?OK)«  U?�u�� Æ     W?�¬ n?�dF� U?MMJ1 «c?J�Ë

   ¡U?I��« —U?O��«  «– Z�—u?O�  (stay - option)     ‰U?I��ô« W?]�«�b� ‰b��?�� ÊQ?�  δ   n?�dF� �± ≠  ±  
W�«b�«        

 
δ : Q   Q    {L, R, S} 

 
 YO� S   W�U�J�«Ë …¡«dI�« ”√— W�d� Âb� �F� Æ W�ü« …—b� s� b�e� ô —UO��ô« «c�ËÆ 

 
 W�dE�≤ ≠ ± ∫ 

       WO�UOI�« Z�—uO�  ô¬ WI�D� W��UJ� ¡UI��« —UO��«   «Ë– Z�—uO�  ô¬ WI��Æ 



 ≥π 

 ÊU���«∫ 
©i®  —U???O��«  «– Z�—u???O� W???�¬ Ê_ «d???E�  œ«b???��« w???� ¡U???I��«(extension)  Ã–u???LMK�

  w�UOI�«(standard model)        sJLO?� WO?�UO� Z�—u?O� W?�¬ Í√ Ê√ `?{«u�« s?L� ¨
 ¡UI��« —UO��«  «– W�P� UN�U�U�Æ 

 
©ii®    f?JF�« ÊU?O��Ë ∫  Ê√ ÷d??????H�M = (Q, Σ, , , q0, �, F)      Z�—u????O� W?�¬ w?�

     W???????�P�  U???????N�U�U�  œ«d???????*« ¡U???????I��« —U???????O��«  «–  WO???????�UO� Z�—u???????O� 





F �, ,q,,,,,QM 0





   Æ    W????�ü« � W????�d� q????J�M       W????�ü« Âu????I�

  W??O�U;«


M (simulating machine)   w??K� U??0 Æ  W??�d� qL�??A� � «–≈M  
          W?I�UD� …b?�«Ë W?�d� q?LF� W?O�U;« W?�ü« ÊS?� ¨ ¡U?I��« —UO��« vK�(identical) 

   U??N�U�U� œ«d??*« W??�d�K� U??�U�√ Æ    W??�d� XKL�??�« «–≈ U??�√M    v??K�S  ÊS??� ¨


M  
 5��d� qLF�� ∫  e�d�« W�U�� bOF� �Ë_«(rewrites the symbol)  ”√— „�d����Ë

   ?�—U� ¨ —U?�OK� W?�U�J�«Ë …¡«dI�« ”√— „�d���� WO�U��«Ë ¨ 5LOK� W�U�J�«Ë …¡«dI�«ÎW    U?�u��
 �OG� ÊËœ j�dA�« Æ    ¡U?A�≈ U?MMJ1Ë(constructing)       W?�ü« s?� W?O�U;« W?�ü«M  

  n�dF��


  wK� UL� ∫ 

 
 ‰UI��« Í_(transition)   

 (qi, a) = (qj, b, L  or  R) 

 � lC�


   














 

RorL,b,qa,q ii  

‰UI��« Í_Ë  S -     (S - transition)      
 (qi, a) = (qj, b, S) 

� lC�


  WK�UI*«  ôUI��ô« 
 














 

R,b,qa,q jsi  

      Ë 














 

L,c,qc,q jjs  



 ¥∞ 

a!
b!
c 

a 

b 

c 

       p�–Ë    .  c    
 

     � WO�U?�� W?OKL� Í√ Ê√ `{«u�« s�ËM   ÊuJO?�      � W?K�UI� WO�U?�� W?OKL� U?�


M  ¨

 ÊS� «cJ�Ë


M  …U�U� UNMJ1M       Æ 
 
     q?F& U?H�¬ U�UMH?�Ë �?�« WGOB�«Ë ¨  ôü« R�UJ�  U��ù WO�UO� WI�d� �b�F�� …U�U;«Ë  s?� 

 sJL*«≠  WI�U��« W�dEM�« � UM�√— UL�≠ WOKL� s� Y�b(«       R�U?J��« s?�  U?�dE�  U?��≈Ë R�U?J��« Æ
  ‰ËU??� ô ·u??� U??�uL� U??MMJ�Ë ¨ …U??�U;« ÕöD??�« «—«d??� �« Ê–S??� Âb��??�M� W??O�U��« UM�??�«—œ �Ë

�Ën  WLJ�Ë WKBH� WI�dD� T� q� Æ;« bF�� Z�—uO�  ôü W��M�U��UI�d�Ë öL�� «d�√ W�U��« …U�U Æ
 �dD�« v??K� UM�U??A�UM� d??B�I�� p??�– V??M���Ë  WOH??�u�« W??I(descriptive)  W??M�d� W??I�d� s??� ôb??�

  U�dEM�« Æ        W?OHO� Èd?� Ê√ VF?B�« s?� fO?� t?MJ�Ë ¨ …U?�U�LK� WC�dF�« ◊uD)« �« Ê–S� wDFM�Ë
  WLJ�  «uD� �≈ WC�dF�« ◊uD)« Ác� q�u%(rigorous)  Æ    s?� t?�√ r�d?J�« ∆—UI�« b�O�Ë

  W??OLOKF��« W??O�UM�« s??� b??OH*«(instructive)   j??D� �≈ …U??�U� q??� q??�u%(sketch)  ÌW??GK�
  Èu��*« WO�U�(a higher - level language)   œu� t�A� Ë√(pseudocode)  Æ 

 
   Z�—u?O� W�¬ vK� WE�ö� ¡«b�≈ œu� Z�—uO�  ôü Èd�√ Ã–U/ n�dF� �≈ ‰UI��ô« q��Ë

 WO�UOI�« Æ n�dF�± ≠ ±   UOML{ qLA�(implicitly)  — Í√ Êu?J� Ê√    j�d?� e?�(tape symbol) 
  “u�— …b� s� U��d�(a composite of characters)        j?I� b?�«Ë e?�— s?� ôb?�(a single 

one)  Æ   ÎW�«d?� p�– `O{u� sJ1Ë(explicitly)     …b?�2 WGO?� r?�d� Ø   WF?��u�(extended 
version)  qJA�± ≠ ±     U?O�ö� j�dA�« “u�— ÊuJ� YO� ¨(triplets)   √ “u?�— s?� W?�b�   j?��√

(simpler alphabet)  qJ� p�– `{u� UL� ¨≤ ≠ ± Æ 
 

 
 

         

         

         

 
 

                                  qJ�≤≠± 
 
 

Track 3 —U�*« 
Track 2 —U�*« 
Track1 —U�*« 



 ¥± 

         v���b?�� ¡«e?�√ W?�ö� �≈ j�d?A�« U?�ö� s?� W?OK� q� UML��Ó� qJA�« «c� �Ë ¢   «—U?��  ¢
(tracks) M� vK� UNM� q� Íu�� ¨      W?O�ö��« s?� b?�«Ë d?B(triplet)  Æ     WGO?B�« Ác?� v?K� �¡U?M�Ë Ø

 U�UO�√ UNOK� oKD� W�ü« Ác� q�L� ¨ …dEM�« ¢    …œb?F�*«  «—U?�*«  «– Z�—u?O� W�¬  ¢(multiple 
tracks)  Æ l��u� ô …dEM�« Ác� sJ�Ë Ø   n?�dF� ‰U?� ÍQ� œ�b9 ô± ≠ ±      ÃU?�� U?� q?� Ê_ «d?E� ¨

  qF$ Ê√ u� tKL�    W�b�√ W�uL�(an alphabet)  …œbF�� ¡«e�√ s� e�— q� UNO� ÊuJ��Æ 
 
      V?� t?�√ Y?O� ¨ n?�dF��« � «�OG� sLC�� Z�—uO�  ô¬ s� Èd�√ Ã–U/ „UM� sJ�Ë

      WO?�UOI�« W?�ü« l??� R�U?J��« ÊU?O� U?MOK� Æ       ¨ Ã–U??LM�« Ác?� s?� 5�–u??/ v?K� …d?E� w?IK� w??K� U?LO�Ë
 �� s�c?K�«Ë  U?�UO�√ ÊU�b��?�       w?�UOI�« n?�dF��« U?LN�√ v?K�(the standard definition)  Æ �Ë

 U�uO� q�√ Èd�√ Ã–U/ �« Ê–S� ÈdM� qBH�« W�UNM�  UM�dL��«Æ 
 

 j�dA�«  «Ë– Z�—uO�  ô¬ nBM�« wzUN�ô 
Turing Machines with Semi – Infinite Tape 

 
    qJ?� � 5�?*« Ã–uLM�« ÊË��F� ô 5H�R*« s� ���± – ±     Êu�b��?�� U?/≈Ë ¨ UO?�UO�

  œËb??� �??� j�d??� «– U??�–u/(unbounded)  j??I� b??�«Ë ÁU??&« �Æ  p??�– —u??B� Ê√ U??MMJ1Ë
      d?��√ b?� t?� j�d?A�(a left boundary)  €   qJ?� d?E�«≤ – ≤ Æ ›     Ác?� Z�—u?O� W?�¬Ë–    «b?� U?LO�

 p�–– OI�« UM�–uLM� WI�UD� bF�¨ w�U d��� `L��� ô t�√ �� —U?�OK� „  (left move)    Êu?J� U�b?M�
  œËb(« bM� W�U�J�«Ë …¡«dI�« ”√—(at the boundary)  Æ 

 
 

!
!
!

 
 qJ�≤≠≤ 

 
       W?�ü« …—b?� v?K� d�R?� ô b?OI�« «c� Ê√ Èd� Ê√ VFB�« s� fO�Ë Æ    Z�—u?O� W?�¬ …U?�U;Ë

WO�UO�  M  W�¬ WD�«u� 


M  j�d�  «– nB� Âb���� wzUN� ô qJ� � 5�*« Ã–uLM�«≤ – ≥ Æ 
 

     



 ¥≤ 

 
 
 
 
 

 qJ�≤≠≥ 

  W??O�U;« W??�ü« 


M   s�—U??�� Ë– j�d??� U??� Æ      U??�uKF*« v??K� Íu??�� Íu??KF�« —U??�*«
 U� ÌœUM�≈ WDI� 51 …œu�u*« (some reference point)    j�d?� vK�M   Æ   œUM?�ù« W?DI�Ë Ø

 l??�d*« W??DIM�«(reference point)    W??�«b� b??M� W??�U�J�«Ë …¡«d??I�« ”√— l??{u� ö�??� Êu??J� b??�
  WO�U?�(« W?OKLF�«  (start of the computation) Æ        ¡e?'« v?K� Íu?��O� wKH?��« —U?�*« U?�√Ë

 j�d� s� d��_«M   w�J� VO��� Æ W�ü«Ë


M    u*«  U?�uKF*« Âb��?��� UN�√ YO� Z���d����  …œu?�
  W�ü« � W�U�J�«Ë …¡«dI�« ”√— Ê√ U*U� jI� ÍuKF�« —U�*« vK�M     ¨ œUM?�ù« W?DI� 51 …œu�u�

 Ê√ U*U� wKH��« —U�*« vK� qLF�ËM        UND�d?� s?� d?��_« ¡e?'« � „d?��� Æ  s?J1Ë   «c?� q?L�

  e?�OL��« (distinction)  W?ze���  (partitioning)    ôU?� W?�uL�


M (state set of)    �≈
 5ze�∫ 

QU, QL   ¡e'« Âb���� YO� ¨QU ¨ ÍuKF�« —U�*« vK� qLF�« 5�   Âb����ËQL   —U?�*« vK�
  wKH?��« Æ    W?�UNMK� W?�U�  U?�ö� l?{u�Ë  (special end markers) #   ?(« v?K�   Èd?�O�« œËb

(left boundary)  �u���« qON��� j�dAK� ‰ (switching)   d�ü —U�� s�Æ 
 

 ‰U��≤ – ± ∫ 
     ???�ü«Ë U???N�U�U� »u???KD*« W???�ü« Ê√ ÷d???H��U;« W U???L� W???O�KOJ???A� � ÊU???�MO�*«  

(configurations)  qJ�≤ – ¥ Æ 
 
 U�b=�u� UN�U�U� »uKD*« W�d(« Ê√ ÷dH�Ë  (generated by)  ‰UI��ô« 
 

δ(qi, a) = (qj, c, L) 
 
 � ôË√ ÂuI�� WO�U;« W�ü« ‰UI��ô« �� W�d(U 

    












 

L,b,c,qb,a,q ji  

      

 
 

     

   Track 1 for right        
    part of standard tape  
   Track 2 for left        
    part of standard tape !
 

!

!

Track 2 —U�*«!

Track 3 —U�*« 

    —U�*«1 s1_« ¡e�K� s� 

          w�UOI�« j�dA�« 

    —U�*«2 s� d��_« ¡e�K� 

          w�UOI�« j�dA�« 
 

!

!

Track 2 —U�*«!

Track 3 —U�*« 



 ¥≥ 

            

iq  

 
 
 
!

   
                        ©√®      ©»® 

    
 
 qJ�≤≠¥ 

 

 O�Y   QU

iq  ÆÊ_ «dE�Ë



iq � �≈ wL�MQU    —U?�*« � …œu�u*«  U�uKF*« ÊS�
KF�«???I� Íu????� j???�« w???�R� �???���ô« � c???�u�« � —U?? w�U(« X Æ O�U;« W?�ü« ÊS� Êü«Ë ??? W

Èd�  (#, #) W�U(« �   QU


j
q   ÆôUI��« Âb����� p�– bF�Ë 

 

    












 

R,#,#,p#,#,q jj  

 YO�  QL


j
p  qJ� � WMO�*« WKOJA��« � W�ü« lC�� ¨≤ ≠ µ Æ 

 
 
 

 
  qJ�≤ ≠ µ  

 (qi, a) = (qj, c, L)  WF�U��� …U�U� bM�  öOJA��«   

 
  ôU� s� W�U� � W�ü« ÊuJ� Êü«ËQL « —U�*« vK� qLF�Ë ¨ wKH��Æ qO�UH��«Ë   p?�– wK� ��«

 UNF��� qN��Ë …d�U�� …U�U;« WOKL� �Æ 

     
     

    

           

    

    

    

    

 !   

    

q i 

 WDI� œUM�≈  

Reference point 

b 

a 

# 

# 

WO�U;« W�ü« UN�U�U�  »uKD*« W�ü« 

a b 
# # 

# 

a 

b 



jp  


jq  

b 

c # 

# b 

b 

a # 

# b 



iq  

c # 

c 

# b 



 ¥¥ 

j)« s� W�uBH*« Z�—uO� W�¬                   The Off - Line Turing Machine 
 
 W�d(« WO�«– W�x� ÂUF�« n�dF��« (automaton)  € qJ� dE�«± ≠ ±  ›  n?K� vK� qL�A�

�œ≈????‰U (input file) �Ë???�R� s�e????X  (temporary storage) Æ F� �Ë? n�d± ≠ ±  W�ü
             W?�¬ Âu?NH� v?K� d�R?� ô p?�– Ê√ 5��b?�� ¨ —u?�_« jO?��� q?�√ s?� ‰U?�œù« n?K� UMKL�√ Z�—uO�

 Z�—uO� Æ ¡U�œô« «c� g�UM� Êü«ËÆ 
 
   ‰U??�œù« n??K� U��b??��Ó√ «–≈   v�L??��� U??� v??K� q??B� U??M�S� ¨ W??�ü« q??O�9 �≈ ¢ W??�¬ Z�—u??O�

  j?)« s?� W�uBH*«   ¢(off - line Turing machine) Æ       W?�d� q?� ÊS?� W?�ü« Ác?� �Ë
(move)   U?NLJ%  (governed by) ∫   W?OK�«b�« W?�U(«  (internal state)     U?O�U� √d?I�� U?�Ë ¨ 

(currently read)        W?�U�J�«Ë …¡«d?I�« ”√— Á«d?� U?�Ë ¨ ‰U?�œù« n?K� s?� Æ  `?{u�Ë  qJ?�≤ ≠ ∂ 
� UDD�  qO�L�(schematic representation)  j)« s� W�uBH� W�¬ Æ 

 
 
 
 

 
 
 wKJA�« n�dF��« ¡UD�≈ W�uN�� sJ1Ë  (formal definition)     W�u?BH*« Z�—u?O� W?�ü

  V�—b?�� t��M� UMMJ�Ë ¨ j)« s�   r�d?J�« ∆—U?IK� Æ      —U?B��U� t?� Âu?I� Ê√ œu?� U?�Ë   �≈ …—U?�ù« u?�
 WO�UOI�«  ôü« WI��Ë j)« s� W�uBH*« Z�—uO�  ô¬ WI�� 5� R�UJ��« V��Æ 

 

j�d�           Tape 

 
 

rJ% …b�Ë 
Control unit 

g f e 

 qJ�≤ – ∂ 

jI� …¡«dIK� ‰U�œ≈ nK� 
Read-Only input file 

 
 

 

c b a d 



 ¥µ 

   „uK??� …U??�U� U??MMJ1 t??�√ ôË√ k??�ö�  (behavior)  W??�¬ Í√   Ã–u??LM� WO??�UO� Z�—u??O�
  j)« s� ‰uBH�(some off – line model)  Æ  Ê√ u?� WO�U;« W�ü« tKLF� Ê√ ÃU�% U� q�

??*« a??�M� j�d??A�« �≈ ‰U??�œù« n??K� s??�  ö�b Æ q??LF�« � —«dL�??�ô«Ë Âb??I��« U??NMJ1 �r??�� s??�Ë
 WO�UOI�« W�üU� UN�H� WI�dD�U�Æ 

 

 j)« s� W�uBH� W�¬ …U�U� U�√Ë  (off – line machine) M  WO?�UO� W�P� 


M   ÊS?�
 ‰u�√ UH�Ë VKD�� p�–Æ   �U?% Ê√ WO?�UO� W�ü sJ1Ë       j?)« s?� W�u?BH� W?�ü WO�U?�(« W?OKLF�« w

���U�?????????? WKOJ????A��« Â«b Ø�O���«?????????????� W????F�—√ s????� W????�uJ*« W? «—U�  (four – track 
arrangement)   qJ??� � W??MO�*«Ë≤ – ∑  Æ    qJ??A�« «c??� � d????NE� �??�« j????�dA�«  U�u????��Ë

W??MOF*« WK??OJA��« q�???9 
  
 
 
 
 

 
 
 
 
 

!
 
 qJ�≤≠ ∑ 
 

(specific configuration)   qJ� jD� UNMO�� ��«≤ – ∂      W?F�—_«  «—U?�*« s?� —U?�� qJ�Ë

W�ü« � 


M  …U�U;« � œ�b� —Ëœ Æ ö�b*« vK� Íu�� ‰Ë_« —U�*U�  (input)   —U?�*«Ë ¨
 œb� w�U��«    W?�ü« j�d?� q?�1 Y?�U��« —U�*«Ë ¨  ö�b*« ÁbM� √dI� Íc�« l{u*«  M   —U?�*«Ë ¨

W�ü« � W�U�J�«Ë …¡«dI�« ”√— l{u� 5�� l�«d�«  M  Æ 
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

M  W�ü« � rJ���« …b�Ë   

Control unit of 


M  

"
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 ¥∂ 

  …U�U�ËW�ü« � W�d� Í√  M       W?�ü« �  U?�d(« s?� «œb?� V?KD�� 


M  Æ   U�√b?� «–S?�
    U?� >w?�UO� l?{u� s�–   sJO?�Ë   Èd?�O�« W?�UNM�«–      WK?B�«  «–  U?�uKF*« Â«b��?�U�Ë(relevant 

information)   UNO�≈ �A� ��« (marked by)      W?�ü« ÊS?� ¨ W?�UNMK� W�U�  U�ö�


M   Y?���
  —U???�*« �2     W???�ü« � ‰U???�œù« n???K� Áb???M� √d???I� Íc???�« l???{u*« b???�b���M   Æ  d�̂�c???�� r�???�Ë

(remembering)  �d�«????e �Ë Íc??�«????� ÁU�b????K�UI*« W??OK)« w?????W (corresponding cell) 

 w??� —U�*« 1  W�ü« � rJ���« …b�Ë l{u� 


M  W?�U� �  (state)     ÷d?G�« «c?� U?�—U��Æ   b?F�Ë
    —U?�*« � Y?���« r�?� p�–4       W?�U�J�«Ë …¡«d?I�« ”√— l?{u� s?�  W?�ü« �  M  Æ    W?O�uKF0 Êü«Ë

   Ád�c?�� Íc?�« q���bÔ*« (remembered input)      —U?�*« � œu?�u*« e?�d�«Ë 3   W?�ü« Ê√ r?KF�  

M   qLF� Ê√ UNOK�Æ      W?�ü« U�d�c?��  U?�uKF*« Ác?� Èd?�√ …d�Ë 


M   W?OK�«œ W?�U�  (internal 
state)  W��UM� Æ  q�b?F� r�?� p�– bF�Ë  (modifying) �     W?�ü« j�d?� � W?F�—_«  «—U?�*« l?O 



M   W??�ü« W??�d� fJF�??�  M   Æ    W??�ü« � W??�U�J�«Ë …¡«d??I�« ”√— œu??F� «�??�√Ë 


M  l??{u*« �≈
 WO�U��« W�d(« …U�U; w�UOI�«Æ 

 
 UO�U� ∫«bOIF� d��√ s�e�  «Ë– Z�—uO�  ô¬ 

Turing Machines with more Complex Storage 
 
      s??� t??�√ d??JH� b??� ¡d??*« Ê√ W??�—b� «b??� WDO??�� WO??�UOI�« Z�—u??O� W??�¬ � s�e??���« …«œ√

 «bOIF� d��√ s�e�  «bF� Â«b���U� W�ü« …—b� …œU�“ sJL*« Æ     ¨ `O�?� �?� «c?� Ê√ l?�«u�« sJ�Ë
 5�U�0 �« Ê–Q� p�– `{uM� UL�Æ 

 
Z�—uO�  ô¬ W�d�_« …œbF��  Multitape Turing Machines 

 
     …¡«d?� ”√— U?NM� j�d?� qJ� ¨ W�d�√ …b� U� Z�—uO� W�¬ w� W�d�_« …œbF�� Z�—uO� W�¬

  t??� W??�U� W??�U��Ë¨ Ë  WKI�??�� W??I�dD� U??NO� rJ��??�« r�??�  (independently controlled)  s??�
 Èd�_« ”Ëƒd�« € qJ� dE�«≤ ≠ ∏ Æ › 

 
   _« …œb??F�� Z�—u??O� W??�ü wKJ??A�« n??�dF��«Ë  n??�dF� v??K� b??�e� W�d??�± ≠ ±   t??�_ «d??E� ¨ 

 W??��bF� ‰U??I��« W??�«œ V??KD�� ÆOD/Ë?????U  (typically)� ????????�F���¬ ·�d???? «– W  n  �??????j�d  (n-tape 
machine)   «cJ�∫ 

M = (Q, Σ, , , q0, �, F) 



 ¥∑ 

 
 
 

 
 
 
 

 
 

 
 
 
 qJ�≤≠ ∏ 

  
YO�  Q, Σ, , q0, F   n�dF� � w� UL� ± ≠ ±  ‰UI��ô« W�«œ sJ�Ë ¨  

 
δ : Q  n  Q  n  {L, R}n 

 
     Àb?� «–U?� œ�b?%   W�d?�_« l??O� v?K� Æ    X?�U� «–≈ ö�?L�n = 2    WKOJ??A��« X?�U�Ë

WO�U(«  (current configuration)  qJ� � WM�O�*« pK� w�≤ ≠ ∏  ÊS� ¨ 
 

 (q0, a, e) = (q1, x, y, L, R) 
 

  U�d?��H��   w?K� U?L� ∫  ‰U?I��ô« …b?�U�  (transition rule)   � U?NIO�D� s?J1 ?I   � W?�ü« X?�U� «–≈ j
W�U(«  q0  «e?�— Èd� �Ë_« W�U�J�«Ë …¡«dI�« ”√— X�U�Ë ¨  a ¨       «e?�— Èd?� W?O�U��«Ëe   Æ   ‰b��?�� r?�

 «e�— ‰Ë_« j�dA�« vK� œu�u*« e�d�U�  x  ”√— „d���Ë ¨O�« �≈ t� W�U)« W�U�J�«Ë …¡«dI�« ?????—U�Æ 
    t??��U�� œU??F� w�U??��« j�d??A�« v??K� œu??�u*« e??�d�« ÊS??� t??�H� X??�u�« �Ë(rewritten)  e??�d�y   ¨

   5LO?�« �≈ W?�U�J�«Ë …¡«dI�« ”√— „d���Ë Æ         �≈ U?N��U� rJ��?�« …b?�Ë d?�OG�� �r?�� s?�Ëq1    q?I�M�Ë ¨
�*« …b�b'« WKOJA��« �≈ W�ü« qJ� � WMO≤ ≠ π Æ 

 
   ô¬ 5� R�UJ��« ÊUO��Ë  Í√ Ê√ r�e?� UM�S� WO�UOI�« Z�—uO�  ô¬Ë W�d�_« …œbF�� Z�—uO�

 …œbF�� Z�—uO� W�¬  W�d�_«M  O�UO� Z�—uO� W�P� UN�U�U� sJ1??W  


M  ¨ JF�U�Ë??�¬ Í√ ÊS� f??? W 
 

      
      

       
       

 
q0 

 
 

Tape 1   j�dA�« ! Tape 2 « j�dA� !

e d f b a c 



 ¥∏ 

 
 
 

 
 
 
 

 
 

 
 
 
 qJ�≤≠ π 
 

 W�d�_« …œbF�� Z�—uO� W�P� UN�U�U� sJ1 WO�UO� Z�—uO� Æ     ÃU?�� ô r�e?�« «c?� s?� ��_« ¡e'«
   s??� j??I� b??�«Ë j�d??A� W�d??�_« …œb??F�� W??�¬ qOG??A� —U??O��« U??Lz«œ U??MMJ1 t??�_ «d??E� ¨ qO??BH� Í_

 bOH*« qLF�U� ÂuI� YO� UN��d�√ Æ�U� U�√Ë       b?F��� b?�«Ë j�d?�  «– W?�P� W�d?�_« …œb?F�� W�¬ …U
 rNH�« WKN�Ë …d�U�� UNMJ�Ë öOK� bI�√Æ   

 
 ‰U��≤ ≠ ≤ ∫ 

        5D�dA�«  «– W??�ü« U???M�b� Ê√ ÷d??H�(two-tape machine)   qJ?� � WMO�*«
≤ ≠ ±∞  Æ     «—U?�� W?F�—√ v?K� Íu���� b�«u�« j�dA�«  «– WO�U;« W�ü« €  d?E�«  qJ?�≤ ≠ ±± ›  Æ

j�dA�«  U�u�� q�1 ‰Ë_« —U�*«  1  ��ü«W  M   Æ ⁄—UH�« �� ¡e'« (nonblank part)   �
   —UH?�√ v?K� t?K� Íu�� w�U��« —U�*«  (zeros)    ¡UM��?�U�1       …¡«d?I�« ”√— l?{u� v?K� ‰b?� b?O�Ë

W�ü« � W�U�J�«Ë  M  Æ  Ê«—U�*«3, 4    W��M�U� UNO�� «—Ëœ ÊU�FK��j�dAK   2  W�ü« �  M   Æ qJ�Ë

≤ ≠ ±±    öOJ?A�� W�?�M�U� t�√ `{«u�« s� qF� 


M          WKOJ?A� b?�u� W?MO�*« WGO?B�« Ác?� U?� �?�«
 …bO�Ë WK�UI��W�x  M  Æ  

 
  W�¬ …U�U� � Âb���*« qO�L��« t�A� b�«Ë j�d�  «– W�P� jz«dA�« …œbF�� W�¬ qO�9Ë

� W�uBH�j)« s Æ    u?� b?O�u�« ·ö��ô«Ë ¨ UN�H� U��dI� w� …U�U;« WOKL� � WOKFH�«  «uD)«Ë
 d??��√ W�d??�√ —U??���ô« � c??�Q� U??M�√ Æ  j??D�*«Ë(outline)   ôü« …U??�U; UI�U??� ÁU??�d�– Íc??�«

       
       

      
      

 
q1 

 
 

Tape 1   j�dA�« ! Tape 2 j�dA�«!

b x c y d f 



 ¥π 

          «c???� �??A�Ë ¨ WDO??���«  ö�b??F��« i??F� l??� U??M� U??M��U� � t??IO�D� s??J1 j??)« s??� W�u??BH*«
??�*« jD? 

 
 
 

 
 
 
 

 
 

 
 
 qJ�≤≠ ±∞ 

 
 

 
 
 
 
 
 
 

 
 
 

 qJ�≤≠ ±± 
 

�≈ ¡«d�≈ W�U�� WO�UJ�≈  (procedure)  ¡UA�ù(constructing)  ‰UI��« W�«œ 


  W�x� 


M    s?�
  ‰U??I��ô« W??�«œδ  W??�ü« �  M  Æ fO??�Ë  VF??B�« s??�     W??LJ�Ë W??IO�œ Ác??� ¡U??A�ù« W??OKL� q??F�  

(precise)   U??N��U�� � W??K�u� ÊuJ�??� U??N�√ ô≈ ¨Æ    W??�ü« � WO�U??�(«  U??OKLF�« ÊS??� b??O�Q��U�Ë


M  

      
      

       
       

          
          
          
          

 
q 

 
 

f e g b a c d h 

!"
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#"

$"
#"
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 µ∞ 

   ?K� d�R?� ô «c?� sJ�Ë ¨ WOKOBH�Ë WK�u� dNE��  ÃU�M�?�ô« v ∫     W?�ü« v?K� Ác?OHM� s?J1 T?� Í√  M 

  W�ü« vK� ÁcOHM� UC�√ sJ1


M Æ 
 
  V??� W??�U� W??DI� „U??M�Ë  W??�¬ Ê≈ ‰u??I� U�b??M� t??�√ w??�Ë ¨ U??M�U�–√ � W�??{«Ë Êu??J� Ê√

      Èu?�√ X?�O� …œb?F�*« W�d?�_«  «– Z�—u?O� ©   —b?�√ X?�O�  ®(no more powerful)    W?�¬ s?�
uO�WO�UOI�« Z�—  W�U�Ë ¨ 5��ü« 5�UN� ÁcOHM� sJ1 U� jI� …—U�F�« ÁcN� bBI� UM�S� ∫  UGK�« w� U�

 q��ÚI�� Ê√ sJ1 ��«Æ 
 

 ‰U��≤ – ≥ ∫ 
      WGK�« UM�b� Ê√ ÷dH�  {anbn}  Æ ‰U�� �± – ∏     W?GK�« Ác?� ‰u?�I� WK�u� WI�d� UMÚH���Ë

 b�«Ë j�d�  «– Z�—uO� W�P�Æ  Â«b���U�Ë    ��?J� qN?�√ W?LN*« ÊuJ� 5D�d�  «– W�¬Æ   Ê√ ÷d?�«
WOz«b��« WK�K�  (initial string) anbm   j�dA�« vK� X��Ô� b�1      WO�U?�(« W?OKLF�« W?�«b� b?M�Æ 

�√dI   “u�d�« lO� c�MO�a's    5��U�(copying)      j�d?A�« v?K� U?�U�≈2  Æ    W?�UN� �≈ q?B� U�b?M�Ë
??�d�«u“  a's   rz«u??� U??M�S�  (match)  “u??�d�« 5??�  b's     j�d??A�« v??K� …œu??�u*«1   “u??�d�«Ëa's  

W�u�M*«  (copied)  j�dA�« vK�2 Æ      ËU?�� œb?� „U?M� ÊU� «–≈ U� œb� Ê√ UMMJ1 WI�dD�« ÁcN�Ë
“u�d�« s�  a's  “u�d�«Ë  b's        n?K)«Ë ÂU?�ú� W?�U�J�«Ë …¡«d?I�« ”√— W?�d� —«d?J� �≈ W�U(« ÊËœ  

(repeated back – and – forth movement) Æ 
 

¿ ¿ ¿ 
 
  W��UJ�� ��F�� Z�—uO�  ô¬ s� …œbF�*« Ã–ULM�« Ê√ d]�c�   c?OHM� v?K� UN�—bI� W��M�U� jI�

            —U?���ô« � U�c?�Q� b?� Èd?�√ …¡U?H� fO�U?I� Í√ Ë√ W?���« W�uN?�� W�?�M�U� fO?�Ë ¨ W?MOF� ¡UO�√ Æ
qBH�« � WDIM�« Ác� �≈ �UF� �« Ê–S� œuFM�Ë  ��_« © ”œU��«Æ ® 

 
œUF�_« …œbF�� Z�—uO�  ô¬     Multidimensional Turing Machines 

 
  Z�—u??O� W??�¬    �≈ b??�1 t??�√ v??K� j�d??A�« �≈ U??NO� d??EM�« s??J1 W??�¬ w??� œU??F�_« …œb??F��

bF�� s� d��√ � W�UN�ö�«  (dimension)  Æ   qJ?� s�O?��Ë≤ – ±≤      b?F��« W?OzUM� Z�—u?O� W?�ü U?DD�  
(two – dimensional) Æ 

     



 µ± 
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0
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 qJ�≤≠ ±≤ 
 
  ‰UI��« W�«œ vK� qL�A� bF��« WOzUM� Z�—uO� W�ü wKJA�« n�dF��«Ë  UN�GO�∫ 
 

 : Q    Q     {L, R, U, D} 
 
  YO�U  …¡«dI�« ”√— W�d� œb% ULMO� ¨ vK�_ W�U�J�«ËD  qH�_ UN��d� œb%Æ 
 

                —U�*« wzUM� Ã–uLM�« Â«b���« UMMJ1 WO�UO� Z�—uO� W�¬ vK� W�ü« Ác� …U�U;Ë(two-
track model)   qJ� � s�O�*«≤ ≠ ±≥¨  ¡UD�S� ôË√ ÂuI� YO� Ø‚U(S� (associating)  

 

!
!

 
 qJ�≤≠ ±≥ 

 
 V??O�d�(an ordering)  Ê«u??M� Ë√(address)   U??�ö� s??� q??J�(cells)   b??F��« wzU??M� j�d??A�«

(two-dimensional tape)  ÆOHM� s??J1Ë?????F� p??�– c????� …b?????  WGO??B�« � ö�??� W??MO�*U� ‚d
OzUM�???F��« W??� b?? qJ� w≤ ≠ ±≤ ¨ � —U�???*« wzUM� j??�dA�« ÂuI� YO� W�ü« ?;«���U� WO�U?? Â«b 

 

       
        
       
       

            
             

 
!

 

bF��« WOzUM� s�ËUM� jD� 
Two-dimensional 
address scheme 1, -1    1, 1     1, 2 

            -1, 1 



 µ≤ 

�√????��� s�—U??�*« b????)«  U??�u�� s�e???? d??�ü«Ë U�ö  o??�«d*« Ê«uMF�U??� �U??H��ö�Æ �Ë????� w???? jD
 qJ�≤ – ±≤  ∫ WKOJ?A��«  (configuration)    W?OK)« U?NO� �?�«  (1,2)   v?K� Íu?�%  a  W?OK)«Ë ¨  

(10,-3)   v???????K� Íu???????�%b    qJ???????� � d???????NE�≤ – ±≥ Æ   «b???????OIF��« b???????�√ Ê√ k???????�ôË  
(complications) NN�«u� ��«??M� Ê√ w� U??  œ«b?�√ v?K� Íu�� Ê√ sJ1 WOK)« Ê«u  W�O�?� 

�—UO��« «�??� …��??�???? U(arbitrarily large integers)  ¨OD��� ô w�U??��U�Ë????� l????Ê«u??MF�« —U�  
(address track)       WF?��« X?�U� ‰U?� Â«b��?�« (fixed – size field)     s�ËU?MF�« s�e?��� Æ

� p�– s� ôb�Ë ̈  WF?��« �G�� ‰U: W�O�d� Âb���� Ê√ UMOK       ÊU?O�� W?�U)« “u?�d�« i?F� 5�b��?��
 ôU:« œËb�  (delimit the fields)  qJA�« � 5�� u� UL�Æ 

 
 H�??�√ ÷d??�«b� bM� t??�U� W??� Í√ …U??J� W�d??I�« ”√— Êu??�U�J�«Ë …¡«d?? W WOzUM� W�ü« �

b??F��«  M I�« ”√—Ë ¨????«Ë …¡«d�ü« � W??�U�J�??????O�U;« W??????W  


M Lz«œ???? UM�????OK� b????I�� 5�??????5�K�U  

(on corresponding cells)  Æ    WO�U;« W�ü« ÊS� W�d� Í√ …U�U;


M   Ê«uM� ôË√ V�%
  W�ü« UNO�≈ „d���� ��« WOK)«M   Æ� WOKL� ÊuJ� Ác�ËWO�U�      s�ËU?MF�« j?D� Â«b��?�U� WDO?��

 bF��« WOzUM� Æ œd�0Ë  W�ü« ÊS� Ê«uMF�« »U��


M       —U?�*« v?K� U?N�«uM� «c?� ��« WOK)« s� Y���
2         W?�ü« W?�d� rz«u?� U?0 W?OK)«  U?�u�� d�O�G�� r� ¨M   Æ   Èd?�√ …d?�Ë  W?�ü« U?MOD�Ô√ «–≈  M    „U?MN�

d�U�� WI�d�¡UM�� …  (construction)  W�ü«  


M Æ 
 

 U��U� ∫     …œ�b;« �� Z�—uO�  ô¬ Nondeterministic Turing Machines    
  
 W�U)« j�dA�« WOM� Ê√ q�I� Z�—uO� W�U�— UMKF& ULMO�  (specific tape structure) 

   U??M�√ ô≈ ¨ Z�—u??O� W??�¬ …—b??� v??K� d�R??� ô      b??�b���« Âb??F� W�??�M�U� t??�H� T??A�« ‰u??I� Ê√ lOD�??�� ô 
(nondeterminism)   ÆqL�A� b�b���« Âb� Ê_ p�–Ë   t?� w�U?��U�Ë —UO��ô« dBM� vK�   WG�?� Ø

�� WFO Ø   W?O�¬ �?� WNJ� Ø W?OJO�UJO�  (nonmechenistic flavor)      �≈ ¡u?�K�« ÊS?� t?OK� �¡U?M�Ë ¨
�UM� �� Z�—uO� W�U�—?? V Æ�Ë??V EM� Ê√ UMOK�??OBH�� d ???      U?�œ—√ «–≈ b?�b���« Âb?� ��Q?� �≈ d?��√ q

�e� Ê√????� Ê√ r????OC� ô b??�b���« Âb????� �≈ U�O??� n ?????  Z�—u??O� W??�¬ …—b Æ�Ë   �≈ Q??�K� Èd??�√ …d????
  …U????�U;«         W?�b�b% …—u?B� t??�'UF� s?J1 b?�b���« Âb?� „uK??� Ê√ X?��� Y?O� ¨(handled 

deterministically) Æ 
 
 
 



 µ≥ 

� n�dF≤ ≠≤  ∫ 
          …œ�b?;« �� Z�—uO� W�¬(nondeterministic Turing machine)     W?�¬ w?�

 n�dF� � …UDF*« pK�� W�d(« WO�«–± – ± ‰UI��ô« W�«œ Ê√ �� ¨  δ Êü« w�  W�«œ 
 

 : Q    2Q    {L, R}δ 
 

 Èb� ÊS� ¨ b�b% Âb� UM�b� ÊuJ� U�bM� ULz«œ ‰U(« u� UL�Ë δ (range of)      s?� …—U?�� Êu?J�
 UNM� ÎU�√ —U�� Ê√ W�x� sJ1 WKL�;«  ôUI��ô« s� W�uL�Æ 

 
 

 ‰U��≤ – ¥ ∫ 
      W�öF�« U�œb%  ôUI��« Z�—uO� W�ü ÊU� «–≈ 
 

δ (q0, a) = {(q1, b, R) , (q2, c, L)} 
 
  W�ü« Ác� ÊS�  …œb� ��(nondeterministic)  Æ 
  ÊU��d(«Ë 

q0aaa ├ bq1aa 
   Ë 

q0aaa ├ q2 �caa 
 

   ÊU�MJ2Æ 
¿ ¿ ¿ 

 
        ¨ ‰«Ëb?�« »U?�� � b?�b���« Âb?� t?�FK� Íc?�« —Ëb�« u� U� `{«u�« s� fO� t�_ «dE�Ë

 ‰u?��  ô¬ UN�√ vK� …œU� UNO�≈ dEM�� …œb;« ��  ôü« ÊS�  (accepters)  Æ    Z�—u?O� W?�ü ‰U?I��Ë
 ≈ …œb??� �??� WK??�K� q??�I� U??N�  w    W??KL��  U??�d% W??F�U��� Í√ „U??M� X??�U� «–≈  (possible 

sequence of moves)   Ê√ YO� 
 

q0w├* x1 qf  x2 
 



 µ¥ 

   YO�qf F  Æ W�ü«Ë  �?� W�U� �≈ ÍœR� WMJ2  U�d% vK� Íu�% b� …œb;« ��
 WOzUN� ô …Ëd� �≈ Ë√ WOzUN� Æ sJ�Ë–       b?�b���« Âb?� W?�U� � U?Lz«œ ‰U?(« u� UL�–  Ác?�    qz«b?��«

(alternatives)         ‰u?�I�« �≈ ÍœR?�  U?�d���« s?� U?� WF�U��� œu�Ë u� t� r�N� U� q�Ë ¨ UMLN� ô
(acceptance)   Æ 

 
 ��ùË???? � Z�—u??O� W??�¬ Ê√  U???????;« �???????�O� …œb??????�√ X?????? —b Ø   Z�—u??O� W??�¬ s??� Èu??�√

   b?�b���« ÂbF� œ�b� T�UJ� ¡UD�ù ÃU�� ¨ …œb;«(a deterministic equivalent for 
the nondeterminism  Æ  U?M;√ b?�Ë  (alluded to)      Ác?N� W?�U� �≈ q?�� s?� Îö?F� Æ   Y?O�
�b���« Âb� �≈ dEM�« sJ1   ?ÎF�� …œ�b?� W?O�“—«u� t�√ vK� b   w?�JF�« —U?�*« V ©   n?K)« s?� Í√

      U?MO�√ Y?O� s?� Ÿu�d�U?� Í√ ÂU?�ú�®  (a deterministic backtracking algorithm)  ¨
…œb� W�ü sJ1Ë �√ U*U� …œb� �� W�¬ w�U% Ê√       ö�?��U� �U?H��ô« W�Q?�� W?'UF� lOD��� UN

(handle the bookkeeping)  w�JF�« —U�*« VIF� WOKL� � W�uKD*« ©   ÂU?�ú� n?K)« s�   ®
(backtracking)  Æw�Ë Èd� ≈ dEM� UM�œ ¨ W�U��� p�– cOHM� sJ1 nO�  …d?E� b�b���« Âb� �

   U?�«—b�«Ë  UA�UM*« s� ��� � U�bOH� WK�b� Æ        v?K� …œb?� �?� W?�¬ Í√ �≈ d?EM�« U?MMJ1 Y?O�
 d�dJ� vK� …—bI�« UN�b� W�¬ UN�√ Øa�� (replicating)  U�—Ëd{ p�– ÊU� ULK� UN�H�Æ  ÊuJ� U�bM�Ë

MJ2 …b�«Ë W�d� s� d��√ „UM�???? «œb� Z�M� W�ü« ÊS� ¨ W�???s� W�U(« —b  J*«  ôü« Ác?� ???? …—d
 ©*« a�M�« WI�UD®  (replicas)           U?�d(« Ác?� s?� …b?�«Ë c?OHM� W?LN� U?NM� …b?�«Ë q� wDF�Ë ¨

 W????K�b��« Æ      W????O�¬ �????� W????�U� …—u????B� Ëb????�� b????� b????�b���« Âb????F� …d????EM�« Ác????�Ë ØW????OJO�UJO�  
(nonmechanistic)  a�M�« Ê_ «dE� ¨ Ø  b?;« �?� d�dJ��«œË  (unlimited replication) 

 d{U(« X�u�« � VO�«u(«  «—b� sL{ fO� bO�Q��U� u� Æ WMJ2 …U�U;« ÊS� p�– l�ËÆ  
 
 �≈Ë???� Èb???�uB� ‚d??� d???�U;« Ác ???? ���« w?� …U ????  O�UO� Z�—u?O� W?�¬ Â«b ????  kH�?% W

MJL*« WOE�K�« ·U�Ë_« lOL� ???  W(possible instantaneous descriptions)     �?� W?�x�
 W�uBH� ¨ UND�d� vK� …œ�b;« ÌW�öF� iF��« UNCF� s� Ø�ÕöD�U�   U�(separated by some 

convention)  Æ w�U??��« qJ??A�«Ë © qJ??�≤ – ±¥ ®     ÊöOJ??A��« U??NO� d??NE� Ê√ s??J1 W??I�d� `??{u�
aq0aa    Ëbbq1a  Æ  e�d�« Âb���� qJA�« «c� �Ë   b�O�(delimit) �  UM�UL��« WIDM(area 

of interest)   e�d�« Âb���� ULMO� ¨  ´  W�œdH�« WOE�K�« ·U�Ë_« 5� qBHO�(individual) Æ   
 

 
 

 ١٤ -٢شكل 

               
               b a  + a q0 

x 
 

a b q1 a  



 µµ 

     W???�UFH�«  öOJ???A��« l???O� �≈ dEM�U???� W???O�U;« W???�ü« Âu???I�Ë ØWD???AM�«  (active 
configurations) UN��b%Ë  (updating) œb;« �� W�ü« Z�U�d� vK� �¡UM�…  Æ� ·u�Ë  qL�?A

  lO??�u� Ë√ …b??�b'«  öOJ??A��« (expanding)   v??K� W??OE�K�« ·U??�Ë_«    p??�d%(moving) 
  “u?�d�« Ø    U?�öF�« (markers)   Æ          s?� fO?� s?J�Ë ¨ W?K�u�Ë W?K2 qO?�UH��« ÊuJ�?� b?O�Q��U�Ë

 U�—uB� VFB�« Æ vK�Ë�√ Z�M��� UM�S� …U�U;« Ác� ”U    W?�¬ b?�u� …œb?� �� Z�—uO� W�¬ Í_ t�√
  W��UJ� …œb� WO�UO�Æ 

 
 W�dE�≤ – ≤ ∫ 

       œb;« �� Z�—uO�  ô¬ WI��Ë …œb;« Z�—uO�  ô¬ WI��…  ÊU���UJ��Æ 
 

 ÊU���«∫ 
    ¡U??M��« W??I�d� Âb��??�«(construction)     U??��ù W??�dEM�« q??�� …—u�c??*«√ W??�¬ Í√ Ê

 …œb� W�P� UN�U�U� sJ1 …œb� �� Z�—uO�Æ 
 

¿ ¿ ¿ 
 

         b?�b���« Âb?� ��Q?� W?�«—œ �≈ b?F� U?LO� �« Ê–S� œuFM�(nondeterminism)  �
F�« ŸU{Ë_«L  WOK(practical situations)   UIOKF��« iF� W�U{≈ �≈ Êü« ÃU�� p�c�Ë ¨ Æ  U?L�

ULz«œ ‰U(« u�  b�b���« Âb� ÊS�   qz«b?� 5� —UO��« t�√ vK� tO�≈ dEM�« sJ1(alternatives)  Æ
 «—«d� …d�� t�√ vK� p�– —uB� Ê√ UMMJ1Ë  (a decision tree)  € qJ� dE�«≤ – ±µ Æ › 

 
 

 
 
 
 
 
 
 
 
 
 
 

 qJ�≤ ≠ ±µ 

                               الابتدائية التشكيلة    
configuration initial 

 بعد حركة واحدة التشكيلات                                       
configurations after one move   

 التشكيلات بعد حركتين  
         configurations after two moves  

halt 
 توقف

halt 
 توقف



 µ∂ 

   ÷d� bL�F�Ë(width)       öOJ?A��« …d�?� q?��(configuration tree)    v?K� Ác?�
Ÿ�dÓH���« q�UF�  (branching factor)  W?�U�*«  «—UO��ô« œb� u�Ë ¨  (available options) 

W??�d� q??� �  (on each move)  ÆX??�U� «–≈Ë  k  Ÿ�d??ÓH�� v??B�√ �≈ �??A�  (maximum 
branching) ÊS� ¨ 

 
M = kn   ( 1 )!

bF� b�u� Ê√ sJ1 ��«  öOJA��« s� œb� ��√ u�  n W�d�  (n moves)  Æ 
 
 �_Ë????�cM� »U�????LO� �« Ê–S� U�d?????C�« s� ¨ bF� U??????    qO?BH��« iF�?� ‰ËU?M�� Ê√ Í—Ëd

 U??GK�« ‰u??�� n??�dF�  (language acceptance)   W�u??CF�« W�Q??�� ‰ËU??M�� p�c??�Ë ¨ Ø¡U??L��ô«  
(membership issue) Æ 

 
 n�dF�≤ – ≥ ∫ 

          …œb;« �� Z�—uO� W�¬ Ê≈ ‰UI�M q�I� (accepts)  U� ÎWG�  L  ◊dA�« oI% «–≈
 w�U��«∫        

 WK?�K� Í_  w  W?GK�« �   w  L         W?MJL*«  öOJ?A��« s?� …b?�«Ë WKOJ?A� q?�_« v?K� b?�u�  
(possible configurations) WK??�K��« q??�I�  w Æ  U??�dH� b??�u� b??�Ë  (branches)  ÍœR??�

WK�K�K� WK�U� ��  öOJA� �≈  (nonaccepting configurations)    U?�dH� ÍœR� b� ULMO� ¨
WOzUN� ô …Ëd� � W�ü« l{Ë �≈ Èd�√  (infinite loop)  Æ     o?I% v?K� d�R?� ô p?K�Ë Ác� sJ�Ë

 ‰u�I�« ◊d�Æ 
 
   …œb;« �� Z�—uO� W�¬ Ê≈ ‰UI�Ë  M     U?� ÌW?G� ÊQ?A� «—«d� c��� ©    U?� ÎW?G� œ�b?%®  

(decides a language) L  ◊dA�« oI% «–≈ w�U��«∫  
  WK�K� Í_w  � w  *  �b�u   —U��(a path)  ‰u?�� �≈ U�≈ ÍœR�  (acceptance)  Ë√

i�— �≈  (rejection) Æ 
 
 

 UF�«— ∫ WK�UA�« Z�—uO� W�¬  A Universal Turing Machine 
 
 F�U{«��« wK� ULO� ÷d (objection)    t?C�œ U?MMJ1 nO� Èd� r� ¨ Z�—uO� W�U�— vK�

rOLB��  UNOK� oKDM� W�¬¢WK�U� Z�—uO� W�¬ Æ ¢  u?N� ÷«��ô« U�√ ¢ ∫     � U?�UM��d�� U?L� Z�—u?O� W?�¬ Ê≈



 µ∑ 

 n??�dF�± – ± �U� �b??�F��????G� U�u????� ÷d????  ’U(a special purpose computer)  Æ œd??�0Ë
ô« W??�«œ n??�dF�I��????  ‰Uδ �B� ¨????�OI� W??�ü« `?????  …b(restricted) OHM��????� c????F� Ÿu???? s??� b??�«Ë 5

�U�(«??   U(one particular type of computation)  Æ s�Ë   VO?�«u(« ÊS?� Èd�√ WO�U�
OL�d�«???????W  (digital computers) �F��???�√  «Ë–  ô¬ �b??�U� ÷«d? ?????W  (general purpose 

machines) J1Ë????? WHK�� ÂUN� cOHM�� UN��d� s�Ë√ �??? WHK��  U Æ�U�Ë Z�—uO�  ô¬ ÊS� w�U�
�—U���« sJ1 ô??????OL�d�« VO�«u�K� W��UJ� U????�U� W???  ÷«d�_« W(general purpose digital 
computers) Æ  

 
     W???���« …œU???�ù W???K�U� Z�—u???O� W???�¬ rOL???B�� t???C�œË ÷«�???�ô« «c???� l???Ú��œ U???MMJ1Ë 

(reprogrammable Turing machine) NOK� oÓKÚD�� ¨??? U¢ ∫  O� W?�¬ ????�U� Z�—u ????? W Ø� ???WK�U ¢  
(a universal Turing machine) Æ 

 
 

 n�dF�≤ – ¥ 
   ?O� W?�¬ WK�U?A�« Z�—u  (a universal Turing machine) Mu      W?O�«– W?�¬ w?�

 W?�d(«  (an automaton) MJ1     ö�b?L� U?�UMOD�√ «–≈ U?N ∫ n?���Ë  (description)   W?�¬ Í√
Z�—uO�  M ¨ WK�K�Ë  w  U� U�U�� …U�  (computation) W�ü«  M  WK�K��« vK�w Æ 

 
 
  ¡UA�ùË Ø  ¡UM��(construction)    W?�ü« Ác� q��Mu    Ë√ —U?�� U?M�S� ¨   WO?�UO� W?I�d� ô

 Z�—uO�  ô¬ n�u� Æ  ÷d?H� Ê√ UMMJ1Ë–     W?O�uL� d�Q?�� Ê√ ÊËœ(generality)     W?�ü« ¡U?M� W?OKL�
H�« «cN� ÷d–  Ê√ 

Q = {q1, q2, …, qn} 
 

YO�  q1  Ë ¨ WOz«b��ô« W�U(« w�  q2   Ê√Ë ¨ …bO�u�« WOzUNM�« W�U(« w� 
 

 = {a1, a2, …, am} 
 

  YO�a1    ⁄«dH�« q�9(blank)  Æ  «�HA� p�– bF� —U�� r�(an encoding)    W?�U(« t?O� q��L��
q1    e�d�U�1  W�U(«Ë ¨q2   WK�K��U�11  «cJ�Ë ¨ Æe�d�« U�√Ë  0    q?�UH� Âb��?��O��  (separator) 

œU�ü« 5�  1's  Æ ÕöD?�ô« «c� Â«b���U�Ë  (convention)      W?�U(«Ë W?Oz«b��ô« W?�U(« n?�dF��
       ö�U?� UH?�Ë Z�—u?O� W?�¬ Í√ n?���Ë U?MMJ1 ⁄«d?H�«Ë WOzUNM�«  (completely described)  W?�«b�U�    



 µ∏ 

δ  j??I�Æ �H??A� r�??�Ë  (encoding) ‰U??I��ô« W??�«œ U??M�W??I�dD�« Ác??� v??K� ¡  (scheme)  Y??O� ¨
¡UD�u�«  (arguments) W�O�M�«Ë (result)      U�b?�b% - b?� U?� ÌW?F�U��� � ÊuJ� Ø UNH?�Ë  (in 

some prescribed sequence) Æ 
 

 ‰U��≤ – µ ∫ 
 ‰UI��ô«      δ (q1, a2) = (q2, a3, L)        «cJ� Îö�� dNE� b�∫ 
 

…1 0 1 1 0 1 1 0 1 1 1 0 1 0 … !
 

M�Ë????� vK� ¡U??      œËb?� �H?A� U?� ÊuJO?� Z�—u?O� W?�¬ Í√ ÊS� «c  (a finite encoding))   …—U?��
WK�K� s� (string) vK�  {0, 1}+ MOD�Ô√ «–≈Ë ¨??A� Í√ U?????�H  (encoding) W�ü  M   UMMJLO��

 W�d� Ø  p?� (decoding)     …b?O�Ë W?I�dD� �H?A��« «c?�  (uniquely) Æ  � „U?M�Ë   q?�ö��« i?F
 Z�—uO� W�¬ Í√ q�9 ô ·u� ��« © ö�� ∫    WK�K��«00011  ®    v?K�  ·�d?F��« W�uN?�� UMMJLO� sJ�Ë ¨

 UN� r�N� sK� w�U��U�Ë ¨ q�ö��« Ác�Æ 
 
    WK�U?� Z�—u?O� W�¬ Í√ ÊS� «cJ�ËMu     U?� ÊuJO?�    W?K�b�� W?�b�√ W?�uL�  (input 

alphabet) vK� Íu�% {0, 1}   WOM�Ë ¨W�d�_« …œbF�� W�¬  (structure of a multitape 
machine)  qJ� � `{u� u� UL� ¨≤ – ±∂ Æ  

 
 
 
 
 
 
 
 

 
 
 
 
 

            
      

   Z�—uO� W�¬ rJ% …b�Ë
 WK�UA�«   Mu 

Control Unit of Mu 

Description of  M 
W�ü« n�Ë M  Tape contents of M 

W�ü« � j�dA�«  U�u�� M 

 Internal state of M 
W�ü« � WOK�«b�« W�U(« M 

 ١٦ - ٢شكل 
 



 µπ 

�b� Í_????? ö  M, w  IO�??????�dA�« Âu?????j  tape 1 H��ôU�????�dF�� �U?????d]HA� n  (an 
encoded definition) W�x�   M  Æ�√Ë j�dA�« Utape 2     W?�ü« j�d?�  U?�u�� vK� Íu��O��  

(tape contents of) M   j�d?A�«Ë ¨tape 3      W?�x� W?OK�«b�« W?�U(« v?K�  (internal state 
of) M  ¨WK�UA�« Z�—uO� W�¬ ÂuI�Ë   Mu   dEM�U�ôË√   5D�d?A�«  U?�u�� �≈  2, 3    W?�O�« b?�b���

 WOM�uJ��« Ø  W?�ü« WKOJ?A�  (configuration of) M  Æ    j�d?A�« �≈ t?��� r?�tape 1     «–U?� È�?�
FH�� ??? W?�ü« q  M    WKOJ?A��« Ác?� � Æ   q�b?F� r�O?� «�?�√Ë  (modifying)   5D�d?A�«2, 3   U?0

 s�O�� ØfJF�  (reflect)  W�d(« W�O��Æ 
 

  ¡UA�≈ sJL*« s�Ë(constructing)      ̈  WF��?A� X?�O� W?OKLF�« s?J�Ë WK�U� Z�—uO� W�¬ 
 �≈ ¡u�K�« p�– s� ôb� q�CH�Ë    Z�—u?O� WO?{d�(Turing's hypothesis)  Æ    t?�√ `?{«u�« s?�Ë

  cOHM��« UMMJ1(implementation)         «c?� q?�� Êu?J� p�c?�Ë ¨ W?���«  U?G� Èb?�≈ Â«b���U�
UIOI% Z�U���«  (a realization)  WGK�« ÁcN� WK�UA�« Z�—uO� W�üÆ     1 t?�√ l?�u�� U?M�S� p�c?�Ë  U?MMJ

 WO�UO� Z�—uO� W�P� cOHM��« UC�√ Æ  ¡U�œô« UM� —�� «c�Ë(claiming)  «–≈ lOD��� Z�—uO� W�¬ œu�u�
        U�U?�(« c?OHM�� Âu?I� Ê√ Z�U?�d� Í√ X?OD�Ô√(carrying out the computations)   �?�«

          U�O�?� U?�–u/ Êu?J� W?�ü« p?K� ÊS?� w�U?��U�Ë ¨ Z�U?���« «c?� U�œb?�  (a proper model) 
 ÷«d�_« œbF�� »u�U((a general – purpose computer)  Æ 

 
  WE�ö*« Ê√ �≈ …—U�ù« —b&Ë(observation)  Ê√ ¢ q��9 Ê√ sJ1 Z�—uO� W�¬ Í√

(represented)  —UH??�_« s??� WK??�K��  0's  œU??�ü«Ë  1's ¢   «¡U??C��« U??�  (implications)  Ø
   W??�U� ZzU??��Æ    �« p??K� W??A�UM* s??J�Ë       W???�dE� s??� ZzU??�M�« i??F� W??F�«d� �≈ ôË√ ÃU��M??� ZzU??�M
 U�uL:«  (set theory) Æ  
 

  …œËb??� Êu??J�  U??�uL:« i??F�  (finite)     U??�uL:« r??EF� s??J�Ë ¨ ©  U??GK�«Ë ®
 WOzUN� ô ÊuJ� WOKLF�«Ë …bOH*« Ø��   …œËb�(infinite) Æ      W?OzUN�ö�«  U?�uL:« Ác?� W�?�M�U�Ë

???� e???�O/ U???M�S�  U???�uL:« 5???� U�b???�FK� W???K�UI�«  (countable)   U???�uL:«Ëb???FK� W???K�UI�« �???� 
(uncountable)  Æ Ë  W?�uL: ‰U?I�       b??�«Ë q?�UI� � U�d?�UM� l??{Ë s?J�√ «–≈ b?FK� W??K�U� U?N�≈

 b�«u�(one – to –one correspondence)    W?��u*« W�O�?B�« œ«b�_« l� Æ   p�c?� �?F�Ë
 d�UM� W�U�� sJ1 t�√:«¨ U� ÌVO��� W�uL  q��  ∫x1, x2, x3, …       � d?BM� q?J� Êu?J� YO�

    œËb??� d?��R� W?�uL:«(some finite index) Æ     W�O�??B�« œ«b?�_« l??O� W?�uL� ö�?L�
 V?O���U� V�J�� Ê√ sJ1 WO�Ëe�«  0, 2, 4, …  Æ  Ê_ Î«d?E�Ë   V?�u� `O�?� œb?� Í√  2n    d?NE�



 ∂∞ 

l{u*« �  n + 1 �b�F�� p�cK� ¨  bFK� WK�U� W�uL:« Ác� Æ  «b?OIF� d��_« WK��_« iF� „UM� sJ�Ë
 bFK� WK�U� �� Ëb�� UNMJ�Ë bFK� UC�√ WK�UI�«ËÆ 

 
 ‰U��≤ – ∂ ∫ 

       W?�œUO��ô« —u�J�« W???�uL� U???M�b� Ê√ ÷d??H�(quotients)     UN�GO?� �?�« p / q   ¨
  s� q� YO�p, q    V?�u� `O�� œb� Æ  ?MMJ1 n?O�     W?�uL:« Ác?� d?�UM� V?O�d� U s�O?��M�   U?N�√

ø bFK� WK�U� 
 

 MMJ1 ô????���« U????F�U��*« Â«b????  W,
4
1,

3
1,

2
1,

1
1    q??�� «d??�� Ê_

3
2   d??NE� ô ·u??�

U�ö�≈  Æ bFK� WK�U� �� W�uL:« Ê√ �F� ô «c� sJ�Ë ÆWI�d� „UM� uL:« d�UM� VO��� WO�–  W?�
 bFK� WK�U� UN�√ ÊUO�� Æ  jD�*« �≈ dE�«(scheme)      w�U?��« qJ?A�« � 5�?*« ©  qJ?�≤ – ±∑  ® ¨

 rN�_« ÎUF�������� Í√ ¨ qJA�« � rN�_« t�{u� Íc�« VO���U� d�UMF�« V��«ËÆ 
 









3
3

2
3

1
3

3
2

2
2

1
2

3
1

2
1

1
1


 

 
 qJ�≤ – ±∑ 

 
  WF�U��*« vK� qJA�« s� qB� ∫ 
 

....,
2
2,

1
3,

1
2,

2
1,

1
1 

 



 ∂± 

  d??BMF�« Ê√ U??M� k??�ô 
3
2    t??� W??�uL:« � d??BM� Í√ Ê√Ë ¨ l�U??��« l??{u*« � d??NE�

 WF�U��*« Ác� � U� l{u� Æ bFK� WK�U� W�uL:« Ác� ÊS� p�c�ËÆ 
 
         ‰u?�u�« U?MMJ�√ «–≈ b?FK� W?K�U� U?� ÎW?�uL� Ê√  U?��≈ UMMJ1 t�√ ‰U�*« «c� s� Èd� �≈

 U� ÌWF�U��� � U�d�UM� W�U�J� WI�d� Æ UNOK� oKD� WI�dD�« Ác� q��Ë ¢ WI�d� Ø   b?�bF� ¡«d?�≈ Ø �b?��  ¢
(an enumeration procedure)    Æ b�bF� ¡«d�≈ Í√ Ê_ «dE�Ë Ø     W?OKL� s?� Ÿu?� u?� b�

OJO�UJO�???W  (mechanical process) MMJLO� ¨??���« U??/ Â«b??�¬ Ã–u???O� W ????? Z�—u(Turing 
machine model) dF���UOKJ� tH  (formal definition) Æ 

 
 n�dF�≤ – µ ∫ 

        Ê√ ÷d??H�  S q??�ö� W??�uL�  (strings)   U??� ÌW??�b�√ ÌW??�uL� v??K�   Æ¡«d??�≈ 
b�bF��«  (an enumeration procedure)  W�uL�LK�  S      W?F�U��� c?OHM� U?NMJ1 Z�—u?O� W�¬ u�

 «uD)«  (sequence of steps) ∫ 
 

q0�├* qsx1   s1├* qsx2  s2 … 
YO� 

x1  * - {}, si  S 
 

WK??�K� Í√ q??F& W??I�dD�  s  W??�uL:« �  S  U??NOK� ‰u??B(« r�??�  (produced) œËb??� œb??F�  
(finite)  «u???D)« s???� Æ W???�U(«Ë  qs �???F� W???�U� w???�  (signifies) �≈ ¡U???L��ô« Ø W�u???CF�«  

(membership) � W�uL:«  s  XK�œÔ√ ULK� t�√ Í√ ¨   qs    w?K� �?�« WK�K��« ÊS� ¨     V?�
W�uL:« � ÊuJ� Ê√  s Æ 

 
   bFK� WK�U� ÊuJ� W�uL� Í√ X�O� t�√ k�ö�Ë(countable) Æ    �« Ê–S?� ÈdM?� UL�Ë

         b?FK� W?K�UI�« �?�  U?�uL:« i?F� „U?M� ÂœU?I�« qBH�« �(uncountable sets)  Æ s?J�Ë Í√ 
    b?�bF��« Ê_ b?FK� W?K�U� Êu?J� b�bF� ¡«d�≈ U� b�u� W�uL�  (enumeration)    W?F�U��*« w?DF�

 W�uKD*«Æ 
 
 F��« � W]��b�« U�œ—√ «–≈Ë ?????? �≈ Í√ ÊS?� �� ???       W?O�“—«u� t?OK� o?KD� Ê√ U?MMJ1 ô b?�bF� ¡«d

(an algorithm) �_ p�–Ë ¨???� t?????�u�� ô ·u????  n(will not terminate) M�???J� U�b ???? Êu
W�uL:«  S WOzUN� ô  (infinite)  Æ     v?MF�  «– W?OKL� Á—U?���« U?MMJ1 t�S� p�– l�Ë Ø Èe?G�  (a 



 ∂≤ 

meaningful process) MODF� t�_??WF]�u���Ë «bO� W��d�F��Ë …œ�b� ZzU�� U  (well – defined 
and predictable results) Æ 

 
 ‰U��≤ – ∑ ∫ 

   ÷dH�   Ê√ = {a, b, c}.   Æ   W?�uL:« Ê√  U��≈ UMMJ1S = +       «–≈ b?FK� W?K�U�
 ̈  U?� ÌVO��� W�uL:« Ác� d�UM� UMODF� b�bF� ¡«d�≈ œU�≈ UMMJ�√       t?� d?NE� Íc?�« V?O���« sJO?�Ë

 ”u�U� � Æ q�bF� ÊËb� U��UM� fO� fO�«uI�« � Âb���*« VO���« Ê√ ô≈ Æ lO� ”u�UI�« wH�
J�«·d(U� √b�� ��«  ULK  a  WK�K��« q�� dNE�  b  Æ     U?LK� s?� wzU?N� ô œb� „UM� ÊU� «–≈ sJ�Ë
a    �≈ U??�ö�≈ q??B� s??K� ¨b   ◊d??� i�U??M� «c??�Ë ¨   b??�bF��« ¡«d??�≈ n??�dF�© n??�dF�≤ – µ  ® Ê√ Í√

  «uD)« s� œËb� œb� bF� UNOK� qB� Ê√ V� …UDF� WK�K� Æ 
 UMMJ1 t�S� p�– s� ôb�Ë    ‰�b?F� V?O�d� Â«b��?�«  (a modified order)    t?O� c?�Q�

WK�K��« ‰u�  (length of the string)  —UOF� ‰ËQ� (first criterion)   Íb?�√ V?O�d� tOK� ¨ 
 ‰uD�« W�ËU��� q�ö��« lOL' Æ WF�U��*« wDF� b�bF� ¡«d�≈ «c�ËÆ 

 
a, b, c, aa, ab, ac, ba, bb, bc, ca, cb, cc, aaa, …. 

  
   V??O���« t??OK� oKDM??�� V??O���« «c??� q??�* …b??�  U�«b��??�« �« Ê–S??� „U??M� ÊuJ�??� t??�_ «d??E�Ë

 `O�B�« Ø rOK��« Ø ◊u�?C*«  (proper order) Æ        Ád?�– o�?� U?* W?�U�« ZzU?�M�« s?�Ë√  ô¬ Ê
 bFK� WK�U� �b�F�� Z�—uO�Æ 

 
 W�dE�≤ – ≥  ∫ 

      �— ¨ bFK� WK�U� Z�—uO�  ô¬ lO� W�uL� WOzUN� ô UN�√ rÆ 
 

 ÊU���«∫ 
 �H????A� U????MMJ1  (encoding)  dH????B�« Â«b��????�U� Z�—u????O� W????�¬ Í√  0  b????�«u�«Ë  1  Æ

 w�U��« b�bF��« ¡«d�≈ ¡UA�S� ÂuI� �HA��« «c� Â«b���U�Ë∫ 
 

±  ® bO�u�� r�  (generating) WO�U��« WK�K��«  (next string) �  {0, 1}+  `O�� VO���Æ 
≤  ® ]I����       ô Â√ Z�—u?O� W?�¬ ·�d?�F�� …b?]��uÔ*« WK?�K��« X?�U� «–≈ U� o Æ      ¨ Z�—u?O� W?�¬ ·�d?�F�� X?�U� ÊS?�

 n�dF� UN�KD�� ��« WGOB�U� j�dA�« vK� UN���U�≤ – µ  Æ WK�K��« qL�U� ·�d�F�� ô X�U� Ê≈ËÆ 
 



 ∂≥ 

≥  ®   …uD)« �≈ l�—«1Æ 
 
         œËb?� n?�Ë U?� Z�—u?O� W?�¬ Í√ Ê_ «d?E�Ë(a finite description) ¨    W?MOF� W?�¬ ÍQ?�  

(specific machine)  W?�UNM�« � r�O�  (eventually)   W?OKLF�U� U�b?O�u�  (process) 
 …—u�c*«Æ 

* * * 
 

O���«Ë???)« V???  ’U(particular ordering) O�  ôü??vK� bL�F� Z�—u   Íc?�« �HA��«
 t�b���� Æ    V?�O� U?HK�� «�H?A� UM�b��?�« «–≈Ë     U?HK�� U?�O�d� l?�u�� Ê√ Æ     Í√ t?� fO?� «c?� s?J�Ë

 U� VO�d� œu�Ë u� rN*« sJ�Ë ¨ ULN� fO� t�H� VO���U� ¨ WOL�√Æ 
 

 U��U� ∫WOD)« …b�OI*«  ôü«  Linear Bounded Automata      
 
 lO�u� UMMJ1 ô ULMO�  (extending)  Ø…—b� …œU�“  (power)    s?� WO?�UOI�« Z�—uO� W�¬

??�d�b??OIF� o  (complicating) j�d??A�« W??OM�  (tape structure) ¨   s??� b??(« U??MMJ1 t??�√ ô≈
(limiting)    b?OOI� o?�d� s?� …—bI�« Ác�  (restricting)       U?N� Âb��?��� Ê√ s?J1 �?�« W?I�dD�«

 j�dA�«Æ           qH?�_ l�b?�«  ô¬ W?�U� � p�c?� ôU?�� ö?F� U?M�√— b?�Ë(pushdown automata) Æ 
�« UMMJLO�   …œ�b?� �� Z�—uO� W�¬ qH�_ l�b�« W�¬ —U��(nondeterministic)    b?�OI� j�d?�  «– 

(restricted) ����� ÊQ�????W���dÓ� Âb  (like a stack) Æ  j�dA�« Â«b??���« bOOI� p�c� U????MMJ1Ë
     j?I� œËb?� ¡e?� Â«b���U� ö�� `L�� ÊQ� ¨ Èd�√ ‚dD�(only a finite part)   �d?A�« s?� j

    q?LFK� e?�O��(as work space) Æ   U?��≈ U??MMJ1Ë Ê√    �≈ ÍœR?� «c?� ©  �≈ U??M� l?�d� ®   ôü«
  …œËb?;«(finite automata) Æ        j�d?A�« Â«b��?�« b?OOI�� W?I�d� „U?M� s?J�Ë   W?�U� �≈ ÍœR?�

 W�U� WOL�√  «– Æ �� Ê√ W?�x� `L�� ÊQ� p�–Ë          ö�b?*« tKG?A� Íc?�« j�d?A�« ¡e?� j?I� Âb��?�
(occupied by the input) Æ ��√ e�O� UM� d�u�� w�U��U�Ë  (more space)     ö�b?� q?�ö��

WK�u�  (long input signals) �« p�– s�??J� Íc??�U�� Êu??�ö�� U??B� q??? …�Æ  WI�dD�« Ác�Ë
I�� UM� b=�u�???D��  ôü« s� Èd�√ W?NOK� oK???? U¢  WOD)« …b�OI*«  ôü«¢  (linear bounded 

automata) ¨    ô¬ «—UB��« Ë√lba Æ 
 
  WOD)« …b�OI*« W�ü«Ë–  WO�UOI�« Z�—uO� W�¬ q��–     b?�OI� �?� j�d� U�(unbounded 

tape) ???Ó� s???J�Ë ¨�b     ö�b???*« � W???�«œ �???�F�� Âb��???��� Ê√ s???J1 Íc???�« j�d???A�« s???� ¡e???'« —
(function of the input) Æ    ?M�S� W?�U� …—u?B�Ë       j�d?A�« s?� Â«b��?�ö� q?�UI�« ¡e?'« b?�OI� U



 ∂¥ 

      ö�b?*« UNKG??A� �?�« U?�ö)« p??K� v?K� «b?�b% ®¿©  Æ   l??{Ë U?MMJ1 p?�– c??OHM��Ë  5??�  ö�b?*«
  5�?�ö� Ø   5?�U� s�e?�—(two special symbols)  ∫   Èd?�O�« W?�UNM�« W?�ö�  (left-end 

marker) " [ "  ¨   v?MLO�« W?�UNM�« W?�ö�Ë  " ] "  ÆU�Ë      ö�b?� WK?�K�� W�?�M�w    WKOJ?A��« ÊS?� ¨
  W??????Oz«b��ô«(initial configuration)    w??????E�K�« n??????���u�U� v??????ÓDF�� Z�—u??????O� W??????�ü  

(instantaneous description) q0 [w]  ÆW??�UNM�« U??��ö�Ë  (end markers)  s??J1 ô
 öF�« —U?�� �≈ „d���« UNMJ1 ô W�U�J�«Ë …¡«dI�« ”√—Ë ¨ ULN��U�� …œU�≈ W?�  [  ôË   �öF�« 5?1 �≈ ???W  

] Æ  W�U�J�«Ë …¡«dI�« ”√— Ê≈ ‰uI� U�UO�√Ëb�d�Ë eHI�  (bounces off)  W�UNM�« ��ö� 5�Æ 
 
 

 n�dF�≤ ≠ ∂ ∫      
               W??OD)« …b??�OI*« W??�ü«  (linear bounded automaton)    �??� Z�—u??O� W??�¬ w??�
   …œ�b�M = (Q, Σ, , , q0, □, F)  (a nondeterministic Turing machine)  €

 n�dF� � W��dF*«Ë≤ ≠ ≤  ›   W�b�_« W�uL:« Ê√ bOIK� lC�Σ  �e�— vK� Íu�% Ê√ V� ??? s
 5�U�]    Ë[   (2  special symbols)   Ê√ YO� ¨ ( qi, [ )      v?K� j?I� Íu?�% Ê√ s?J1

  UN�GO� d�UM�(qj, [, R)  Ê√Ë ¨ ( qi, ] )  UN�GO� d�UM� vK� jI� Íu�% Ê√ sJ1(qj, ], L)Æ 
 
 
 
 

 n�dF�≤ ≠ ∑ ∫ 
        WK??�K� Í√  w          s??� W??MJ2 W??F�U���  b??��Ë «–≈ W??OD� …b??�OI� W??�¬ UN??K�I� U??N�≈ ‰U??I�

   U�d���«(a possible sequence of moves) 
 

q0 [w]├* [x1 qf x2] 
       

    iF�?�qf  F, x1, x2 *    Æ ?GK�«Ë     W?OD)« …b?�OI*« W?�ü« UN?K�I� �?�« W  lba    W?�uL� w?�
 W�ü« pK� UNK�I� ��« q�ö��« Ác� lO�Æ 

 
 

___________________________________________________________________ 
 

©*®          j�d?A�« s?� Â«b��?�ö� q?�UI�« ¡e?'« Êu?J�  U?H�dF��« iF� �(usable part of the 
tape)  � b�√   ö�b*« ‰u�  UH�UC(a multiple of the input length)   Y?O� ¨

   n�U??C*« «c??� b??L�F� Ê√ s??J1 (multiple)   W??GK�« v??K� (language)  v??K� fO??�Ë
  ö�b*« Æ       j?I� j�?C�U� ‰U?�œù« WK?�K� ‰u?� s?� Âb���M� UM�Ë ©    t?� ÎUH�U?C� fO?�Ë ® ¨

       «—U?�*« …œb?F��  ôP?� `L?�M� UMMJ�Ë(multitrack machines)     ö�b?*« Y?O� ¨
 jI� b�«Ë —U�� vK� ÊuJ�Æ 



 ∂µ 

 WE�ö�∫ 
   n??�dF��« «c??� � k??��ö�� © n??�dF�≤ ≠ ∑  ®    �??� U??N�√ ÷�??H� W??OD)« …b??�OI*« W??�ü« Ê√

  …œb????�(nondeterministic)  Æ        W????�¡ö*«Ë —u????�_« jO????���� ÷d????� œd????� fO????� «c????�Ë
(convenience)   w�U�√ tMJ�Ë(essential) M�U�«  ôü« WA�UM* W�� WOD)« …b�OI* Æ t�√ r�—Ë

   ?;« W??OD)« …b?�OI*«  ôü« n??�dF� U?MMJ1  …œ�b(deterministic)   «–≈ U??� U??�uKF� fO?� t??�√ ô≈ ¨
 …œb;« �� pK�� W��UJ�  ôü« Ác� X�U�Æ 

 
 

 ‰U��≤ ≠ ∏ ∫       WGK�« 
L = {anbncn : n  1 } 

 
OD� …b�OI� W�¬ UNÔK��I�� W Æ        ‰U?�� q?� � U?�U�d�– �?�« W?A�UM*« s?� Z�?M� «c�Ë± ≠ ±∞  Æ  U�U?�(U� 
(computation)   WOK?�_«  ö�b?*« Ã—U� «e�O� VKD�� ô „UM� UN�«uD� UM�B��Ó� ��«   w�U?��U�Ë ¨

�OI� W�P� U�cOHM� sJ1 WOD� …b Æ 
 

 ‰U��≤ ≠ π ∫ 
       WGK�« q�I� WOD� …b�OÓI�� W�¬ b�Ë√ 
 

L = {an! : n  0} 
 

         “u?�d�« œb?� r?�I� Ê√ w?� W�Q?�*« Ác� q� ‚d� Èb�≈a's       v?K� l�U?���« v?K�2, 3, 4, … 
   WK?�K��« i�d?� Ê√ Ë√ q�I� Ê√ U�≈ UMMJ1 v�� Æ       W?GK�« � …œu?�u�  ö�b?*« X?�U� ÊS?�L   t?�S� ¨

  b�«Ë e�— W�UNM�« � UM�b� vI��O�a     W?GK�« � sJ� � Ê≈Ë ¨L    ?M� dNEO?��     �?� w�U?� U?� ÌX?�Ë � U
   ÍdH?�(a nonzero remainder)   Æ    √ �≈ …—U?�û� q?�K� U?DD� `?{uM�Ë  �??�ô« b?�   «¡UC

(implications)   n�dF�� WOMLC�«≤ ≠ ∂  Æ  œb?F�� ÊuJ� b� WOD)« …bOI*« W�ü« j�d� Ê_ Î«dEM�
    «—U?�*«(multitrack)      Ó�  Âb��?��� Ê√ s?J1 WO�U?{ù«  «—U?�*« ÊS?� ¨    q?LFK� e?�O��(work 

space)  ©  U�U�(« ¡«d�ù Æ ® —U�*« wzUM� j�d� Â«b���« UMMJ1 WO�U(« W�Q�*« �Ë(a two - 
track tape)  ∫     “u?�d�« œb?� v?K� Íu�� ‰Ë_« —U�*«a's     W?OI��*«(left)      WL?�I�« W?OKL� ¡U?M�√

(process of division) UI�« vK� Íu�� w�U��« —U�*«Ë  ¨    w�U?(« r?�(current divisor) 
 € qJ� dE�«≤ ≠ ±∏  Æ › j???O�� wKFH�« q(«Ë ∫ œb??� r??�I� ¨ w�U??��« —U�*« vK� r�UI�« 5�b���� 
 
 
 



 ∂∂ 

 

 
 ١٨ - ٢شكل 

 
   “u??�d�«a's        b??M� �??�« p??K� «b??� U??� “u??�d�« l??O� ·c??� Îö�??� ¨ ‰Ë_« —U??�*« v??K� …œu??�u*«

  r�UI�«  UH�UC�(at multiples of the divisor)  Æ    b?�«u� r?�UI�« b?�e� p?�– bF�Ë ¨   dL�?��Ë
      5��U?� Èb?�≈ �≈ q?B� Ê√ �≈ W?OKLF�« p?K� � ∫≈       ÍdH?� �?� U?O�U� b?$ Ê√ U?�(a nonzero 

remainder)    e�— UM�b� vI��� Ê√ Ë√ ¨a   bO�Ë(a single a) Æ 
 

* * * 
 

  s??� …—b??� d??��√Ë Èu??�√ W??OD)« …b??�OI*«  ôü« Ê√ �≈ Ê«�??A� Ê«�??�_« ÊôU??�*«   ô¬
    U?��√ Ê_ «d?E� qH?�_ l�b?�«        ‚UO?��« …d?� X?�O� 5�?GK�« s?�(context - free)  Æ   Ác?�  U?��ùË

 W�uI*« Ø ÷dH�« Ø    …b?�OI� W?�¬ UN?K�I� Ê√ sJ1 ‚UO��« …d� WG� Í√ Ê√ p�c� X��� Ê√ UMOK� 5L���«
 W??OD� € ‰«R??��« ö�??� d??E�«≤ ≠ ±µ  Æ ›  ôü«Ë Z�—u??O�  ô¬ 5??� W??�öF�« 5??L� qN??��« s??� fO??�Ë

 WOD)« …b�OI*« Æ ‰U�� UN{dF� ��« pK�� WNO�A�« qzU�*U�≤ ≠ π   Î«d?E� WOD� …b�OI� W�P� UNK� sJ1
 q??LFK� e??�O� d�u??�� © b�u??���«Ë  ®(scratch space)   l??� V??�UM��(proportional to)  ‰u??�

  ö�b*« Æ      Ê√ s?J1 ô U�d?� U?IO�œ U?H�dF� W?��dF� WGK� w�Q� Ê√ «b� VFB�« s� t�S� WIOI(« �Ë
 WOD� …b�OI� W�¬ Í√ UNK�I� Æ  ÂœU?I�« q?BH�« �Ë  ©   Y?�U��« q?BH�« ®     ôü« W?I�� Ê√ �« Ê–S?� s�O�M?�

      …—b??�Ë …u??� q??�√ W??OD)« …b??�OI*«(less powerful)       …b??�OI*« �??� Z�—u??O�  ô¬ W??I�� s??�
(unrestricted Turing machines)   ÷d??� s??J�Ë ¨(demonstration)  V??KD�� p??�–

 ��√ «bN�  Æ 
 

 [ a a a a a a ]       a's to be examined   “u�d�«a's        UNB��Ó� »uKD*« 
 [ a a a    ]  Current divisor                                w�U(« r�UI�« 



 ∂∑ 

 r�—  UM�d9  ©≤ ® 
 

 ôË√ ∫ WO�U�_« Z�—uO� W�¬ vK� WHOH�  «�OG� 
 

≤ – ± ®     WMOF� W�d� Í√ bM� UNMJ1 Z??�—uO� W??�¬ UM�b� Ê√ ÷dH�(any particular move)  U�≈
Ê√ Ë√ j�dA�« e�— d�O�G�� Ê√ ”√— „�d���� =HM�� ô sJ�Ë W�U�J�«Ë …¡«dI�« UF� 5�OKLF�« c Æ 

 
√ ®  V��« UO�— UH�dF� ØUOKJ�  (a formal definition)   W�ü« Ác�Æ 

» ®  WO�UOI�« Z�—uO�  ô¬ WI�D� W��UJ�  ôü« Ác� WI�� Ê√ X��«Æ 

 
≤ – ≤ ® WO�U*« �� Z�—uO� W�¬  (a nonerasing Turing machine))     U?NMJ1 ô W?�¬ w?�

 ⁄—U??� �??� e??�— �O??G�  (a nonblank symbol) ⁄«d??� �≈ (a blank) Æ  s??J1Ë
 bOI�« l{u� p�– �≈ ‰u�u�«(restriction)   w�U��«∫ 

 X�U� «–≈ 
δ (qi, a) = (qj, �, L or R) 

 
   ÊS�a    Êu?J� Ê√ V��  Æ    W?O�uL� Í√ b?IH� ô U?M�√ X?��«  (generality)    q?�� l?{u�

 bOI�« «c�Æ 
 

≤ – ≥ ® z«œ V�J� Ê√ UNOK� ÊQ� Z�—uO� W�¬ vK� «bO� UMF{Ë b� UM�√ ÷dH�  e?�d�« s� UHK�� «e�— UL
 X�U� «–≈ t�√ Í√ ¨ t�√d� Íc�« 

δ (qi, a) = (qj, b, L or R) 
 

 �???????�d�« ÊS???? s�ea, b  �????�uJ� Ê√ V?????HK�� U???? 5Æ   OI�« «c?� q� ????? b Ø�b���« ????b  
(limitation) W�ü« …—b� s� q=KI�  (power of the automaton) ø 

 
≤ – ¥ ® ÷dH� OKL�  «– Z�—uO� W�¬ UM�b� Ê√ ????? W ¢�« ???� –U ??????—«d ¢ HK�� ??????  W(a different 

decision process)     ôU?I��ô« UNO� r��(transitions)      j�d?A�« e?�— s?J� � «–≈
 w�U?(«  (current  tape symbol)     W?M�OF� W?�uL� d?�UM� b?�√  (a specified 

set)  Æ‰UI��ô« ö�L�   
δ (qi,{a, b}) = (qj, , c, R) 

 



 ∂∏ 

    w�U??(« j�d??A�« e??�— s??J� � «–≈ U??NO�≈ —U??A*« W??�d(U� `L??�O�  a  Ë√  b  Æ «c??� V??��«
NH*«???? ÂuGOB�???O�— W??? W ØJ�???WOK  (formalize this concept)  «c� Ê√ X��«Ë ¨

q�bF��«  (modification)  WO�UO� Z�—uO� W�ü T�UJ�Æ 
 

 UO�U� ∫—uO�  ô¬ «bOIF� d��√ s�e�  «Ë– Z� 
 

≤ – µ ® ”Ëƒd�« …œbF�� Z�—uO� W�¬  (a multihead Turing machine)  UNO�≈ dEM�« sJ1
 jI� b�«Ë j�d�  «– Z�—uO� W�¬ UN�√ vK� (a single tape)   …b�«Ë rJ% …b�ËË ¨

  j???I�(a single control unit) ¨    WKI�???�� W???�U��Ë …¡«d???� ”ƒƒ— …b???� s???J�Ë
(multiple independent read – write heads) Æ  U??O�— U??H�dF� V??��« Ø

          W?�P� W?�ü« Ác?� q?�� …U?�U� s?J1 n?O� `?�{�Ë r?� ¨ ”Ëƒd�« …œbF�� Z�—uO� W�ü UOKJ�
 WO�UO� Z�—uO�Æ 

 
≤ – ∂ ®  ·�d??�F�� ¢ ??�¬W??O�«– —u�U??� W  W??�d(«¢  (a queue automaton)    W??O�«– W??�¬ U??N�Q�

  s�e??���« …«œ√ W??�d(«X??�R*«  (temporary storage)    —u�U??� s??� …—U??�� U??NO�  
(queue)  Æ     W�u?�u� W?�ü« Ác?� Ê√ ÷d?H�    j?)« v?K�(an on-line machine)  ¨

     ‰U?�œ≈ n?K� v?K� Íu?�% ô U?N�√ Í√  (input file)  WK?�K��«Ë ¨  (string)   »u?KD*«
UNKOG??A�  (to be processed)    U�U??�(« ¡«d??�≈ W??�«b� q??�� —u�U??D�« � W�u??{u�Æ 

UN�—b� ”—œ« r� ¨ W�ü« Ác� UOKJ� UH�dF� V��«  (power)  Z�—uO�  ôü W��M�U�Æ 
 

≤ – ∑ ®  X��«      W?�P� U?�ƒ«d�≈ U?C�√ s?J1 WO?�UO� Z�—uO� W�P� U�ƒ«d�≈ sJ1 WO�U�� WOKL� Í√ Ê√
 l{u*« � ¡UI��« —UO��«  «– W�d�_« …œbF��(a multitape machine with a 

stay - option)   d��_« vK� 5��U�Ë(at most two states) Æ 
 

 U��U�∫ …œ�b;« �� Z�—uO�  ô¬ 
 

≤ ≠ ∏ ® WGK�« q�I� …œ�b� �� Z�—uO� W�ü U�U�d� V��« 
 

L = {ww : w  {a, b}+} 
 
   œ�b� q� pK� Ê—U�(a deterministic solution) Æ 



 ∂π 

≤ – π ®  WGK�« q�I� …œ�b� �� Z�—uO� W�¬ r�L� 
 

L = {an : n is not a prime number (UO��ËÓ√ «œb� fO� n)} 
 

≤ – ±∞ ® 5�??���d�«  «– W??�d(« W??O�«– W??�ü«  (a two-stack automaton)  W??O�«– W??�¬ w??�
  5�KI�??????�� 5�??????�—  «–Ë qH??????�_ l??????�œ  «– …œb??????� �??????� W??????�d(« (a 

nondeterministic pushdown automaton with two independent 
stacks)   Æ   W??�ü« Ác??� n??�dF��ËM    �??� ‰u??�I�« W??�¬ n??�dF� v??K� ö�b??F� Íd??��� U??M�S�

*«????�b�«  «– …œ�b�????�_ l????  qHnpda (nondeterministic pushdown 
accepter)  W�«œ `�B� YO�‰UI��ô«  δ  w�U��« n�dF��« � 5�� u� UL�∫  

 
M = (Q, ∑, Γ, δ, q0, z, F) 

 
YO�  

        Q         ∫ W�uL� rJ���« …b�u� WOK�«b�«  ôU(« s� …œËb�Æ 
∑               ∫ ‰U�œû� W�b�_« W�uL:«Æ 
Γ      ∫  v��b???�� “u???�d�« s???� …œËb???� W???�uL� ∫  W???�dK� W???�b�_« W???�uL:«(stack 

alphabet)      Æ 
           δ ∫ô« W�«œ‰UI�� 

→  ×U {λ})  Γ  (∑×  δ : Q 
 

  �uL�???Oze�  U??????� W??� …œËb?? sΓ*  Γ*   ×   finite subsets of  Q   
      q0  Q  ∫ rJ���« …b�u� WOz«b��ô« W�U(«Æ 
     z  Q     ∫ W�dK� wz«b��ô« e�d�«(stack start symbol) Æ 
    F  Q   ∫OzUNM�«  ôU(« W�uL� WÆ 

 
    l�b?�� …b�b� rO� UNM� Z�M�Ë 5��d�« �L� vK� bL�F� W�x� W�d� Í√(pushed on) 

  5�?�d�« 5�U� vK� Æ I�� Ê√ X?��« ??? ôü« W O�«– ???�d(« W ???«  «Ë– W  I�D� W?��UJ� 5�?�d� ???  ô¬ W
Z�—uO� Æ 

 
 
 



 ∑∞ 

UF�«— ∫ WK�UA�« Z�—uO� W�¬ 
 

≤ ≠ ±± ®   �� Z�—u?O� W?�¬ Z�U��� UDD� V��«  �b?�F Ø œ�b?�F��  (enumerates)  W?�uL:«  {0,1}+ 
 `O�� VO��� ØrOK�  (in proper order) Æ 

 
≤ – ±≤ ® H�????   Ê√ ÷dS1, S2 ��uL�????�K�U� ÊU???FK� ÊU ?????  b(countable sets)  Æ��« ????? Ê√ X

   5��uL:« S2  S1      Ë      S1  S2     bFK� 5�K�U� UC�√ ÊU�uJ��Æ 
 

U��U� ∫ �OI*«  ôü« …b)«DWO 
 

≤ ≠ ±≥ ®  ‰U??�*  ö??� b??�Ë√≤ – π   w�U??� —U??�� œu??�Ë V??KD�� ô(a second track)  ¡«d??�ù
 q(« �≈ ‰u�u�«  ôËU�Ë  U�U�(«Æ 

 
≤ – ±¥ ® WOD� …b�OI� W�¬ b�Ë√ WGK�« ‰u�I� 
 

L = {wn : w  {a, b}+, n ≥ 1} 
 
 
 
 
 

 



 ∑± 

 qBH�« Y�U��« 
 

 W�d(« WO�«–  ôü«Ë WOKJA�«  UGK� w�d�« q�K���« 
A Hierarchy of Formal Languages and Automata 

 
 t??��u�   W??�«—œ u??� d??�U�*« UM�b??�Ë WOKJ??A�«  U??GK�« W??�«—œ �≈ q??BH�« «c??� � U??M�UL��«

��d*«  UGK�«H*« œuOI�« iF�Ë Z�—uO�  ôP� WD UNOK� W{Ëd Æ _ «d?E�Ë    ¡«d?�≈ U?NMJ1 Z�—u?O�  ô¬ Ê
     W?O�“—«u)«  U�U?�(« s?� Ÿu� Í√(algorithmic computation)  ¨    Ê√ b?$ Ê√ l?�u�� U?M�S�

     «b??� …��??� U??N� W??D��d*«  U??GK�« W??KzU� Æ      ‚UO??��« …d??�  U??GK�«Ë W??LE�M*«  U??GK�« qL??A� ô w??N�
(regular and context - free languages)      U?C�√ qL?A� U?/≈Ë ¨ V?���    …b?�bF�« W?K��_«

 5�KzUF�« 5�U� ‚UD� Ã—U� lI� ��«Ë U�UMK�U� ��« Æ u� jO���« �� ‰«R��«Ë ∫   ô W?G� Í√ „U?M� q�
 ø Z�—uO�  ô¬ s� W�¬ Í√ UNK�I� �√ ÊUO�� ôË√ ‰«R��« «c� vK� �« Ê–S� VO�M�Ët   d?��√  UG� b�u�

��«  UGK�« iF� UFD� b�u� t�√ YO� ¨ Z�—uO�  ô¬ s�  UNK�UI� ô ©  U?� b�u� ô ®  Z�—u?O�  ô¬ Í√
 Æ   �U?OzUM� fO??� t??MJ�Ë “U??�2Ë �??B� ÊU?���«Ë © UOzU??A�≈ fO??�®  (nonconstructive)  «¡u??{ w??IÚK��Ë ¨

 W�Q�*« vK� U��U� Æ          o?�d� s?� Z�—u?O�  ô¬ U?NOK� ·�d?�F�� ô  U?G� œu?�Ë r�bM?� U?M�S� V���« «c�Ë
dB�« WK��_« s� b�e*« ¡UD�≈         U?GK�« Ác?� Èb?�≈ b?�b%Ë v?K� ·�dF��U?� U?OKF� UM� `L�� ��« W� Æ

 W�«—b� d�¬ o�d� „UM�Ëu�Ë W�Q�*« Ác� öF�« �≈ dEM� Ê√     s?� W?MOF� Ÿ«u?�√Ë Z�—u?O�  ô¬ 5� W�
b�«uI�«  (grammars)  ¨�ËUD�«— b�u  (a connection)   b?�«uI�«Ë WO�U� s� b�«uI�« Ác� 5�

   ?� b?�«uI�«Ë W?LE�M*« ‚UO?��« …d (regular and context  free grammars)    W?O�U� s?�
 Èd�√ Æ «c�Ë ÍœR�   nOM?B�� W?I�d� �≈ t?�ö� s�Ë ¨ b�«uIK� w�d� q�K�� �≈  (classifying) 

 U??GK�«  özU??�  (language families) Æ   �??�«  U??�uL:«  U??�dE�  U??DD� i??F� „U??M�Ë
WHK��*«  UGK�«  özU� 5�  U�öF�« `{u� Æ 

 
        Z?�(« s?� ��?J�« ÊS?� «b?�b%Ë ÎW�œ d��√ ÊuJ� w�Ë(arguments)    U�œ—uM?� �?�«

  W(U� ÊuJ� qBH�« «c� �(valid)   j?I�      ?�K��« v?K� Íu?�% ô �?�«  U?GK� W�?�M�U�K  W?�—UH�« W Ø
  W�ËU)«(empty string)  Æ«c�Ë √ WIOI� s� QAM� bOI�« Z�—uO�  ô¬ Ê≠  U�UM��d�� UL�≠  ?J1 ô s

   W?�ËU)« WK?�K��« q�I� Ê√ Æ          W�U?{≈ …—Ëd?{ Ë√ n?�dF��« «c?� W�UO?� …œU?�≈ …—Ëd?{ V?M��� w?�Ë¢  e?�—
 ‰“UM� ¢  —�dJ�(a repeated disclaimer) ¨     «c?� � U?�ËUM�� �?�«  UGK�« Ê√ ÎUML{ ÷�H� UM�S�

  W�ËU)« WK�K��« vK� Íu�% ô qBH�«  p�– �� vK� hM�� � U� ¨ÆU�≈ qN��« s�Ë    U?� q?� d?�– …œ
� tO�≈ qB�Ë t�ËUM�M�OW�ËU� WK�K� „UM� ÊuJ� Y    r�dJ�« ∆—UIK� p�– „�M� UMMJ�Ë ¨Æ  



 ∑≤ 

 
 ôË√ ∫ U�œ«b�—« b�bF�K� WK�UI�«  UGK�«Ë W�œ«b�—ô«  UGK�« 

Recursive and Recursively Enumerable Languages 
 
 �d*«  UGK�U� W�U)«  U�KDB*« iF�� wK� ULO� √b�� Z�—uO�  ôP� WD� Æ  Ê√ U?M� V�Ë

     UN??K�I� Z�—u??O� W??�¬ U??� b??�u� �??�«  U??GK�« W??�uL� 5??� e??�O/  (an accepting Turing 
machine)        W�u?C� W?O�“—«u� U?� b?�u� �?�«  U?GK�« W�uL�Ë ¨ Ø ¡U?L��«  (a membership 

algorithm) Æ n�u�� ô Z�—uO� W�¬ Í√ Ê_ «dE�Ë  (halt) M�U� …—ËdC�U� ö�bLK� W��  (input) 
wC�I� ô �Ë_« W�uL:« ÊS� ¨ UNK�I� ô ��«  (imply)  WO�U��« W�uL:«Æ 

 
 

 n�dF�≥ ≠ ± ∫ 
          W?G� Í√L     U?N�≈ ‰U?I�   U�œ«b?�—« b?�bF�K� W?K�U�  (recursively enumerable)  
≈ UNK�I� Z�—uO� W�¬  b��Ë «–Æ 
 

 
 �¬ b�u� t�√ jI� wC�I� n�dF��« «c�Z�—uO� W  M  t�√ YO� ¨     w  L     
 

q0w ├*
M x1 qf x2 

 
YO�  qf   W?OzUN� W�U�Æ             X?�U� «–≈ U?� W?�U� � Àb?� U?L� U�O?� d�c?� ô n?�dF��« «c?� Ê√ k?�ö�Ë

  W?�K��« w    W?GK�« �≈ w?L�M� ô  L  Æ          ô b??�Ë ¨ W?OzUN� �?� W?�U� � W?�ü« n?�u�� b?� W?�U(« Ác?� �
q�b�Ë U�ö�≈ n�u�� �    W?OzUN� ô …Ëd?� Æ        Í√ X?�U� «–≈ U?� U?��� Ê√ W?�ü« s?� V?KD� Ê√ U?MMJ1Ë

 ô Â√ UN�G� �≈ wL�M� …UDF�  ö�b�Æ 
 
 

 n�dF�≥ ≠ ≤ ∫ 
          W??G� Í√L  W??�b�_« W??�uL:« v??K�   Σ   U??N�≈ ‰U??I�W??�œ«b�—«  (recursive)  «–≈

  Z�—uO� W�¬  b��ËM    WGK�« q�I�L  �K� qJ� n�u��Ë WKw    �Σ+  Æ     W?G� Í√ ÊS?� d?�¬ »uK?�Q�Ë
       W�u??C� W??O�“—«u� U??�  b??��Ë «–≈ j??I�Ë «–≈ W??�œ«b�—« Êu??J� Ø ¡U??L��« (a membership 

algorithm) Æ 
 



 ∑≥ 

 
 �—« U� ÏWG� X�U� «–≈?????�S� ¨ W�œ«b ???�u� t ???�≈ b ???????�bF� ¡«d ???N�� b ????�≈ q ???ÁƒUA  (easily 

constructed enumeration procedure)  ÆH� ????Ê√ ÷d  M   O� W?�¬ ???   W�u?CF�« œb?% Z�—u
 � ØL��ô«? ?� ¡U  (membership) W�œ«b�—« ÌWG�   L  Æ   �√ Z�—u?O� W?�¬ ôË√ T?AM� ????? Èd– J��Ë ?????s  


M ≠     � q?�ö��« l?O� b?=�u��  +     `O�?� V?O��� Ø rOK?�  (proper order)    ö�?� sJ�?�Ë ¨  
w1, w2, ... Æ     W?�ü«  ö�b?�� `�?B� UN�S� ¨ q�ö��« Ác� bO�u� r�� U�bM�Ë  M     UN?K�bF� r�?� �?�«  

(modified)  WGK�« � …œu�u*« jI� q�ö��« ô≈ UND�d� vK� V�J� ô YO�  L Æ 
 
  U?C�√ b�u� t�√ U�√Ë  ¡«d?�≈           W�uN?��U� Èd?�� ô �d��ÓQ?Ó� U�œ«b?�—« b?�bF�K� W?K�U� W?G� q?J� b?�bF�

 UN�H�Æ   W�(« Â«b���« lOD��� ô s�M�(argument)  ¨ w� UL� WI�U��«   s?J� � «–≈ t�_ p�–Ë
 U� ÏWK�K�  wj  WGK�« �   L W�ü« ÊS� ¨   M   WK�K��U� U�√b�� U�bM�  wj        n?�u�� ô b?� UND�d?� v?K�

  W??GK�« � q??�ö��« �≈ U??�ö�≈ q??B� ô w�U??��U�Ë ¨ U??�ö�≈L    WK??�K��« w??K� �??�«  wj  b??�bF��« �  
(enumeration)  Æ U�U???�(« ÊS???� «c???� Àb???� ô√ sL???C�Ë b???�Q�� w???�Ë  (computation)  

  W?HK�� WI�dD� Èd���Æ   ôË√ q?F$ Y?O�   W?�ü« 


M    ?�K��« b?=�u�KW  w1  ¨   W?�ü« q?F$Ë   M    ?=H�M�� c

W�d�  (move)   U?NOK� …b�«Ë Æ   W?�ü« q?F$ r?� 


M    ?�K��« b?=�u�KW  w2  ¨   W?�ü« q?F$Ë  M     c?HM�
WK�K��« vK� …b�«Ë W�d�  w2     ?�K��« v?K� W?O�U��« W�d(« UNOK� ¨KW  w1   ¨  p?�– b?F�Ë � ?=�u WK?�K��« b  

w3  M�Ë ¨ …u??D� c??H  (step)   ??�K��« v??K� …b??�«ËKW  w3     ??�K��« v??K� W??O�U��« …u??D)«Ë ¨K Ww2   ¨
vK� W��U��« …uD)«Ë �K��«KW  w1   ¨  «cJ�Ë Æ qJ� s�O��Ë≥ ≠ ±   «uD)« Ác� ¡«d�≈ VO�d� Æ s�Ë

   W?�ü« Ê√ `?C�� p?�–   M         W?OzUN� ô …Ëd?� � U?�ö�≈ q�b?� s?� Æ  WK?�K� Í√ Ê_ «d?E�Ë  w  L 

W�ü« U�b=�u�� 


M W�ü« UNK�I��Ë  M    WK?�K� Í√ p�cK� ¨  «uD)« s� œËb� œbF�  W?GK�« �  L  
W�ü« W�UNM�« � U�b=�u��  M   Æ   

 
 

                                                          
 

                                              
 

                          
!

     qJ�≥ ≠ ± 
 

w1 w2 w3 w4 … 
First move      �Ë_« W�d(« 

 
Second move    WO�U��« W�d(« 

 
Third move      W��U��« W�d(« 

                                  
 

 

 

  

 

 

  



 ∑¥ 

 
       ?� b?�u� W?G� Í√ Ê√ Èd?� Ê√ qN?��« s?�Ë      U�œ«b??�—« b?�bF�K� W?K�U� Êu?J� b?�bF� ¡«d?�≈ U Æ

 W?F�U��*« q�ö��«Ë …UDF*«  ö�b*« WK�K� 5� Ê—UI� W�U����  (successive strings)   �?�«
 b�bF��« ¡«d�≈ U�b�u� ÆX�U� «–S�  w  L   o?�«u� vK� W�UNM�« � qB�M��  (match)   s?J1Ë ¨

K�v�N�M�� Ê√ WOKLF  (terminated) Æ 
 
 Ë  w??H�dF� Ê√ k??�ö�≥ ≠ ±  Ë≥ ≠ ≤         U??GK�« s??� q??� W??FO�� v??K� W??��U� …d??E� ÊU??OIK� ô

ô«— W??�œ«b�    U�œ«b??�—« b??�bF�K� W??K�UI�«  U??GK�«ËÆ «c??N�Ê      U??GK�«  özU??F� ¡U??�√ ÊU??ODF� ÊU??H�dF��«
  ôP� WD��d*«        özU?F�« Ác?� � W?K�L*«  U?GK�« W?FO�� v?K� ¡u{ Í√ ÊUOIK� ô ULNMJ�Ë ¨ Z�—uO� Æ

          U?GK�«  özU?� 5?�Ë U?NMO� ◊U?��—ô« s?� Ë√  U?GK�« Ác?� 5�  U�öF�« s� «��� U�«�� ô ULN�√ UL�
   UI�U?� U�UM?�—œ ��«Æ          q?�� WK�?�√ —u?H�« v?K� t?�«u� U?M�S� p�c?�Ë ∫      b?�bF�K� W?K�U�  U?G� b?�u� q?�

     U??� ÎU??�u� n??�uK� W??K�U�  U??G� b??�u� q??�Ë ø W??�œ«b�—« X??�O� U??NMJ�Ë U�œ«b??�—«  (describable 
somehow) ø U�œ«b�—« b�bF�K� WK�U� X�O�      U?�U�ù« i?F� ¡UD�≈ vK� s�—œU� ÊuJM� UM�√ r�—Ë

         W�d?� W?K��√ ¡U?D�≈ v?K� s�—œU?� �?� ÊuJM?� U?M�√ ô≈ ¨ 5�«R?��« s�c� vK�  (explicit)   `?{u�
 ��_« ‰«R��« W�U�Ë ¨ 5�«R��« s�c�Æ 

 
 U�œ«b�—« b�bF�K� WK�UI�« ��  UGK�« 

Languages that are Not Recursively Enumerable 
 
  …b�b� ‚dD� U�œ«b�—« b�bF�K� WK�U� ��  UG� œu�Ë  U��≈ UMMJ1 Æ   ‚d?D�« Ác?� Èb�≈–

Ë WI�dD�« w� �« Ê–S� UNF��M� ��«≠   UO{U�d�« � WO�U�√ W�O�� Âb����Ë «b� …�B�Æ 
 

 W�dE�≥ ≠ ± ∫ 
       X??�U� «–≈  S  � ô W??�uL� W??OzUN  b??FK� W??K�U�(infinite countable set)  ÊS??� ¨

W�uL� W�uL:« Ác� Èu�  (its powerset) 2S bFK� WK�U� ��  (not countable) Æ 
 

 ÊU���«∫ 
  Ê√ ÷d?H�  S = {s1, s2, s3, …}   Æ d?BM� �ÍÓ√  t     W?�uL:« d?�UM� s?�  2S   UMMJLO?�

 WF�U��0 tKO�9 (sequence) —UH�_« s�   0's  œU�ü«Ë  1's ¨ b�u� YO�   b�«Ë1   l?{u*« �
i   ÊU� «–≈ jI�Ë «–≈  si  �uL:« �????W  t  ÆL�???�uL:« ö�????W  s2, s3, s6 }  { L��??J� q��??? «c∫  

01100100… W�uL:« ULMO� ¨ { s1, s3, s5 }   «cJ� q��L��∫  10101…  Æ  Ê√ `?{«u�« s�Ë



 ∑µ 

 W�uL:« � dBM� Í√ 2S   ¨ WF�U��*« Ác� q�0 tKO�9 sJ1 Ë   «d?BM� q?��9 ÁcN� WF�U��� Í√ Ê√
«bO�Ë  (a unique element)  d�UM� s�  2S Æ 

   i�UM��U� s��M�(by contradiction)  W�uL:« Ê√  2S   bFK� WK�U� �� ∫ 
 W�uL:« Ê√ ÷dH�  2S   bFK� WK�U� Æ   U�d?�UM� ÊS?� w�U��U�  V?�J�� Ê√ s?J1    ¨ U?� ÌV?O���

sJO�Ë  t1, t2,…  MMJ1Ë ¨?????{Ë U???� l??MF�« Ác??L� ¨ ‰Ëb� � d�U???� u� UA�« � 5�??? w�U��« qJ
 © qJ�≥ ≠ ≤  Æ ®�Ë W�dDI�« d�UMF�« c�Q� ‰Ëb'« «c� w�Ozd�« dDI�« � …œu�u*« d�UMF�« w�Ë  

(main diagonal) q�LJ�Ë ¨  (complement) ¨ dBM� q� Í√     b?�«u�U� ‰b��?��1    «dH?�0  ¨
 dHB�U�Ë0  Î«b�«Ë1  Æ qJ� � 5�*« ‰U�*« �Ë≥ ≠ ≤   w� W�dDI�« d�UMF�«1100 … ¨  w�U��U�Ë

  UN� ‰b����0011 …  Æ   W?�uL:« d�UM� s� U� «dBM� q��9 dDI�« �� W&UM�« …b�b'« WF�U��*«Ë
2S  sJO??�Ë ¨ti   ÌW??LOI�   U??�  i  Æ1 ô t??MJ�ËÊu??J� Ê√ s??J  t1  s??� n??K�� t??�_  t1  ‰ö??� s??�   s1  Æ 

    Êu?J� Ê√ s?J1 ô t�H� V��K�Ët2  Ë√  t3     b?�bF��« � d?�¬ d?BM� Í√ Ë√  (enumeration)  Æ Í√
W�uL:« Ê√ ÷dH�« Ê√ �F� U� ¨ i�UM� �≈ UMK�Ë UM�√  2S   `O�� �� bFK� WK�U�Æ 

 
 

 
 
 
 
 
 
   qJ�≥ ≠ ≤ !

 
 

 qJ�≥ ≠ ≤ 
 

* * * 
 
     Z??�(« s??� Ÿu??M�« «c??� Ê_ «d??E�  (arguments)    W??'UF� v??K� qL�??A� 5�«�??�«Ë  

(manipulation) �« d�UMF�«DI   W?I�dD�« Ác?� q�� vK� oÓKÚD�� p�cK� ¨ ‰Ëb� � W�d ¢  —U?D�ù« ¢ 
(diagonalization)  ÆF��Ë????� È�e????I�dD�« Ác????FK� W? w{U�d�« �U ¢ —u��U� ¢ (G. F. Cantor)  

œ«b�_« W�uL� Ê√ ÊUO�� UN�b���« Íc�«     b?FK� W?K�U� �?� WOIOI(« Æ    W?O�U��« ‰u?BH�« � �« Ê–S?�Ë
 U�UO� …b� � UN�UA� U�U�d� ÈdM�  (contexts) Æ 

t1 1 0 0 0 0 .  . . 
 
t2 1 1 0 0 0 .  . . 
 
t3 1 1 0 1 0 .  . . 
 
t4 1 1 0 0 1 .  . . 
 .         . .   



 ∑∂ 

 
      s?� «œb?� q?�√ Z�—u?O�  ô¬ b�u� U�uL� t�√ ÊUO� UMMJ1 WI�U��« W�O�MK� …d�U�� W�O�M�Ë

 t�√ YO� ¨ …œu�u*«  UGK�« U�œ«b�—« b�bF�K� WK�UI�« ��  UGK�« iF� UL�� b�u�Æ 
 

 W�dE�≥ – ≤ ∫ 
       W�b�√ W�uL� Í_  WO�U� ��  U�œ«b�—« b�bF�K� WK�U� ��  UG� b�u� Æ 

 
 ÊU���«∫ 

 WOze� W�uL� w� WG� Í√   s�*   s� WOze� W�uL� Í√Ë ¨*   WG� w� Æ ÊS� p�c�Ë
L�???O� W�u????GK�« l????? U j�C�U� w� *

2 Æ W�uL:« Ê_ Î«dE�Ë  *     W?�dE� p�c?K� ¨ WOzUN�ô
≥ – ± �uL� Ê√ U���???GK�« lO� W????�uL:« vK�  U???? W�b�_« W   K�U� X�O�???bFK� W  (not 

countable) Æ       U�b?�bF� s?J1 Z�—u?O�  ô¬ l?O� W�uL� sJ�Ë(enumerated)   w�U?��U�Ë ¨
W�uL� ÊS�    b?FK� WK�U� U�œ«b�—« b�bF�K� WK�UI�«  UGK�« lO� (countable) Æ     ÎU?L�� �?F� «c???�Ë

 € r�dJ�« ∆—UIK� UN�U��≈ „�� ��« WO�U��« WO{dH�« Â«b���U� ›  v?K�  U?GK�« iF� œu�Ë     W?K�UI�« �?�
 U�œ«b�—« b�bF�K�Æ 

 
 WO{d�≥ – ± ∫ 

         X�U� «–≈S1 �     b?FK� W?K�U� W?�uL(countable)   Ë ¨S2        b?FK� W?K�U� �?� W?�uL�
(not countable)   X�U�Ë ¨S2  S1      W?�uL:« ÊS?� ¨  S2        ô œb?� v?K� Íu?�% Ê√ V?�

W�uL:« �≈ wL�M� ô ��« d�UMF�« s� wzUN�  S1  Æ 
 

 WE�ö�∫ 
  WI�U��« W�dEM�« ÊU�d�© W�dE�≥ – ≤  ®�Ë �B� t�√ r�—  wzU?M� �� t�√ ô≈ jO� Ø   wzU?A�≈ �?�

(non constructive)  U�ö�≈ Æ b�bF�K� WK�UI�« ��  UGK�« iF� œu�Ë s� U��� t�√ r�— p�c�Ë
 �≈ ”U??��≈ Í√ U??MODF� ô t??MJ�Ë ¨ U�œ«b??�—«   U??GK�« Ác??� qJ??A� U??�ö Æ  W??O�U��« ZzU??�M�« W??�uL� �Ë

d��√ …—uB� wzUNM�« ÃU�M��ô« �≈ ‰u�u�« ‰ËU�   W�«d� Æ 
 

U�œ«b�—« b�bF�K� WK�UI�« �� WGK�« 
A Language that is Not Recursively Enumerable 
 

 «dE�   …d�U�� WO�“—«u� WGOB� WG� Í√ n�Ë sJ�√ «–≈ t�_(described in a direct 
algorithmic fashion)   ?J� W?GK�« Ác� ÊS� w�U��U�Ë ¨ Z�—uO�  ô¬ s� W�P� U�u�� sJ1 t�S� Êu



 ∑∑ 

Ë ¨ U�œ«b�—« b�bF�K� WK�U�           �?� Êu?J� Ê√ V?� U�œ«b?�—« b?�bF�K� W?K�U� �?� W?G� Í√ n?�Ë ÊS?� p�c�
   d�U��(indirect)  Æ p�– l�Ë    s?J2 t?�S�(possible)  Æ ÊU?���«Ë     q�b?F� v?K� qL�?A� Ø   �O?G�

(variation) WI�d� �    —UD�ù«(diagonalization) Æ 
 

 W�dE�≥ ≠ ≥ ∫ 
       b�u�   U�œ«b?�—« b?�bF�K� WK�U� WG�  (a recursively enumerable language) 

UN�K�LJ�  (complement)  U�œ«b�—« b�bF�K� WK�U� X�O�Æ 
 

 ÊU���«∫ 
  H� ????Ê√ ÷d  Σ = { a }   Æ�Q�Ë ?????     Y?O� Z�—u?O�  ô¬ l?O� W?�uL� —U?���ô« � c  Σ  

�uL:« w�???�b�_« W???  ö�bLK� WÆ O� W�uL�??? � Z�—u?O�  ô¬ l ????K�U� Ác ?????W FK� ????b  
(countable)  W�dEM� p�–Ë≤ ≠ ≥  Æo�ÚK�� Ê√ UMMJLO� w�U��U�Ë  (associate)  U?�O�d�  (an 

order) M1, M2, …      d?�UMF�« Ác?� Æ    Z�—u?O� W?�¬ q?J� Mi      b?�bF�K� W?K�U� W?G� b?�u�
U�œ«b�—«  L ( Mi )  UN� WD��d� Æ fJF�U�Ë∫ vK� U�œ«b�—« b�bF�K� WK�U� WG� qJ�  Σ   W�¬ b�u�

 WGK�« q�I� U� Z�—uO�Æ 
 
   …b�b� WG� —U���ô« � c�Q� Êü«ËL      U?L� ·�d?�F��  w?K�∫  q?J�  i  1     WK?�K��« Êu?J�    ai 

 WGK�« �L     ÊU?� «–≈ j?I�Ë «–≈  ai  L ( Mi )   Æ    W?GK�« Ê√ `?{«u�« s?�  L     U?H�dF� W?��d�F��
 b?O� «(well defined)   Ê_ «d?E�     …—U?�F�«ai  L ( Mi )       …—U?�F�« w�U?��U�Ë ¨ai  L    

 W�O�� U�≈ ÊuJ� Ê√ V� ØW�œU�  (true)  W��U� Ë√ ØW�–U�  (false) Æ 
 

  c�Q� Ê√ w� WO�U��« …uD)«  WGK�« WK�LJ� —U���ô« �L  ∫ 
 

L  = {ai : ai  L ( Mi )}  (1) 
 
    U??NMJ�Ë «b??O� U??H�dF� W??��d�F�� U??C�√ w??� �??�«Ë–  ÈdM??� U??L�–   U�œ«b??�—« b??�bF�K� W??K�U� X??�O� Æ

i�UM��U� p�– X��M�Ë (by contradiction) ∫ 
 

   WGK�« Ê√ ÷dH� L   U�œ«b�—« b�bF�K� WK�U� Æ    sJ�?�Ë U?� Z�—u?O� W?�¬ b�u� Ê√ V� p�c� 
Mk   Ê√ YO� 

L  = L ( Mk )    (2) 



 ∑∏ 

 
  WK�K��« —U���ô« � c�Q�ak  Æ  WGK�« � dBM� w� q�L   WGK�« � Â√L   ø 

 Ê√ ÷dH�L ak    Æ�öF�« Â«b���U�W  (2)  ¨ wC�I� «c� 
 

ak   L ( Mk ) 
 

  W�öF�« sJ�Ë(1) Êü« wC�I� 
 

ak  L  
 

   Ê√ UM{d� «–≈ Èd�√ WO�U� s�Ëak   L      Ê√ �?F� «c?N� ¨L ak   Æ Â«b��?�U�Ë   W?�öF�«
(2) wC�I� «c� ÊS� 

ak  L ( Mk ) 
 

 W�öF�« UM�b���« «–≈ czbM� UMMJ�Ë(1) vK� qB�  UM�S� 
 

ak  L  
 

Í√  Ê√ wK??�_« UM??�{�dÓ� Ê√ Z�M�??�� w�U??��U�Ë ¨ i�U??M� �≈ q??B� 5��U??(« s??� Í√ � t??�√  L 
 T�U� ÷d� U�œ«b�—« b�bF�K� WK�U�Æ 

 
  UN�uDM� V�� W�dEM�« ÊU�d� WKLJ��Ë Ø     Ê√ U?C�√ X?��� Ê√ U?MOK� —u�c?*« UN?�B��  L    W?K�U�

 U�œ«b�—« b�bF�K�Æ J1 p�–  U��ùË       Z�—u?O�  ôü Âu?KF*« b?�bF��« ¡«d?�≈ Â«b��?�« U?MM Æ «–≈
UMOD�Ô√  ai  W?LO� ôË√ b$ UM�S� ¨  i      “u?�d�« œb?� »U?�� o?�d� s?�   a's   Æ   Âb��?�� r?�  ¡«d?�≈

   œU??�ù p??�–Ë ¨ Z�—u??O�  ôü b?�bF��«Mi  Æ «�??�√Ëp�c??�Ë UNÓH??���Ë v??DF�  ai   Z�—u??O� W??�ü
 WK�U� (a universal Turing machine) Mu  …U�U�0 ÂuI�  (simulating)   q?L�

(action) W�ü«  M   vK�  ai  Æ  X�U� ÊS�ai   …œu�u�WGK�« �  L  WO�U�(«  UOKLF�« ÊS� ¨ 
(computation) W�ü« UN� ÂuI� ��«  Mu   W�UNM�« � n�u���Æ      u?� «c?� „�?A*« ��Q?��«Ë

WK�K� q� q�I� Z�—uO� W�¬  ai   L   Æ �¡UM�Ë    n?�dF� v?K�Ë «c?� vK�≥ – ±    W?GK�« Ê√ Z�M�?��
L   U�œ«b�—« b�bF�K� WK�U�Æ 

 
* * * 



 ∑π 

 
    Õu?{u� ÷d?F� W�dEM�« Ác� ÊU�d� ©    n?�dF��« ‰ö?� s?�≥ – ± ®      «b?O� U?H�dF� W?��d�F�� ÎW?G�

 U�œ«b�—« b�bF�K� WK�U� X�O�Ë Æ vMF� fO�ËGK� qN� wN�b� ��H� b�u� t�√ «c� WL    ÊuJO?�Ë
Ê√ VFB�« s�    W?GK�« Ác?� s� WDO�� WKOK� œ«b�√ s� d��√ ÷dF� Æ   ÊS?� p?�– l?�Ë  L   W?��d�F��
 U�O�� UH�dF� ØULOK�  (properly defined) Æ 

 
W�œ«b�—« X�O� UNMJ�Ë U�œ«b�—« b�bF�K� WK�U� WG� 

A Language that is Recursively Enumerable but Not Recursive 
  
 � Êü«Ë        X??�O� U??NMJ�Ë U�œ«b??�—« b??�bF�K� W??K�UI�«  U??GK�« i??F� b??�u� t??�√ w??K� U??LO� s�O??�

 W�œ«b�—« Æ WI�dD� p�– cOHM�� ÃU�� Èd�√ …d�ËWO�UH��«  Æ WO��U� W�O�� d�dI�� √b��ËÆ 
 

 W�dE�≥ ≠ ¥ ∫ 
       U??� ÏW??G� X??�U� «–≈  L   W??GK�« U??N�K�LJ�Ë L  5�K�U??� « b??�bF�K�   5�??GK�« ÊS??� ¨ U�œ«b??�—

 ÊU��œ«b�—« Æ WGK�« X�U� «–≈Ë L  WGK�« UN�KLJ� ÊS� ¨ W�œ«b�—«  L  W�œ«b�—«  ÊU?�GK�U� w�U��U�Ë ¨ UC�√
 U�œ«b�—« b�bF�K� ÊU�K�U�Æ 

 
 ÊU���«∫ 

 �U� «–≈???ÊU�GK�« X  L  Ë  L U�K�  b?�bF�K� 5�K�U?� UL�  ̈  U�œ«b?�—«     Z�—u?O� U?��¬ b?�u� t?�S�  

M  Ë 


M  b??�bF� wz«d�S??� Êö??LF� (enumeration procedures)  5�??GK�  L    ËL  v??K�
  V?O���«Æ   �Ë_« W?�ü«  M     q?�ö��« wDF�?�  (produce) w1, w2, …   W?GK�« �  L  Æ   W?�ü«Ë

WO�U��«  


M q�ö��« wDF��  ŵ1, ŵ2, …  W?GK�« �  L Æ      WK?�K� Í√ U?MOD�Ô√ b?� U?M�√ Êü« ÷d?H�  
w  Σ+  Æ  W?�ü« ôË√ q?F$  M     WK?�K��« b?�u�  w1 ¨   ?�K��U� U?N�—UI�ËK  Ww  Æ    WK?�K��« U?�uJ� � ÊS?�

 W??�ü« q??F$ U??M�S� ¨ UN??�H� 


M  ??�K��« b??]�u�KW   ŵ1   ¨  Èd??�√ …d??� Ê—U??I�Ë Æ —«dL�??�ö� U??M���« «–≈Ë

O�U��« …uD)U�???$ Ê√ w� W???�ü« qF???W  M   =�u�???WK�K��« b  w2   W?�ü« b=�u� r� ¨


M  ?�K��«K W ŵ2  ¨

«cJ�Ë Æ WK�K� Í√Ë  w  Σ+  W�ü« U�≈ U�b=�u��  M  W�ü« Ë√ 


M o�«u� vK� qB�M�� w�U��U�Ë ¨  
(a match)  W�UNM�« �Æ     W?I�«u�*« WK?�K��« X?�U� ÊS?�  (matching string)    W?�ü« U?N����√ b?�  

M   ??�K��« ÊS??� ¨ WKw      W??GK�« �≈ w??L�M�L     W??GK�« �≈ w??L�M� U??N�S� ô≈Ë ¨L   Æ W??OKLF�« Ác??�Ë  



 ∏∞ 

(process)     W�u?C� W?O�“—«u� w?� Ø  ¡U?L��« (a membership algorithm)   s?� q?J�  L    Ë
L  W�œ«b�—« WG� ULNM� qJ� w�U��U�Ë ¨ Æ 

 
  w�JF�« ÁU&ö� W��M�U�Ë ∫Ê√ ÷dH�  L   W�œ«b�—« WG� Æ    W?O�“—«u� U?� b?�u� t�√ �F� «c�

 W�uC� Æ     W?GK� W�u?C� W?O�“—«u� `�?B� Ác?� sJ�Ë L    UN�U�M�?�« q?OLJ��  (complementing 

its conclusion)   W�U���Æ ÊS� p�c�Ë L  W�œ«b�—« Æ    W?K�U� W?G� w?� W�œ«b�—« WG� Í√ Ê_ Î«dE�Ë
 ÊU���« qL�J� p�c� ¨ U�œ«b�—« b�bF�K�Æ 

 
* * * 

 
  UGK�« WKzU� Ê√ …d�U�� Z�M��� o�� U2   W?�œ«b�—ô«  UGK�« WKzU�Ë U�œ«b�—« b�bF�K� WK�UI�«

  5�I�U??D�� U�??�O� ÆW??GK�U�  L   W??�dE� � …—u�c??*« ≥ ≠ ≥      �??� U??NMJ�Ë �Ë_« W??KzUF�« � …œu??�u�
 WO�U��« WKzUF�« � …œu�u�Æ 

 
 W�dE�≥ ≠ µ ∫ 

            W??�œ«b�—« X?�O�Ë U�œ«b?�—« b??�bF�K� W?K�U� W?G� b?�u� Æ  U?GK�« W?KzU� Ê√ Í√ô«  — W??�œ«b�
W�O�� WOze� W�uL�  (a proper subset) « b�bF�K� WK�UI�«  UGK�« WKzU� s�U�œ«b�— Æ 

 
 ÊU���«∫ 
              WGK�« U�—U���« � c�Q�  L   W�dE� � UNO�≈ —UA*«≥ ≠ ≥  Æ  ̈  U�œ«b?�—« b?�bF�K� WK�U� WGK�« Ác� 

K�LJ� sJ�Ë p�c� X�O� UN� Æ   W?�dEM�� p�c?�Ë≥ ≠ ¥     W?GK�« Ác?�L       w?N� p�c?�Ë ¨ W?�œ«b�—« X?�O�
 tM� Y��� Íc�« ‰U�*« UMODF�Æ 

 
* * * 

 
 �√ Èd� o�� U2t     «b?O� U?H�dF� W��d�F��  UG� öF� b�u�(well-defined languages)  

 U� TAM� Ê√ lOD��� ô W�uC� WO�“—«u� Ø¡UL��«  (a membership algorithm) Æ 
 
 
 
 



 ∏± 

 UO�U� ∫� b�«uI�« …b�OI*« �   Unrestricted Grammars        
 
       …b?�UIK� ÂU?F�« n?�dF�K� œu?F� b?�«uI�«Ë U�œ«b�—« b�bF�K� WK�UI�«  UGK�« 5� W�öF�« W�«—b�

ÃU��ù« b�«uI� `L�� Íc�« (production rules) ¨ UNOK� œuO� Í√ ÷d� ÊËœ WGO� Í√ c�Q� Ê√ 
�OI� �� b�«u� vK� qB� c�MO�Ë …bÆ 

 
 

 n�dF�≥ ≠ ≥ ∫ 
          …b�UI�«  G = (V, T, S, P)    UNOK� oÓKÚD�� …b?�OI� �� …b�U�  (unrestricted 

grammar)  UN�GO� b�«uI�« lO� X�U� «–≈ 
u  v 

YO�  u  (V  T)+;      v  (V  T)* 

 

 
         U?�U��ù« v?K� ◊Ëd?� Í√ U?�U�√ ÷�d?ÚH�� ô …b?�OI� �� …b�U� Í√ � Æ *« s?L�  Ê√ s?JL

   «�G�?*« s?� œb� Í√ „UM� ÊuJ�  (variables)   U?O�dD�«Ë  (terminals)    d?��_« ·d?D�« � 
       V?O�d� ÍQ?� d??NE� Ê√ s?J1 p�c?�Ë ¨ s?1_« ·d?D�« Ë√ Æ     WK??�K��« Ê√ u?�Ë j?I� b?�«Ë b??O� „U?M�Ë

W�ËU)«   E� `L��� ôÃU��≈ Í√ � d��_« ·dD�« � U�—uN  (production) Æ 
 
 ÈdM� UL�Ë      q?�� …b?�OI*« b?�«uI�« s?� ��J� Èu�√ �b�F�� …b�OI*« �� b�«uI�« ÊS� �« Ê–S�

    ‚UO???��« …d???� b???�«uI�«Ë W???LE�M*« b???�«uI�« Æ      q???�UI� …b???�OI*« �???� b???�«uI�« ÊS???� W???IOI(« �Ë
(correspond to)   ·�d�F��U????� q????�Q� Ê√ U????MMJ1 w�U????��U�Ë ¨  U????GK�« s????� W????KzU� �????�√U????NOK�  

(recognize) WOJO�UJO� qzU�u�  (mechanical means) Æ    b?=�u� …b?�OI*« �� b�«uI�« Ê√ Í√
  U�œ«b??�—« b??�bF�K� W??K�UI�«  U??GK�« W??KzU� j�??C�U� Æze??� � p??�– s�O�M??�Ë 5 ∫ w�U??��«Ë ¨ d??�U�� ‰Ë_«

 ¡UM� WOKL� vK� qL�A� Ø¡UA�≈  (construction)  WK�u�Æ  
 

 W�dE�≥ ≠ ∂ ∫ 
       =�u� WG� Í√ U�œ«b�—« b�bF�K� WK�U� WG� w� …b�OI� �� …b�U� U�bÆ 
 

 ÊU���«∫ 
       W????LEM� W????I�dD� W????GK�« � q????�ö��« l????O� b????�bF�� �¡«d????�≈ U????OKF� ·�d????�F� …b????�UI�«

(systematically) Æ   q�ö��« lOL� WLzU� œb� Ê√ UMMJ1 ö�L�w    WGK�« �L  Ê√ YO� 



 ∏≤ 

  
S  w 

 
WK�K��« Ê√ Í√  w   �A�� …b�«Ë …uD� o ÆÊ_ «dE�Ë    …œËb?� …b?�UI�«  U�U��≈ W�uL�(finite) 

     q?�ö��« Ác?� s?� œËb?� œb� „UM� ÊuJO�� ¨ Æ       q?�ö��« l?O� W?LzU� œb?� p?�– b?F�Ëw   �
WGK�«  L  5�uD� o�A�� Ê√ sJ1 ��« 

S  x  w 
 

 «cJ�Ë Æ …U?�U� UMMJ1Ë  (simulation)     U�UI�?�ô« Ác?� (derivations)    ̈  Z�—u?O� W?�¬ v?K� 
 WGK� b�bF� ¡«d�≈ UM�b� ÊuJ� w�U��U�Ë Æ U�œ«b�—« b�bF�K� WK�U� WGK�U� tOK� �¡UM�Ë Æ 

 
* * * 

 
 W??K�UI*« s??� ¡e??'« «c??�  (correspondence)   U�œ«b??�—« b??�bF�K� W??K�UI�«  U??GK�« 5??�

T�UH� �� …b�OI*« �� b�«uI�«Ë Æ   � ÌW?OKLF� q?�ö� b=�u� …b�UI�U�   Î«b?O� ÌW?��dF� ÌW?O�“—«u  (a well-
defined algorithmic process)  Z�—uO� W�¬ vK� U�cOHM� sJ1  U�UI��ôU� w�U��U�Ë ¨Æ 

        vÓ�U?% Ê√ Z�—u?O� W?�¬ Í_ s?J1 n?O� n?B�� w?�JF�« ÁU&ô« ÊUO��Ë  (mimicked) 
 …b�OI� �� …b�UI�Æ 

      Z�—u?O� W?�¬ U?MOD�Ô√ b� UM�√ ÷dH�M = (Q,  Σ, , , q0, □, F)      U?M� »u?KD*«Ë ¨
 …b�U� Z�M� Ê√ G Ê√ YO�  L (G) = L (M) Æ      s?J�Ë ¨ UO�?�� WDO?�� ¡U?A�ù« WOKL� ¡«—Ë …dJH�«Ë

  U�öD�ô« YO� s� ö�u�Ë ö2 `�B� U�cOHM�Æ 
  WOE�K�« ·U�Ë_« WF�U��0 UNH�Ë sJ1 Z�—uO� W�¬ �  U�U�(« Ê_ «dE�Ë 
 

q0w ├* xqfy,    (3) 
 

WK�UI*« …b�UI�« Ê√ YO� UN�O�d� ‰ËU�M��  (corresponding grammar)   WO?�U)« U?� ÊuJ� 
(property)   W�öF�« Ê√ 

q0w 
*
  xqfy   (4) 

 
  W�öF�« XII% «–≈ jI�Ë «–≈ oI���(3)  Æ     Ác?OHM� VF?B�« s?� fO?� «c�Ë Æ     Ê√ VF?� u?� U?� s?J�Ë

 œU�≈ WOHO� u� Á«d� W�öF�« 5� j�«—(4)  t� �F�Ë UOKF� Áb�d� U�Ë 
 

S 
*
  w 



 ∏≥ 

 
 p�–Ë  q�ö��« lOL'w   W�öF�« oI% ��«(3)    Æ     U?NO� o?I��� …b?�U� T?AM� p�– �≈ ‰u�uK�Ë

 WO�U��« hzUB)«∫ 
±® S  o�A� Ê√ sJ1  q0 w q�ö��« lOL'  w  Σ+ Æ 
≤®  W�öF�«(4) I% sJ2 «–≈ UNI W�öF�« XII% «–≈ jI�Ë(3) Æ 

≥®   WK?�K� b?O�u� - «–≈   xqf y   Y?O�   qf  F    ÊS?�   ‰�u?% …b?�UI�«  (transforms) 
�K��« Ác�K  WOK�_« WK�K��« �≈ Ww Æ 

  U�UI��ö� WK�UJ�« WF�U��*« ÊuJ� czbM�Ë (complete sequence of derivations)  w�∫ 
 

S 
*
  q0w 

*
  xqfy 

*
  w    (5)  
 

           –≈ ¨  U�uF?B�« Ë√ V?�U�*« i?F� U?M� ��?� b?� �?�« …u?D)« w?� Áö?�√ ‚UI��ô« � W��U��« …uD)«
�UIK� sJ1 nO�??�c�� Ê√ …b ?????  d(remember) w    UN?K�bF� - «–≈(modified) M�√ ?????¡U   c?OHM�
   W?O�U��« …u?D)«ø        q?�ö� �H?A�� WKJ?A*« Ác?� q?�(encoding strings)  Y?O� Ê√   WGO?B�«

 …d]HA*«(coded version)   ö�√ Íu�%(originally)  vK�   WK?�K��« s� 5����w  ∫ �Ë_«
  UNEH� r��(saved)  ¨W�öF�« � UNO�≈ —UA*«  «uD)« � Âb����� WO�U��« ULMO� (4) Æ   r�?� U�bM�Ë
OJA� ‰U�œ≈  WOzUN� WK(a final configuration)    WK?�K��« ¡UM��?�U� T� q� u�9 …b�UI�« ÊS� ¨

w   UNEH� - ��«Æ 
 
   ÃU?��S� Âu??I� w?�Ë  (producing) �??��   WK??�K��« s?� 5�w   �U?F�Ë ¨  (handle)  e??�—

W??�U(«  (state symbol) W??�ü« �   M   € ·c??��� Ê√ V??� Íc??�«Ë  (removed)  W??�UNM�« �
(eventually)  …b??�UI�U�  (grammar)  ›¨  s��G�??� ·�d??�F�� U??M�S�  Vab    Ë   Vaib  l??OL' p??�–Ë

 d?�UMF�«   a  Σ  {□} , b     rO?I�« l?O�Ë ¨  i   Ê√ Y?O�   Q   qi Æ �G�?*«   Vab  
d=H�A�� (encodes)  s�e�d�«  a, b  ULMO� ¨«�G�*   Vaib  s�e�d�« d=H�A��  a, b   UC�√ËW�U(«   qi Æ 

 
 D)«??� �Ë_« …u??�öF�« w????W (5)  J1???NIOI% s??? U €…d]HA*« WGOB�« �  (encoded 

form) ›  wK� U0∫ 
S   V□□S | SV□□ |T   (6) 

  T   TVaa | Va0a   (7) 
 

 lOL' d�UMF�«  a  Σ  Æ��  U�U��ù« Ác�    Í_ …dH?A� WGO?� b?O�u�� …b?�UIK� `L  WK?�K�  q0 w 
WOHK)«Ë WO�U�_«  U�«dH�« s� Í—UO��« œb� ÍQ�  (leading and trailing blanks) Æ 



 ٨٤ 

 WO�U��« …uD�K� W��M�U�Ë ∫ ‰UI��« qJK� 
 

 (qi, c) = (qj, d, R) 
 

W�x�  M  …b�UI�«  U�U��≈ � lC� 
 

                         Vaic
  Vpq  Vad Vpjq   (8) 

 a, p  Σ  {�}, q  . 
‰UI��« qJ�Ë 

 (qi, c) = (qj, d, L) 
 

W�ü« �  M    …b�UI�« qF$G  ��ù« vK� qL�A�ÃU 
 

             Vpq
  Vaic  Vpjq Vad   (9) 

 a, p  Σ  {�}, q  . 
 

 W�ü« XK�œ «–≈ WO�U��« …uD)« �Ë  M   czbMF� ¨ WOzUN� W�U�    …b?�UI�« hK��?� Ê√ V?�
      WK?�K��« «b?� U?� T?� q?� s?�  w         «�G�?*« s?� �Ë_«  «d?�R*« � U?NEH� r�?� �?�«  (first 

indices of the) V's Æ � p�c�ËK qJ F qj     U�U��≈ lC� 
 

Vajb
    a   (10) 

 a  Σ  {�}, b  . 
 

   Ó� e?�— ‰Ë√ T?AM�� Ác?�Ë�d ?�  w(terminal) ¨ WK??�K��« �      �O?G� � c?zbM� V��?��� Íc?�«Ë Ø …œU??�≈
  W�U��(rewriting) « WD�«u� WK�K��« WOI� �ù  U�U�� 

 
cVab

    ca,   (11) 
Vabc    ac,   (12) 

 
 a, c  Σ  {�}, b  . 

 
 u�Ë ’U� ÃU��≈ �≈ o�� U� vK� …œU�“ ÃU��Ë 

 
�      (13)  

 



 ٨٥ 

W�ü« „d% W�U� —U���ô« � c�Q� ��_« ÃU��ù« «c�Ë  M        t?K�% Íc?�« j�d?A�« ¡e?� ‚U?D� Ã—U�
 ö�b*«  w  Æ  5�?�öF�« ôË√ Âb��?�� Ê√ V� W�U(« Ác� � U�«d� —u�_« c�Q� w�Ë  (6)  Ë 

(7)   b=�uM� 
� … �q0w� … � 

 
��9 ��«Ë     UN?K� W�b��?�*« j�d?A�« W?IDM� q Æ   W?�dH�*«  U?�«dH�« U?�√Ë  (extraneous blanks) 

ÃU��ùU� W�UNM�« � ·c����  (13) Æ 
  Ác� …b]IF*« ¡UA�ù« WI�d� `{u� w�U��« ‰U�*«Ë Æ  d?EM�« sF1 Ê√ r�dJ�« ∆—UIK� sJ1Ë

…uD� q� � ≈ ÃU�� «–U*Ë WHK��*«  U�U��ù« WHO�Ë È�� ‰U�*« «c� �� UNOÆ  
 

 ‰U��≥ ≠ ± ∫ 
              Ê√ ÷dH�M = (Q, Σ, , , q0, �, F)       YO� Z�—uO� W�¬  
 

        Q   =  {q0, q1}, 
               =   {a, b, �}, 

      Σ    =  {a, b}, 
    F    =  {q1}, 

      �Ëp�c 
 (q0, a) = (q0, a, R), 
 (q0, �) = (q1, �, L). 

 
   WGK�« q�I� W�ü« Ác�L (aa*)   Æ 

  WO�U�(«  UOKLF�« —U���ô« � c�Q� Êü« 
 

q0aa ├ aq0a ├ aaq0 �├ aq1a �  (14) 
 

�I� ��«??? WK?�K��« q  aa   ÆI��ôË ???‚U     …b?�UI�« WD?�«u� WK?�K��« Ác?�   G (grammar)   Âb��?��
Ë√�«uI�« ô???b  (rules)  N�GO� �?�« ?????U  (6)   Ë(7)     Oz«b��ô« WK?�K��« v?K� q?B�M� ?????��UM*« W ??????W  

(appropriate starting string)  
 

S  SV��  TV��  TVaa V��  Va0a Vaa V�� 
 

 WGO??B�«…�??�_« W??�—U(«  (the last sentential form) W??�«b��« W??DI� w??�  (starting 
point)   w�U??� Íc??�« ‚UI�??�ô« ¡e??'  (mimics)   Z�—u??O� W??�¬  U�U??��Æ    v??K� Íu??�% w??�Ë



 ٨٦ 

    WOK?�_«  ö�b?*«(original input) aa�  W?F�U��� �    �Ë_«  «d?�R*«(first indices) 
�u�«Ë????E�K�« n?????��ô« w????wz«b  (initial instantaneous description) q0aa� �????? w

«  «d�R*«WOI��*  (remaining indices)  Æ o�D� p�– bF�ËÃU��ù«  
 

Va0a Vaa  Vaa Va0a 

 
 ÃU��ù«Ë 

Va0a V��  Vaa V�0� 
 

   ÃU��ù« s� W�U� W�U� �b�F�� 5�U��ù« s�c� s� q�Ë(8)  ÃU��ù«Ë ¨ 
 

Vaa V�0�  Va1a V�� 
 
   s� w�Q� Íc�«(9)   Æ‚UI��ô« � WO�U��«  «uD)« p�– wK� 
 

Va0a Vaa V��  Vaa Va0a V��  Vaa  Vaa V�0�  Vaa Va1a V�� 
 

  �Ë_«  «d�R*« WF�U���Ë(first indices) vI�� w� UN�H� Î…d�c�� ¨   W?Oz«b��ô«  ö�b*« ULz«œ
(initial input)  Æ wN� Èd�_«  «d�R*« WF�U��� U�√Ë 

 
0aa�, a0a�, aa0�, a1a� 

 
« WF�U��* W��UJ� w� ��«Ë  W?OE�K�« ·U?�Ë_  (instantaneous descriptions)    U?OKLF�« �

WO�U�(«   �(14)  Æ 
  s�  U�U��ù« Âb���� «��√Ë (10) �≈ (13) …��_«  «uD)« � 
 

Vaa Va1a V��  VaaaV��  Vaaa�  aa�  aa  
 

 ¡U??A�ù« W??OKL�Ë  (construction) s??�  U??�U��ù« � W�u??�u*« (6)  �≈ (13)  w??�
 WO�U��« W�O�M�« ÊU�d� ”U�√Æ 

 
 W�dE�≥ – ∑ ∫ 

  WG� Í_  L  …b�OI� �� …b�U� b�u� U�œ«b�—« b�bF�K� WK�U�   GÊ√ YO�  L = L( G) Æ 



 ٨٧ 

 ÊU���«∫ 
  Ê√ UM� sLC� W�dEM�« q�� UNH�Ë - ��« ¡UA�ù« WOKL� 
 

X ├  y 
   w�U��«Ë 

e (x)  e (y) 
 

Y???O�  (x) e   �H???A� �≈ e???�d� (encoding) WK???�K�    ÕöD???�ô« v???K� �¡U???M�(convention) 
vÓDF*«  Æ¡«dI��ôU�Ë  (induction)   Ê√  U��≈ UMMJ1  «uD)« œb� vK� 

 

e (q0w) 
*
  e (y) 

     «–≈ jI�Ë «–≈ ÊU� 
q0w ├*  y 

 
    W?MJ2 W?Oz«b��« WKOJA� Í√ bO�u� UMMJ1 t�√ X��� Ê√ UC�√ V�Ë(every possible starting 

configuration) WK???�K��« Ê√Ë  w     W�O�???� W???I�dD� U�ƒU???A�≈ œU???F� ØWLOK???�  (properly 
reconstructed) W�ü« XK�œ «–≈ jI�Ë «–≈  M   WKOJA� W?OzUN�  (a final configuration)  Æ

 r�dJ�« ∆—UIK� V�—b�� UN��M�Ë W�uFB�« WG�U� X�O�  U��ù« qO�UH�ËÆ 
 

* * * 
 
  ÊU�I�U???��« ÊU???��dEM�« © W???�dE�≥ – ∂  W???�dE�Ë≥ – ∑  ®ÊU???M�O����  W???D��d*«  U???GK�« W???KzU� Ê√

*« �� b�«uI�U��OI U�œ«b�—« b�bF�K� WK�UI�«  UGK�« WKzU� l� o�UD�� …bÆ 
 

 U��U� ∫ ‚UO�K� W�U???��(« b�«uI�«Ë  UGK�« 
Context -  Sensitive Grammars and Languages 

  
 5�   ‚UO��« …d� …b�OI*« b�«uI�«(restricted context-free)   �?� W�UF�« b�«uI�«Ë ¨

    …b?�OI*«(general unrestricted grammars)      «b?� …��?� W?�uM�� b?�«u� „U?M�  ÎU?�u�Ë   U?�
 UNH�dF� UMMJ1 …b�OI� Æ       W?�U� ZzU?�� �≈ ÍœR?�  ôU?(« l?O� X?�O�Ë Æ     �≈ ÍœR?� �?�« p?K� s?�Ë

� ZzU�� WD��d�  UG� b=�u� ��« ‚UO�K� W�U�(« b�«uI�« W�U  U?N� �F�Ë Z�—uO�  ô¬ s� …b�OI� WI�D�



 ٨٨ 

OD)« …b�OI*«  ôü«???W  (linear bounded automata) �UM��d�� ��«???BH�« � U??��« q ????? o�U
 © n�dF�≤ – ∂ Æ ®   
 
 

 n�dF�≥ – ¥ ∫ 
      I�???…b�UI� ‰U  G = (V, T, S, P)  N�≈??? U ¢    ‚UO?�K� W�U??��� …b?�U�¢  (context -

sensitive grammar)  UN�GO�  U�U��ù« lO� X�U� «–≈ 
 

x  y 
   YO� 

x, y  (V  T)+, 
                               xy    (15) 

 
 
  t�√ u�Ë b�«uI�« s� ŸuM�« «c� t�Ë√ b�√ Õu??{u� ÷dF� n�dF��« «c� ¢  hKI�?� �?� Ø ¢ 

 ¢  gLJM????� �????�  ¢(noncontracting)      W????��UF�*« W????O�«—U�F�« mO????B�« ‰«u????�√ Ê√ v????MF0 ¨
(successive sentential forms)  h�UM�� Ê√ sJ1 ôÆ  «c� s� U�u{Ë q�√Ë ∫   o?KD� «–U?*

 UN�√ b�«uI�« Ác� q�� vK� ¢   ‚UO?�K� W?�U�� ¢    U?��≈ s?J1 s?J�Ë ¨ ø ®¿©      U?NFO� b?�«uI�« Ác?� Ê√
sJ1   WO�UO� WGOB� UN��U�� …œU�≈(a normal form)  UN�GO�  U�U��ù« lO� UNO� ÊuJ� 

 
x A y  xv y 

ÃU��ù« ÊQ� ‰uI�« T�UJ� «c�Ë 
A   v  

 
       U?NO� d?NE� �?�« W?�U(« � jI� o��D� Ê√ sJ1A        WK?�K��« t?O� Êu?J� ‚UO?� � x   ¨ —U?�O�« v?K�

  WK�K��«Ëy   5LO�« vK� Æ��� ULMO�Ë U�öD�ô« Âb�  (terminology)   �?�H��« «c� s� W��UM�«
GOB�« Ê√ ô≈ ¨ ’U)«??N�H� W??OL�√  «– X�O� U???   v?K� W?�OK� bL�FM�Ë ¨ UM� UM� W��M�U� …��� W  n?�dF�

≥ – ¥ Æ 
___________________________________________________________________ 

 
 ®¿©  ö�� dE�« ∫A. Salomaa, 1973, Forma1 Languages, New York, Academic Press  

 
 



 ٨٩ 

 WOD)« …b�OI*«  ôü«Ë ‚UO�K� W�U????��(«  UGK�« 
Context – Sensitive Languages and Linear Bounded Automata 

 
 t�H� r�ô« qL%  UG� WKzUF� ‚UO�K� W�U�(« b�«uI�« j��d� Æ 
 
 

 n�dF�≥ – µ ∫ 
      � ‰UI�  WGÔKL   UN�≈ ¢ ‚UO�K� W�U?��� WG�  ¢(a context-sensitive language) 

«–≈ ��Ë ?????    ‚UO?�K� W�U??��� …b?�U�  b(a context -sensitive grammar) G    ¨� ???? YO
Ê√   L = L (G)        Ë√          L = L (G)  {}  Æ 

 
 
     W??�ËU)« WK?�K��« r�b??I� b?OF� n??�dF��« «c?� � Æ ?�dF�� n≥ – ¥ w??C�I�  (implies)  Ê√

 ÃU?��ù«  x      ̈  t?� ÕuL?�� �?�           W?G� b?O�u� «b?�√ U?NMJ1 ô ‚UO?�K� W�U??��� …b?�U� ÍQ?� w�U?��U�Ë
�K��« vK� Íu�%K W�ËU)« WÆ     W?�ËU)« WK?�K��« ÊËb?� ‚UO��« …d� WG� Í√ Ê√ ô≈    U?MMJ1  U�b?O�u�

    ‚UO??�K� W�U???��� …b??�U� s??� W??�U� W??�U� �??� sJ�??�Ë ¨   Ë√ ŒU??��«d' WO??�UOI�« WGO??B�« � …b??�UI� ö
  wJ��uA�(Chomsky or Greibach normal form) ULNM� q�Ë ¨ � oI%??�dF� ◊Ëd ??? n

≥ ≠ ¥  Æ�K��« UMKF� «–S�K W�ËU)« W  UNKLA�(included)  ‚UO�K� W�U?��(« WGK�« n�dF� €  fO?� sJ�Ë
  …b??�UI�«(grammar)   › œ« c??�MO� U??MMJLO� ¨??�¡U  (claiming)     ‚UO??��« …d??�  U??GK�« W??KzU� Ê√

 ‚UO�K� W�U?��(«  UGK�« WKzU� s� WOze� W�uL�Æ 
 

 ‰U��≥ ≠ ≤ ∫ 
      WGK�« Ê√ X��«L = {an bn cn : n  1}     ‚UO�K� W�U?��� WG�Æ 

 q(«∫ 
             WGK�« Ác� b�u� ‚UO�K� W�U?��� …b�U� ¡UD�S� p�– X��M� ÆuI�« Ác� Èb�≈w� b�« 

              S   abc|aAbc, 
 Ab   bA,  

    Ac    Bbcc, 
bB    Bb, 

      aB    aa|aaA. 
         

  WK�K�K� �‚UI��« ÊUO�� …b�UI�« Ác� qL� `O{u� UMMJ1Ë    a3 b3 c3  ∫ 
 



 ٩٠ 

S  aAbc  abAc  abBbcc 
                aBbbcc  aaAbbcc  aabAbcc 

 aabbAcc  aabbBbccc 
     aabBbbccc  aaBbbbccc 

            aaabbbccc. 
 

      s��G�?*« Âb��?�� q(« Ê√ k�ö�A, B      5�u?�d�(messengers) ¨    r�?� Y?O�
   e�— ¡UA�≈ ôË√A       „d��� r� ¨ —U�O�« vK�A    �≈ 5LO�« �≈ ‰Ë√  c      5�d?� „U?M� T?AM� YO�

 s�d�¬b   Ë   c  Æ �d� r��‰u�d�« � e�d�« q   B        q?�UI*« ·d?(« T?AMO� —U?�O�« �≈ n?K)« �≈  a   Æ
 b� ��« WI�dD�U� «b� WNO�� WOKLF�«Ë   WGK�« ‰u�I� Z�—uO� W�¬ W��� l����L  Æ 

 
* * * 

 
  o�U��« ‰U�*« � …UDF*« WGK�« Ê_ Î«dE� © ‰U��≥ ≠ ≤  ®  Èd?� p�cK� ¨ ‚UO��« …d� X�O�

  ?GK�« W?KzU� Ê√       W�O�?� W?Oze� W?�uL� ‚UO?��« …d?�  U(a proper subset)      U?GK�« W?KzU� s?�
W�U?��(«  ‚UO�K� Æ ‰U��Ë≥ ≠ ≤           v?�� ‚UO?�K� W�U??��� …b?�U� œU?�≈ qN?��« s?� fO?� t?�√ UC�√ s�O��

 UO��� WDO���« WK��ú� Æ            r?� ¨ Z�—u?O� W?�¬ Z�U?��� √b?�� ÊQ?� W?G�U� W�uN?�� q?(« v?K� q?B� U� U��U�Ë
� t� W��UJ� …b�U� b�uÆ �U� ULK� t�√ WK��_« iF� `{u��ËX       Z�—u?O� W?�¬ ÊS?� ‚UO?�K� W�U??��� WGK�«

    U?N� R?�M��« s?J1 WF?�  U�KD�� U� ÊuJ�� WK�UI*«  (predictable space requirements)  Æ 
           W?OD� …b?�OI� W?�¬ U?N�√ v?K� W?�ü« Ác?� �≈ d?EM�« s?J1 W?�U� …—u?B�Ë  (a linear bounded 

automaton) Æ 
 

 W�dE�≥ ≠ ∏ ∫ 
       WG� Í_  L   W?�ËU)« WK�K��« vK� qL�A� ô ‚UO�K� W�U?���     W?�¬ b?�u�   M    …b?�OI�

 W�OD� (linear bounded automaton) Ê√ YO�  = L ( M ) L  Æ 
 ÊU���«∫ 

  WGK�« X�U� «–≈L   …b�U� b�u� t�√ p�– vMFL� ¨ ‚UO�K� W�U?���  G ���WGK� ‚UO�K� W�U?   
L -     Æ U�UI��ô« Ê√ �« Ê–S� s�O���M�Ë  (derivations)  W�P� UN�U�U� sJ1 …b�UI�« Ác� �

 W??OD� …b??�OI� Æ   Ê«—U??�� U??� ÊuJO??� W??�ü« Ác??�(two tracks)  ∫Íu??�� UL�b??�√  WK??�K� v??K�
  ö�b*«  (input string) w«—U�F�« mOB�« vK� Íu��  d�ü«Ë ¨   W?O�(sentential forms) 

  WI�?A*«    …b?�UI�« Â«b��?�U�G  Æ    U?�U�H� �b?�F�� W?�U� W?DI�Ë  (key point)    ÊU?���« «c?� ØW??�(«  
(argument)     s?� �?�√ U?�u� Êu?J� Ê√ sJ1 ô WMJ2 WO�«—U�� WGO� Í√ Ê√ w�  | w |  Æ   W?DI�Ë

      Êu???J� W???OD� …b???�OI� W???�¬ Í√ Ê√ w???� W???E�ö*U� …d�b???� Èd???�√≠ ???� n�dF��U≠    …œ�b???� �???�



 ٩١ 

(nondeterministic) Æ          ÃU??��ù« Ê√ w��b?�� Ê√ U?MMJ1 t?�_ «d?E� ÊU?���« � Í—Ëd?{ d?�√ «c?�Ë
   t???MOL� U???Lz«œ U???MMJ1 `O�???B�« ¨     l???���� U???M�eK� ô t???�√Ë(pursuing)   W???��M� �???� qz«b???� Í√  

(unproductive alternatives) Æ       U�U?�(« ÊS?� p�c?�Ë(computation)    U�UMH?�Ë �?�«
 W�dE� �≥ ≠ ∂       ö?�√ tKG?A� Íc?�« «c?� «b?� e�O� Í√ Â«b���« ÊËb� U�ƒ«d�≈ UMMJ1  WK?�K��«w    ¨

 WOD� …b�OI� W�P� U�cOHM� UMMJ1 t�√ Í√Æ 
 

 W�dE�≥ ≠ π ∫ 
        U� ÌWG� ‰u�� - «–≈L   WOD� …b�OI� W�P�   M        ‚UO?�K� W�U??��� …b?�U� b?�u� t?�S� ¨G 

=�u� WGK�« bL   Æ 
 

 ÊU���«∫ 
       W?�dE� � …—u�c?*« p?K�� WNO�?� U?M� ¡UA�ù« WI�d�≥ ≠ ∑  Æ    - �?�«  U?�U��ù« l?O�Ë

 W�dE� � U�bO�u�≥ ≠ ∑  WBKI�� �� Ø  WALJM� ��(noncontracting) ÃU��ù« «b� U� 
 

�   
 

    t??�c� s??J1 ÃU??��ù« «c??� s??J�Ë Æ    —u??O� W??�¬ „d??��� U�b??M� j??I� Í—Ëd??{ u??�Ë œËb??� Ã—U??� Z� 
(bounds) ¨ WOK�_«  ö�b*«  UM� ‰U(« w� X�O� Ác�Ë Æ    W?I�dD� U?NOK� q?B� ��« …b�UI�«Ë

 WBKI�� �� w� Í—ËdC�« �� ÃU��ù« «c� ÊËb� ¡UA�ù« Ø ÊU���« qL�J� p�c�Ë ¨ WALJM� ��Æ 
 

 ‚UO�K� W�U�(«  UGK�«Ë W�œ«b�—ô«  UGK�« 5� W�öF�« 
Relation between Recursive and Context - Sensitive Languages 

 
  W�dE�≥ ≠ π      W?K�U� w?N� w�U?��U�Ë ¨ U?� Z�—uO� W�¬ UNK�I�� ‚UO�K� W�U?��� WG� Í√ Ê√ U���

 U�œ«b�—« b�bF�K� Æ WO�U��« W�dEM�«Ë © W�dE�≥ ≠ ±∞  ® W�O�M�« Ác� s� W�uN�� UNO�≈ qB�Æ 
 

 W�dE�≥ ≠ ±∞ ∫ 
          WG� Í√L   w� ‚UO�K� W�U?���  WG�   W�œ«b�—«(recursive) Æ 
 

 ÊU���«∫ 
  WGK�« —U���ô« � c�Q�L    …b�U� l� ‚UO�K� W�U?��(«G       W?GK�U� W?D��d� ‚UO?�K� W�U?���

L      WK�K�K� ‚UI��« �≈ dEM�Ë ¨w   



 ٩٢ 

 
S  x1  x2    xn  w 

 
   ÷d?H� Ê√ U?MMJ1≠     W?O�uLFK� Ê«b?I� Í√ ÊËœ(any loss of generality) ≠    mO?B�« l?O� Ê√

  WO�«—U�F�«(sentential forms) ‚UI��« �    œd?H�(a single derivation)   Ê√ Í√ ¨ W?HK��
xi  xj   i  j Æ      W?�«œ u?� ‚UI�?�« Í√ �  «u?D)« œb?� Ê√ w� ÊU���« � WO�U�_« WDIM�«Ë

� …œËb�  | w |    (a bounded function of) ÆF� Ê√ rK 
 

| xj |  | xj + 1 | 
 

 …b�UI�« Ê_G    WBKI�� �� © WALJM� ��®  ÆTA�«Ë  �œb� b�u� t�√ u� t��U{ù ÃU�� Íc�« bO�u�«
 U�m   ≠  …b�UI�« vK� jI� bL�F�G    WK�K��«Ëw   ≠ Ê√ YO� 

 
| xj | < | xj+ m | 

 
OL'??????O� l?r   j   YO� ¨  m = m (| w |)   œËb?� W�«œ� …  (a bounded function of) 

| V   T | & | w |  Æ    W?�œËb� Ê√ �≈ l?�d� «c?�Ë| V   T |   (finiteness of)   w?C�I�
(implies)     œËb?� œb?� b?�u� t?�√  (a finite number)      «Ë– q?�ö��« s?� j?I�  ‰u?� Í√

 vÓDF�(strings of a given length)  Æ     WK?�K�� ‚UI�?�« Í√ ‰u?� ÊS?� p�c?�Ë   w  L    u?�
 d��_« vK� | w | m (| w |) Æ 

 
 �????E�ö*« Ác????MODF� W??� U??O�“—«u� «—u??�uC� W?? W ØL��«??K̂� ¡U WG  (a membership 

algorithm for) L   ∫���??d   (check) O�???�UI��ô« l????�e� ô ��«  U??� UNM� Í√ ‰u� b??s 
w | m (| w |) | Æ � Ê_ «dE�Ë   …b?�UI�«  U?�U��≈ W?�uL  G    …œËb?�  (finite) ¨    b?�u� p�c?K�

  U�UI��ô« Ác� s� jI� œËb� œb� Æ WK�K��« UNM�  �ÍÓ√ vÓD��Ó√ «–S�w    ÊS?� ¨  w  L    ÊS?� ô≈Ë ¨
w   WGK�« Ác� wL�M� ô  L  Æ 

 
 W�dE�≥ ≠ ±± ∫ 

           ‚UO�K� W�U?��� X�O� W�œ«b�—« WG� b�u�Æ 
 

U���« Ê∫ 
   vK� ‚UO�K� W�U?��(« b�«uI�« lO� W�uL� —U���ô« � c�Q�T = { a, b }  Æ UMMJ1

 UN�GO�  «�G�� W�uL� vK� …b�U� q� tO� Íu�% ÕöD�« Â«b���« 



 ٩٣ 

 
V = { V0, V1, V2, … } 

 
        U�b?�b% r�?� ‚UO?�K� W�U??��� …b?�U� q?�Ë(specified)    U?N�U�U��S� U?�U9Æ  ??EM� Ê√ U?MMJ1Ë �≈ d

 W�u�J� UN�√ vK�  U�U��ù« Ác�  …œdH� WK�K��(a single string) ∫ 
 

x1  y1 ; x2  y2; …; xm  ym   
 

  q�UA��« WK�K��« Ác� vK� o�D� Êü«Ë(homomorphism)  w�U��« 
 

h (a) = 010, 
h (b) = 0120, 

h ( ) = 0130, 
h ( ; ) = 0140, 

h (Vi) = 01i+50. 
 

 …b�U� ÍQ� «cJ�Ë…bO�Ë WI�dD� q��L�� Ê√ sJ1 ‚UO�K� W�U?���  (uniquely) WK�K��  (string) 
s�  L((011*0)*)   Æ  f?JFK� q?�U� qO�L��« «c� Ê√ p�– �≈ ·UC�Ë  (invertible) ¨   v?MF0

      ?��� …b?�«Ë …b?�U� d?��_« v?K� b?�u� t�S� ¨ q�ö��« Ác� s� WK�K� Í√ UMOD�Ô√ «–≈ t�√  ‚UO?�K� W�U?
 WK�K��« Ác� WK�UI�Æ 

 
   v?K� ÎU�O�?� U�O�d� ÂbI� Êü« UM�œ  (a proper ordering on) {0, 1}+   w�U?��U�Ë ¨

    V?O���U� q?�ö� W?�U�� U?MMJ1  w1, w2, … Æ      …U?DF� WK?�K� �ÍÓ√wj   b?�     W?�U�� …b?�U� ·�d?�F�� ô
…b�UI�« Ác� vK� oK�ÓQ� ¨ X��d�� U� «–S� ¨ ‚UO�K�  Gj   ÆÎWG� ·�d�F�� p�– bF�Ë  L    wK� U0∫ 

 
L = {wi : wi defines a context-sensitive grammar Gi and wi  L (Gi)} 

 
   WGK�« Ê√ Í√L    w?L�M� ôË ¨ ‚UO�K� ÎW�U?��� Î…b�U� UNM� �Í√ ·�d�F�� ��« q�ö��« W�uL� s� ÊuJ��

 ??�UI�« Ác??� U�b??�u� �??�« W??GK�« �≈ WK??�K��« …b Æ  W??GK�« Ê√ k??�ö�L    � w??�Ë «b??O� U??H�dF� W??��d�F��
 W�œ«b�—« WIOI(« Æ W�uC� WO�“—«u� ¡UA�S� ÂuI� p�– Èd� w�Ë Ø  ¡U?L��« ∫    WK?�K� U?MOD�Ô√ «–≈ wi    ¨

  Î…b�U� ·�d�F�� X�U� Ê≈ ÈdM� U���� UM�S�Gi  W�U?���  ‚UO�K� Æ  ÊS?� ·�d?�F�� ô X�U� ÊS�   wi  L   Æ
 Ê≈Ë�????��« X�U???�K????�U� ÎöF� ·�d�F�� WK?????WGK�« ÊS� ¨ …b  L (Gi)  ¨ W�œ«b�—« ÊuJ� Â«b���« UMMJ1Ë 

 



 ٩٤ 

 ¡UL��ô« WO�“—«u� Ø W�dE� ÊU�d� � …—u�c*« W�uCF�«≥ – ±∞    X?�U� «–≈ U?� ÈdM�L (Gi)  wi    
 WK�K��« X�U� «–≈ U� ÈdM� Í√ ¨wi     WGK�« �≈ wL�M�L (Gi)  Æ    W?GK�« Ác?� �≈ wL�M� sJ� � ÊS�

 ÊS� ¨wi   WGK�« �≈ wL�M�  L  Æ 
    W?GK�« sJ�ËL      ‚UO?�K� W�U??��� X?�O� Æ        b�u�?�� ‚UO?�K� W�U??��� X?�U� u?� U?N�_ p?�–Ë

   U?� ÏWK?�K�wj    Ê√ Y?O�  L =  L (Gj)  Æ        WK?�K��« X?�U� «–≈ U?� ‰Q?�� Ê√ c?zbM� U?MMJ1Ëwj   
  W?GK�« � …œu?�u�  L (Gj)  Æ  Ê√ UM?{d� «–S?�  L (Gj)  wj        Ê√ Èd?� n?�dF��« v?K� «�¡U?M�� ¨wj   

 WGK�« � X�O�L   Æ    s?J�ËL =  L (Gj)       i�U?M� �≈ q?B� w�U?��U�Ë ¨(a contradiction) Æ 
   Ê√ UM?{d� «–≈ fJF�U?�ËL (Gj)  wj      n?�dF��« v?K� «�¡U?M�� ¨   Ê√ Èd?�L   wj    �≈ q?B�Ë ¨

 d�¬ i�UM� ÆM��� «cJ�Ë WGK�« Ê√ UL�� Z�L    ‚UO�K� W�U?��� X�O�Æ  
 

* * * 
 
   W?�dE� � …—u�c*« W�O�M�«≥ ≠ ±±        q?�√ ö?F� w?� W?OD)« …b?�OI*«  ôü« Ê√ �≈ �?A�

 …—b� Ø   W?�œ«b�—ô«  U?GK�« s?� W�O�� WOze� W�uL� jI� q�I� UN�_ «dE� ¨ Z�—uO�  ô¬ s� …u� Æ 
  �≈ �h?ÔK���� UN�H� W�O�M�« s�Ë         l�b?�«  ô¬ s?� …—b?� d?��√Ë Èu?�√ w?� W?OD)« …b?�OI*«  ôü« Ê√

  qH??�_(pushdown automata)  Æ…d??�  U??GK�«Ë  ‚UO??��«≠ �b??=��u�� t??�_ Î«d????E� …d??� b??�«u� U�
 ‚UO��«≠   ‚UO?�K� W�U??��(«  UGK�« s� WOze� W�uL� �b�F�� Æ        W?�uL� w?� …b?�b� W?K��√ s�O?�� U?LJ�

 W�O�??� W??Oze� Æ??��Ë  w??�U�_« R�U??J��« V�(essential equivalence)  ôü« 5??�  …b??�OI*«
         W?O�U� s?� ‚UO?��« …d?�  U?GK�«Ë qH?�_ l��b?�«  ô¬Ë ¨ W?O�U� s� ‚UO�K� W�U?��(«  UGK�«Ë WOD)«
     t?�√ U?C�√ Èd?� s?J�Ë ¨ U� WOD� …b�OI� W�¬ UC�√ UNK�I�� qH�_ l�œ W�¬ UNK�I� WG� Í√ Ê√ Èd� ¨ Èd�√

b�u�  qH�_ l�œ  ô¬ Í√ U� fO�Ë WOD)« …b�OI*«  ôü« iF� UNK�I�  UG�Æ 
 

 UF�«— ∫wJ��uA�� w�d�« Ã—b��«  The Chomsky Hierarchy         
   
 {dF�???????M��«—œ � UM ???????GK� U ???????OKJA�«  U ???? � œb??F� W ?????   NMO� s??� ¨  U??GK�«  özU??� s ?????? U

GK�«??????�bF�K� WK�UI�«  U?????�—« b? U�œ«b" LRE " (recursively enumerable languages)  ¨
GK�«Ë???????????(«  U??????�U?�� ??????????�K� W???????  ‚UO??? (context - sensitive languages) " LCS " ¨ 
GK�«Ë????�  U ??????O��« …d ??????‚U "LCF"  (context - free languages) GK�«Ë ¨ ??????LE�M*«  U ????W  

(regular languages) " LREG "   Æ� W�öF�« ÷d� ‚d� Èb�≈Ë????F�« Ác� 5????  o?ÓKD�  özU
NOK�???? U ¢ wJ?��uA�� w�d�« Ã—b��«    ¢(Chomsky hierarchy)  Æ   l?{Ë b?�Ë ¢  wJ?��uA�  ¢

(Noam Chomsky) ≠  ??�√ u??�Ë?b  GK�« W??�dE� w??��R�???????OKJA�«  U?????? W– LO�I�????? U Ø UHOM??B�
zb��O ????  U(initial classification)  Ác?�         U?GK̂� Ÿ«u?�√ W?F�—√ s?� Êu?J��  özU?F�« ∫    Ÿu?M�« s?�



 ٩٥ 

type 0   M�« �≈????  Ÿutype 3   Æ�Ë????�öD�ô« Ác??? WOK?�_«  U  (original terminology) 
XK� W��Ë«b�� ¨ ö�u� «b�√       W?�œbF�« Ÿ«u?�_« s?J�Ë ¨ U?� …—d?J��  «—U?�≈ b$ UM�“ ôË  (numeric 

types)      U�UM?�—œ �?�«  U?GK�«  özU?F� WHK�� Èd�√ ¡U�√ UOKF� w�Æ     Ÿu?�  U?GK�U�0    p?K� w?�
  …b�OI� �� b�«u� U�b�u� ��«  UGK�«(unrestricted grammars)  UGK�« Í√ ¨   b?�bF�K� WK�UI�«

 U�œ«b�—« Æ  ŸuM�«Ë1   ŸuM�«Ë ¨ ‚UO�K� W�U�(«  UGK�« s� ÊuJ��2  uJ��  ¨ ‚UO?��« …d�  UGK�« s� Ê
  Ÿu??M�«Ë3   W??LE�M*«  U??GK�« s??� Êu??J�� Æ  Ÿu??M�« s??�  U??G� W??KzU� Í√ ÊS??� UI�U??� U??M�√— U??L�Ëi   w??�

e� W�uL�zW�O�� WO   ŸuM�« s� WKzUF�« s�i - 1   Æ w�U��« jD�*«Ë ©  qJ?�≥ ≠ ≥  ®   Ác?� ÷d?F�
J��uA�� wK�_« w�d�« Ã—b��« s�O�� u�Ë ¨ Õu{u� W�öF�« wÆ 

 
 
 
 
 
 
 
 
 
 

 jD�*« «c� � UN�«—œ≈ sJ1 Èd�√ …b�b�  UG�  özUF� UC�√ UI�U� UM{dF� b�Ë Æ WKzU� ‰U�œS�Ë
     ‚UO?��« …d?� …œb?;«  UGK�«(deterministic context-free languages) " LDCF " ¨ 

   W??�œ«b�—ô«  U??GK�« W??KzU�Ë" LREC "     l??��u*« w??�d�« Ã—b??��« v??K� q??B�(extended 
hierarchy)    qJ� jD� � 5�*«≥ ≠ ¥ Æ 

 

 
 
 
 
 
 
 
 
 

!"#$ 
 

!"#%
!&'%

!&(  

! ٣ - ٣شكل 
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! ٤ - ٣شكل 



 ٩٦ 

    qJ?� � UNF?{u� W�«—œË Èd�√  UG�  özU� n�dF� sJ1Ë≥ ≠ ¥    ô U?N�U�ö� Ê√ r?�— ¨
  WK�«b�*« WOM��« ULz«œ …—ËdC�U� l���(nested structure)  W�{«u�« WDO���«   d?NE� �?�« �UF*«

 wKJ� �≥ ≠ ≥  Ë≥ ≠ ¥  U�U9 W�uNH�  U�öF�« Ác� ÊuJ� ô  ôU(« iF� wH� ¨Æ 
 

 ‰U��≥ ≠ ≥ ∫ 
      ‚UO��« …d� WGK�« UI�U� UM��d�� 
 

L = {w : na (w) = nb (w)} 
 

b� UN�√ UM���√Ë…œ  (deterministic)  X?�O� UNMJ�Ë ¨   W?OD� (linear) Æ     ÊS?� Èd?�√ W?O�U� s?�Ë
 WGK�« 

L = {an bn}  {an b2n} 
 

   b??� X??�O� U??NMJ�Ë ¨ W??OD� …œ ¨       U??GK�« 5??� W??�öF�« Ê√ �≈ �??A� «c??�Ë   ¨ W??OD)«Ë ¨ W??LE�M*«
;«Ëb qJ� UN�{u� UL� w� ‚UO��« …d� …œb;« ��Ë ¨ ‚UO��« …d� …œ≥ ≠ µ Æ 

 
 
 
 
 
 
 
 
 
 

* * * 
 
   ôü«Ë  UGK�« s�  özU� …b� 5�  U�öF�« ·UA��ô t��«—œ o�� U* UBO�K� W��UB*«

 ‰uI� U� U�—b� „UM� Ê≈ Ø     WH�M?B*«  ôü«Ë  U?GK̂� U?O�d� ö�K��(classified)     U?N�u� v?K� �¡U?M� Ø
   UN�—b?�(power)  ôP??�   W??GK� ‰u??��(language accepters) Æ  Èu??�√ Z�—u??O�  ôP??� Ø d??��√

 WOD)« …b�OI*«  ôü« s� …—b� ÆH�_ l�b�«  ô¬ s� Èu�√ U�—Ëb� Ác�Ë q Æ   Ã—b?��« qH?�√ bM�Ë
  …œËb;« ‰u�I�«  ô¬ b$ w�d�«(finite accepters) UN� U�Ú√�b�� ��«Ë  UM��«—œÆ 

%%!"#$%
 

!&(%

!)&(%!!*+%

! ٥ - ٣شكل 



 π∑ 

 r�—  UM�d9  ©≥ ® 
 

 ôË√ ∫  U�œ«b�—« b�bF�K� WK�UI�«  UGK�«Ë W�œ«b�—ô«  UGK�« 
 

≥ – ±  ® W�uL� Ê√ X��√ lO�  bFK� WK�U� X�O� U�œ«b�—« b�bF�K� WK�UI�« ��  UGK�«Æ 
 

≥ ≠ ≤ ®   W??IKG� U�œ«b??�—« b??�bF�K� W??K�UI�«  U??GK�« W??KzU� Ê√ X??��√(closed) œU??%ô« ��Q??� X??%  
(union) Æ 

 
≥ ≠ ≥ ®  W�œ«b�—« WG� ÊuJ� Ê√ V� ‚UO��« …d� WG� Í√ WK�LJ� Ê√ X��«Æ 
 

≥ ≠ ¥ ® X�U� «–≈  L  Ê√ …—ËdC�U� `O�� qN� ¨ W�œ«b�—« WG�    WGK�«L+   ø UC�√ W�œ«b�—« 
 

≥ ≠ µ ®  W�dE� ÊU�d� `KB� ô «–U*≥ ≠ ±   W�uL:« ÊuJ� U�bM�S    …œËb�(finite) ø 
 

 UO�U�∫ …b�OI*« �� b�«uI�« 
 

≥ ≠ ∂ ® ø WO�U��« …b�OI*« �� …b�UI�« U�b�u� ��« WGK�« w� U� 
 

        S  S1B, 
        S1  aS1b, 

        bB  bbbB, 
aS1b  aa, 

  B   
 
 

≥ ≠ ∑ ®    W??�«b��« W??DI� Ê√ Y??O� b??�«uI�« v??K� q�b??F� ¡«d�S??� ÂuIM??� U??M�√ ÷d?H�(starting 
point)  _‚UI��« Í  (derivation) W�uL� ÊuJ� Ê√ sJ1   q?�ö��« s� …œËb�

(a finite set of strings)     œd?H� �G�?� s?� Îôb?�  (a single variable) Æ   r?�
     UOKJ?� Âu?NH*« «c?� W�UOB�(formalize this concept)   W?�öF�« ”—œ« r?� ¨   5?�

 qBH�« «c� � U�UM�b���« ��« …b�OI*« �� b�«uI�«Ë b�«uI�« Ác� q��Æ 
 



 π∏ 

≥ ≠ ∏ ® b�OI� �� …b�U� b�u� …b�OI� �� …b�U� Í_ t�√ X��« UN�GO� UN�U�U��≈ lO� W��UJ� … 
 

u  v 
   YO� 

u, v  (V  T)+  &    | u |  | v | 
  Ë√ 

   
  YO� 

            V  
 

�U� U�∫ ‚UO�K� W�U?��(« b�«uI�«Ë  UGK�« 
 

≥ ≠ π ®  WO�U��« WGK� ‚UO�K� W�U?��� …b�U� b�Ë√ 
 

L = {an bm cn dm : n  1, m  1} 
 

≥ ≠ ±∞ ®          f?JF�« ��Q?� X?% W?IKG� ‚UO?�K� W�U??��(«  U?GK�« WKzU� Ê√ X��«(closed under 
reversal) Æ 

 
≥ ≠ ±± ® ?��� …b�U� b�u� t�√ X��«WGK� ‚UO�K� W�U 
 

L = { wuwR : w, u  {a, b}+, | w |  | u | }  

  
 ¡UA�≈ ÊËœ p�–Ë  (constructing) ÎW�«d� …b�UI�« Ác�  (explicitly) Æ 

 



 ππ 

 qBH�«d�« l�« 
 

WO�“—«u)« WO�U�(«  UOKLF�« œËb� 
Limits of Algorithmic Computation  

 
  tKLF� ÂuI� Ê√ Z�—uO�  ôü sJ1 UL� UI�U� UMLKJ� Æ  ôü« Ác� e�F� U� �≈ dEM� Êü«Ë

   t?z«œ√ s?� Æ            …—b?� s?� b?% W?KOK� œu?O� b?�u� t??�Q� œU?I��ô« �≈ UMF�b?� Z�—u?O� W�U?�— Ê√ r?�—Ë W??�¬
ô≈ ¨ Z�—uO� UM�√          qzU?�� q?(  U?O�“—«u� Í√ b?�u� Ê√ s?J1 ô t?�√ …b?�b�  U�?�UM� � UML�“ b�

 WMOF� Æ r�e�« «cN� tOMF� U� `{u� Êü«Ë Æ W�U���« vN�M0  dN� ZzU�M�« iF��∫ ÏWG� X�U� «–≈   �?� U?�
W??�œ«b�—«  (nonrecursive) «�¡U??M��  ??L��« W??O�“—«u� Í√ b??�u� ô n??�dF��« v??K� ¡U ØW�u??C�  (a 

membership algorithm)  Ác?�   W?GK�« Æ         «c??N� o?KF�� U?LO� p?�UM� U?� q?� u?� «c?� ÊU?� «–≈Ë
 «c� ÊuJ� sK� Ÿu{u*«        WDO?�� W?OKLF�« U?N�LO� W?�œ«b�—ô« �?�  U?GK�U� ¨ d�c?�� WOL�√ d�_« Æ  s?J�Ë

 «c� s� oL�√ W�Q�*« Æ     UI�U?� U?�d�– b?� ö�?L�–     Êx?� X?���� � s?J�Ë–  t?�√    W?O�“—«u� Í√ b?�u� ô
     W?LN�� �?� ‚UO?��« …d?� …b?�U� X�U� «–≈ U� b�b���  (unambiguous)   ô Â√Æ    Ê√ `?{«u�« s?�Ë

 W���«  UG� W�«—œ � WOKL� WOL�√ t� ‰«R��« «c�Æ 
 
  ÂuNH� n�dF�� ôË√ ÂuIM�Ë ¢WOK�UI�«  r��K�Ø   d?�dI�K� Ø b?�b��K�   ¢(decidability)   Ë

 ¢U��K� WOK�UI�«»   ¢(computability)      �O?� Ê√ ‰u?I� 5?� t?OMF� U� ÊUO��    Ác?OHM� s?J1 ô U?� U
 Z�—u?O� W�P�Æ       …b?� �≈ «c?� b?F� d?EM� r?�           n?�u� W�Q?�� U?NMO� s?�Ë ¨ Ÿu?M�« «c?� s?� W?�bOKI� qzU?��

(halting problem)   «b??O� W??�uKF*«Ë Z�—u??O�  ô¬ Æ  qzU??�*« s??� œb??� W�Q??�*« Ác??� l??���Ë
–Ë UN� WD��d*« U�œ«b�—« b�bF�K� WK�UI�«  UGK�«Ë Z�—uO�  ôü W�öF�«  «Ë Æ    i?F� g�U?M� p?�– bF�Ë

 ‚UO��« …d�  UGK�U� WIKF�*« WK��_« Æ n�ú� U� b�u� ô ��«Ë W�U�« qzU�*« s� «œb� b�M� UM�Ë
  UO�“—«u� Í√Æ  

 
 ôË√ ∫Z�—uO�  ôP� UNK� sJ1 ô ��« qzU�*« iF� 

Some Problems that cannot be solved by Turing Machines 
 
         …œËb?� W?OJO�UJO*« WO�U?�(«  U?OKLF�« …—b?� ÊQ?� ¡U?�œô« T�UH*« s� fO� Æ  UON�b?��

    W?OIDM� …d?E�Ë W?�U� W�«—œ VKD�� U�U9 …œb� ��Ë UN�Ëb� l�u�� ¡UO�√ s� WK��√ „UM� Ê√ rKF�
v�� Ë√ ÁƒUM� Êü« UMMJ1 »u�U� Í√ WF�Ë …—b� ‚u�  tzUM� l�u� Æ »u�U(« ¡ULK� rN� U�Ë  s?� d��√



 ±∞∞ 

           w�“—«u?� q?� œu?�u� W�?{«Ë W?O�UJ�≈ l?� W�U?���Ë Õu?{u� U?N�d� sJ1 WK��√ „UM� Ê√ u� «c�
(an algorithmic solution)     s?J1 ô t?�√ Âu?KF*« s?� sJ�Ë ¨      »u?�U� Í√ Â«b��?�U� UN?K�

(unsolvable by any computer) Æ 
 

«Ë W��u�K� WOK�UI�« WOK�UI� r��K� 
Computability and Decidability 

 
  n�dF� � U�d�–± ≠ ¥   W?�«œ Ê≈ ‰U?I� t�√   f      5?F� ‰U?� �(a certain domain) 

WK�U�   W��u�K�(computable) ��Ë «–≈     W?�«b�« W?LO� V?�% Z�—u?O� W?�¬  b   f     UNzUD?�Ë l?OL' 
(arguments)  U??�U� �Æ   � �??� W??�«b�« Ê≈ ‰U??I�Ë   W�??�u�K� W??K�U(uncomputable)  � «–≈

q�� b�u�  Z�—uO�  ô¬ s� W�ü« Ác� Æ  W?�«b�« »U?�� lOD��� Z�—uO� W�¬ b�u� b�Ë   f      ¡e?� v?K�
U???�U� s???�  (part of its domain)  W???�«b�« v???K� o???KD� U???MMJ�Ë ¨ ∫  ¢ W�???�u�K� W???K�U�¢  

(computable) jI� W�«b�« V�% Z�—uO� W�¬ „UM� X�U� «–≈    t?K� U?�U� vK� Æ    «c?� s?� Èd?�Ë
   n�M??B� U�b??M� t??�√(classify)  ??K�U� U??N�√ v??K� W??�«œ Í√   Êu??J� Ê√ V??�O� W�??�u�K� W??K�U� �??� Ë√ W

 W�«b�« ‰U� b�b% � U�U9 5�{«ËÆ 
 
    �« Ê–S?� ÊuJO?� UM� U???M�UL��«Ë �        W�?�u� Í√ W?�O�� Y?O� ¨ U?� ÎU?�u� WD?��*« ŸU?{Ë_U

 w� ¢ rF�   ¢(yes)  √ Ë ¢ ô   ¢(no)     WDO?�� Æ ?� �Ë     ≈ W?MOF� W�Q?�� s?� ‰u?I� W?�U(« Ác  U?N� W?K�U� 
 r??��K� Ød??�dI�K�  (decidable)   Ë√  r??��K� W??K�U� �??� Ød??�dI�K�   (undecidable)   ÆW�Q??�*«Ë 

(problem) F�?????N� �????�uL� U????�F�« s� W????D��d*«  «—U????NCF�� W??????F��« U ??????i  (a set of 
related statements) ¨    W??��U� Ë√ W�O�??� U??�≈ Êu??J� Ê√ V??� U??NM� Í√ Y??O�(true or 

false) Æ  WO�U��« …—U�F�« —U���ô« � c�Q� UM�œ ö�L� ¢ ∫     ‚UO?��« …d?� …b?�U� Í_G    W?GK�« ¨L (G) 
F�� ??????LN�� b ??????? W  ¢(For a context - free grammar G, the language L (G) is 

ambiguous) Æ   b�«uI�« iF�� W��M�U�G         b?F�� d?�ü« iF�?K� W�?�M�U�Ë ¨ W�O�?� b?F�� …—U?�F�« Ác�
  NM� …b???�«Ë UM�b???� Êu???J� Ê√ V???� t???�√ `???{«u�« s???� s???J�Ë ¨ W???��U�???L Èd???�_« Ë√ U ÆW�Q???�*«Ë  

(problem)   …b?�U� Í_ W�O�?� …—U�F�« X�U� «–≈ U� —dI� Ê√ w�  G    …U?DF�Æ     „U?M� Èd?�√ …d?�Ë
‰U??�   UML??{ Âu??NH�(underlying domain)  u??�Ë ¨   ‚UO??��« …d??� b??�«uI�« l??O� W??�uL� Æ

 r??��K� W??K�U� U??� ÎW�Q??�� Ê≈ ‰u??I�Ë Ø  d??�dI�K�(decidable)  b??��Ë «–≈  W??�U�ù« w??DF� Z�—u??O� W??�¬
 W�Q�*« ‰U� � …—U�� qJ� W�O�B�«Æ 

 



 ±∞± 

     W?OK�UI�« Âb?� Ë√ W?OK�UI�« ZzU�� d�c� U�bM� r?��K�  Ê√ V?� ¨       ‰U?:« u?� U?� U?Lz«œ r?KF�
M� rKJ�� Íc�«????� p�– Ê_ ¨ t???�U�M��ô« vK� d�R� b??  UÆ        «b?�«Ë ÎôU?�� ÊS?� «b?�b% d?��√ …—u?B�Ë

(a single instance) W�Q�*     ö�U?� U?Lz«œ b?F�� r?��K�   W?�U�ù« Ê_ «�d?E� ¨  (answer)    U?�≈ w?�
W�O��  T  W��U� Ë√  (true of false) F  Æ (« �Ë ULz«œ VO& ��« Z�—uO� W�¬ ÊS� �Ë_« W�U

  W�U�ùU�(true) T   W�O�B�« W�U�ù« UMODF��(correct answer)  Æ  ÊS?� WO�U��« W�U(« � ULMO�
  W�U�ùU� ULz«œ VO& ��« Z�—uO� W�¬(false) F      W�?�UM*« w?� Êu?J�(appropriate)  Æ  Ác?�Ë

  WH�d� Ëb�� b� W�U�ù«(a facetious answer)     W?�U� W?DI� v?K� b�R� UNMJ�Ë ¨ Æ   ô U?M�√ W?IOI��
    W�O�?B�« W?�U�ù« w?� U?� rKF�  (correct answer)          t?�√ u?� ö?F� r?N� U?�Ë ¨ W?OL�√ Í√ U?� fO?�

W�O�B�« W�U���ô« UOKF� UMODF� U� Z�—uO� W�¬ b�u�  (correct response) Æ 
 

                   Z�—uO� W�¬ n�̂�u�� W�Q��The Turing Machine Halting Problem 
 
  t�H� X�u�« � UMODF� ��«Ë WO�—U��« WOL�_«  «Ë– qzU�*« iF�� �« Ê–S� √b��  W?DI�

   W?I�ô ZzU?�� �≈ q�u�K� W�«b� Æ       w?� ‚UO?��« «c?� � W?�uKF*« qzU?�*« q?C�√Ë  n?�u� W�Q?��   W?�¬
   Z�—u?O�(Turing machine halting problem)  Æ K� U?MMJ1Ë     W�U?��� W�Q?�*« Ác?� hO?�

 w�U??��« ‰«R??��« � ∫UH??�Ë U??MOD�Ô√ «–≈  (description) Z�—u??O� W??�ü  M   ö�b??� WK??�K�Ë ¨  w  ¨
 U�√b?�Ë    W?Oz«b��ô« WKOJ?A��« � W?�ü«  (initial configuration) q0 w    W?�ü« ÂuI�?� q?N� ¨  M  

 WO�U??�� W??OKL� c??OHM��  (a computation)  «�??�√ n??�u�� (eventually halts) ø  ÷d??F�Ë
�*«???I�dD� W�Q????B��« d��√ W????�� «—U? ‰Q ∫    W�ü« oO�D� - «–≈M        WK�K��« vK�w   ≠    W�U��� Ë√

(M, w) ≠    n�u��� qN�M    ø  ô Â√        Z�—u?O�  ô¬ l?O� W?�uL� Á�?�F� W�Q?�*« Ác� ‰U�Ë
q�ö��« lO�Ë   w   � W�¬ s� Y��� UM�√ Í√ ¨  …b?�«Ë Z�—u?O  (a single Turing machine) 

 w�U��« ◊dA�« oI% ∫Ó√ «–≈W�—UO��« W�ü UH�Ë W�ü« UMOD�  (arbitrary) M WK�K�Ë   w     W?�ü« ÊS� ¨
Q�M���  (will predict)   U�U?�� WOKL� n�̂u� Âb� Ë√ n�̂u��  (computation)  W?�ü«  M    b?M�

 WK�K��« vK� UNIO�D�w   Æ  
 
 s�Ë    …U?�U�0 W?�U�ù« �≈ ‰u?�u�« lOD��� ô  (simulating)   W?�ü« q?L�  M    v?K�

WK�K��«  w   WK�U� Z�—uO� W�¬ vK� ÁcOHM�� Îö�� ¨  (a universal Turing machine)   p?�–Ë ¨
  b?� b?�u� ô t�_  (limit)      U�U?�(« ‰u?� v?K� b?O� Ë√  (length of the computation) Æ 
W�ü« XK�œ «–≈Ë  M   W�ü« Ê√ s� b�̂Q��« «b�√ lOD��� ô ö�u� U�dE��« ULN� UM�S� ¨ WOzUN� ô …Ëd� �

M   …Ëd� � öF� w�Æ  «b� WK�u� WO�U�� WOKL� W�U� W�U��� Ác� ÊuJ� b�Ë Æ    u?� t?O�≈ ÃU?�� U�Ë



 ±∞≤ 

    W??�¬ Í_ W�O�??B�« W??�U�ù« b??�b% lOD�??�� W??O�“—«u�M    WK??�K�Ëw       öO??K���« i??F� ¡«d�S??�
(analysis)   ö�b*«Ë W�ü« n�Ë vK�Æ  WO�“—«u)« Ác� q�� b�u� ô Êü« ÈdM� UL� sJ�ËÆ 

             t?OMF� U?L� W?�LÓJ���� W?IO�œ …d?J� UM�b?� Êu?J� Ê√ V?�UM*« s?� t?�√ Èd?� WO�U��« UM�UA�UM*Ë
 n�̂u��« W�Q�0 Æ            O?�� …—u?B� UI�U?� ÁU?�d�– U?* «œ�b?���� U?H�dF� w?K� U?LO� w?DF� V�?��« «c?�Ë  �?� WD

 n�u��« W�Q�� s� WLJ�Æ 
 

 n�dF�¥ ≠ ± ∫ 
           Ê√ ÷d?H�wM        Z�—u?O� W?�¬ n?B� WK?�K�M = (Q, , , , q0, �, F)  Æ

 Ê√ ÷d???H�Ëw   W???�b�_« W???�uL:« � WK???�K�  (alphabet) W???�x�   M   Æ v???��ÚK� Ê√ ÷�HM???�
5�K??�K��«    wM    Ëw     d=H??�� b??�  (encoded)  s??� WK??�K�� —UH??�_«  0's œU??�ü«Ë  1's  © U??L�

 w�U��« qBH�« � UI�U� UM���«≠  UF�«—Æ ® q� �Í√  (solution)        W?�¬ s?� …—U?�� u?� n?�̂u��« W�Q?�*
Z�—uO�  H ��� w�U��« ◊dA�« o=I © w�U��« »uK�_U� qLF�∫ ® 

 WK�K� Í_  wM  WK�K�Ë  w   W�ü« ÂuI�   H    U�U�(« ¡«d�S� 
 

q0wMw ├* x1qyx2 

 
 W�ü« X�U� «–≈  M  WK�K��« vK� UNIO�D� bM� n�u��  w   ÂuI� ULMO� ¨  H    U�U�(« ¡«d�S� 

q0wMw ├* y1qny2 
 

  W?�ü« X�U� «–≈  M       WK?�K��« v?K� U?NIO�D� b?M� n?�u�� ô  w    Æ U?M�Ë  qy, qn  zUN� ÊU?��U�  � ÊU?�O
W�ü«  H  Æ 

 
 

 W�dE�¥ ≠ ± ∫ 
        W�¬ Í√ b�u� ô Z�—uO�  H     n?�dF� � W?�uKD*« WI�dD�U� qLF�¥ ≠ ±  Æ   ÊS?� p�c?�Ë

n�̂u��« W�Q��  (halting problem)  r��K� WK�U� ��Æ  
 

 ÊU���«∫ 
  i�UM��« √b�� Â«b���U� W�dEM�« s��� Æ        W?�¬ b?�u� w�U?��U�Ë W?O�“—«u� b?�u� t?�√ ÷d?H�

Z�—uO�  H   n�u��« W�Q�� q% ÆW�ü«  ö�b�  H   J�?�  WK?�K��« w?� Êu  wM w Æ   «�–≈ »u?KD*«Ë
WK�K� Í√ UMOD�Ô√ «–≈ t�√ u�  wM w    Z�—u?O� W?�¬ ÊS?� ¨  H        W?�U�≈ U?�≈ ¡U?D�≈ l?� n�u��?� ∫  Ë√ r?F�

W??�U�≈ ∫  ôÆ   W??�ü« n??�u�� Ê√ V??KD� W??�O�M�« Ác??� �≈ q??B�ËH   5�OzU??N� 5��U??� s??� …b??�«Ë �



 ±∞≥ 

 ö�??� U??�uJ��Ë ¨ 5�K�U??I�  qy    Ë√qn   € —U??�≈  �≈ …qyes      Ë√qno  Æ ›  l??{u�« «c??� —u??B� Ê√ U??MMJ1Ë
 qJ� � 5�*« jD�*U�¥ – ±  Æ  W?�ü« U�√b?� «–≈ t�√ �≈ …—U�ù« u� jD�*« «c� ·b�Ë  H   �

W�U(«  q0  ö�b*« l�   wM w  U�≈ n�u��� W�UNM�« � UN�S� ¨ W�U(« �   qy   W?�U(« � Ë√   qn  
Æ  
 

!
!
!
!
!

 
 
 
 
 
 
 
 

 n�dF�� »uKD� u� UL�Ë¥ – ± W�ü« s� b�d� UM�S�  H   WO�U��« …b�UI�« vK� �¡UM� qLF� Ê√∫ 
 

q0wMw├*
H x1qyx2 

 
  W�ü« X�U� «–≈  M  WK�K��« vK� UNIO�D� 5� n�u���w    ULMO� ¨ 
 

q0wMw ├*
H y1qny2      

 
  n�u�� � «–≈M    WK�K��« vK� UNIO�D� 5�w   Æ 
 
 Ë  W�ü« q�bF�� ÂuI� p�– bF�H   Z�—uO� W�¬ vK� qB�M�H'     «–WOM��«   � W�?{u*«

 qJ�¥ – ≤  Æb� UM�√ k�ö� qJA�« «c� �Ë    5��U?� UMH{√qa, qb       ôU?I��ô« r�?� Ê√ b?�d� Y?O� 
(transitions)   W?�U(« 5?�  qy   5�b??�b'« 5��U?(«Ë  qa, qb  –    j�d??A�« e?�— s?� d??EM�« i?G�  

(tape symbol) –     �O??G� ÊËœ v??I�� j�d??A�« q??F& W??I�dD�  (remains unchanged)  Æ
 …d�U�� WI�d� p�– UN� r�� ��« WI�dD�«ËÆ  5��ü« W�—UIL��H, H'    ��«  ôU????(« � t???�√ Èd� 

 
 

q0 

qn 

wMw 
qy 

 qJ�¥ – ±  



 ±∞¥ 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

  W�ü« UNO� qB�H   W�U(« �≈ qy    W?�ü« ÊS?� ¨ n�u��Ë    W?��b�FÔ*«H'       W?OzUN� ô …Ëd?� � q�b�?� Æ
U�OKJ�Ë  (formally) W�ü« qL� n�u�  H'    wK� UL�∫ 

 
q0wMw ├*

H'  
 

 W�ü« X�U� «–≈  M  WK�K��« vK� UNIO�D� 5� n�u���w    ULMO� ¨ 
 

q0wMw ├*
H' y1qny2 

 
 n�u�� � «–≈M    WK�K��« vK� UNIO�D� 5�w   Æ 

 
 W�ü« s�ËH'     T?AM�� Ø ��?�  (construct)    Èd?�√ Z�—u?O� W?�¬  Ĥ  Æ     c?�Q� …b?�b'« W?�ü« Ác?�Ë

WK�K��«  wM ¨ UN��M�Ë  ö�bL�  ÎWON�M� (ending) WOz«b��ô« UN��U� �  q0  Æ ·dB�� p�– bF�Ë
W�ü«   Ĥ  W�ü« q�� U�U9  H'    ÆW�ü« qL� `�B� p�– bF�Ë   Ĥ  wK� UL�∫ 

 
q0wM ├*

Ĥ q0wMwM ├*  Ĥ  
 

ü« X�U� «–≈ W�  M  WK�K��« vK� UNIO�D� 5� n�u���wM    ULMO� ¨ 

qa qy 

q0 

qn 

qb 

wMw 

 qJ�¥ – ≤  



 ±∞µ 

 
q0wM ├*

Ĥ q0wMwM ├*  Ĥ y1qny2 

 n�u�� � «–≈M    WK�K��« vK� UNIO�D� 5�wM    Æ 
 

            W�ü« Êü«Ë   Ĥ  � n���Ë UNK� w�U��U�Ë ¨ Z�—uO� W�¬ w�  (a description in){0, 1}* ¨
sJO??�Ë  ŵ   ö�??� Æ WK??�K��« Ác??�–  W??�ü« �n??���Ë U??N��uÓ� �≈ W�U??{ùU�   Ĥ –   U??C�√ UN�«b��??�« s??J1

  ‰U??�œ≈ WK?�K�� Æ     W??�ü« o?O�D� - U??� «–≈ Àb�O?� U??L� ‰ƒU?���« W??O�UJ�≈ U?M� o??� p�c?�Ë   Ĥ  v??K�
WK�K��«   ŵ   Æ2Ë??�� U??? o– I�UD0Ë????W�ü« W  M    W?�ü« l?�  Ĥ )Ĥ(identifying M with  – 

 vK� qB� 
q0ŵ  ├*

Ĥ   
 

 W�ü« X�U� «–≈  Ĥ    WK�K��« vK� UNIO�D� 5� n�u���ŵ   ULMO� ¨ 
 

 q0ŵ ├*
Ĥ  y1qny2  
 

n�u�� � «–≈  Ĥ      WK?�K��« v?K� U?NIO�D� 5?�  ŵ  Æ        t?� v?MF� ô Âö?� «c?� Ê√ `?{«u�« s?�Ë Æ  s?�Ë
   W?�ü« œu?�Ë UM?�{�dÓ� Ê√ Z�M��� tO�≈ UMK�Ë Íc�« i�UM��«   H  ¨   ?���� UM?{�dÓ� w�U?��U�Ë   ¨ n?�u��« W�Q?�� r

 U��U� ÊuJ� Ê√ V�Æ 
* * * 

 
 b�  ÷�F� n�dF� vK� iF��«¥ ≠ ±  UM�K� UM�_ «dE�≠   n?�u��« W�Q�� q� q�√ s�≠   t?�√

�????W�ü« vK� V  H    �� Ê√???N�M�Ë √b????JA� � w???M�O�F�� ÌWKO????�U� W????� W????  «b(very specific 
configuration)  ÆsJ�Ë O�    UDO?�� «—Ëœ V?FK� W?�—UO��ô« ◊ËdA�« Ác� Ê√ Èd� Ê√ VFB�« s� f

 W�dE� ÊU�d� � UOA�U�¥ ≠ ±    W?Oz«b��«  öOJ?A� Í√ l� t�H� ÊU���« oDM� Â«b���« UMMJ1 t�√Ë ¨
  WOzUN� Ë√(starting and ending configurations)  Èd�√ Æ   UMK?�Ë Íc?�« ÃU�M��ô« Ê√ Í√

« n�dF��U� d�Q�� ô tO�≈      UN�?A�UM� �?�O� q?�√ s?� W�Q?�*« Ác� l� UMK�UF� � ÁUM�b���« Íc�« ’U)
 UN��«—œËÆ  

  W�dE� Á—dI� U� k�ö� Ê√ rN*« s�Ë¥ ≠ ±  Æ        ôU?( n?�u��« W�Q?�� q?� bF��?�� ô w?N�
  W?�ü« s?� q� qOK��� lOD��� …��� ‰«u�√ �Ë ¨ WMOF� W�U�  M     WK?�K��«Ë  w       «–≈ U?� �?� Ê√

 X�U� ô Â√ n�u��� Z�—uO� W�¬Æ       ¨ p?�– c?OHM� W?Lz«œ WH?B� lOD�?�� ô UM�√ u� W�dEM�« Á—dI� U� U/≈Ë
   q�ö��« lOL' `O�� �q�BÓ� �—«d� ¡UD�≈ UNMJ1 WO�“—«u� b�u� ô t�√ Í√wM , w Æ 

 



 ±∞∂ 

  W�dE� ÊU�d� � …UDF*« Z�(« U��dÓ��– b�Ë¥ ≠ ±   W?O�—U� WOL�√ U�Ë W�bOKI� UN�_ ÆË �
 WO�U��« W�(« p�– 5�� UL� WI�U� ZzU�� öF� UNMLC�� W�dEM�« U�—dI� ��« W�O�M�« ÊS� WIOI(«Æ 

 
 W�dE�¥ ≠ ≤ ∫ 

             r??��K� W??K�U� n??�u��« W�Q??�� X??�U� «–≈(decidable) ¨   bF�K� W??K�U� W??G� q??J� b??�
 W�œ«b�—« WG� ÊuJ�� U�œ«b�—«Æ �K� WK�U� �� n�u��« W�Q�L� w�U��U�Ë  r�(undecidable) Æ 

 
 ÊU���«∫ 

  Ê√ ÷d?H� ¨ W�dEM�« ‚uDM� � —u�c*« «c� ÈdM�L        b?�bF�K� W?K�U� W?G�     v?K� U�œ«b?�—«
  Ê√ ÷dH�Ë ¨M      WGK�« q�I� Z�—uO� W�¬L   Æ   Ê√ ÷d?H�ËH         W�Q?�� q?% �?�« Z�—u?O� W?�¬ w?�

 n�u��« Æ¡«d�ù« TAM� «c� s�Ë  (procedure)   w�U��«∫ 
©±®  W?�ü« o���  (apply) H   WK?�K��« v?K�  wM w  Æ   W?�ü« X?�U� «–S?�  H   ¢ ∫ ô¢  (no)   s?L� ¨

 n�dF��« ∫WK�K��«   w  WGK�« � X�O�  L Æ 
 
©≤®      W?�ü« X?�U� «–≈ËH   ¢ ∫  r?F�  ¢(yes)     W?�ü« o?��� ¨ M     WK?�K��« v?K�w  Æ  W??�ü« s?J�ËM 

�??�� w�U??��U�Ë ¨ n??�u�� Ê√ V??�W??�UNM�« � U���  (eventually) WK??�K��« X??�U� «–≈ U??�  w  
WGK�« �  L   ô Â√Æ 

 
MODF� «c�Ë????O�“—«u� U???�uC� W???? W ØL��«????¡U  (a membership algorithm) �??  W?GK�« ÎWK�UL  

 W�œ«b�—«Æ    W?�œ«b�—« X?�O�Ë U�œ«b�—« b�bF�K� WK�U�  UG� „UM� Ê√ UMOI� rKF� UMMJ�Ë Æ«Ë   Íc?�« i�U?M��
W�ü« œu�Ë WO�UJ�≈ Âb� wC�I� tO�≈ UMK�Ë   H   r��K� WK�U� �� n�u��« W�Q�� Ê√ Í√ ¨Æ 

 
* * * 

 
           W?�dE� s?� n?�u��« W�Q?�� v?K� ‰u?B(« U?N� U?MMJ1 �?�« W�U���« Ê√ k�ö�≥ ≠ µ   w?�

 W�uCF�« ÓW�Q��Ë n�u��« W�Q�� �Ê√ ÓWIOI� l������ W�O�� ØK� W��M�U� ¡UL��ô«     U�œ«b?�—« b?�bF�K� W?K�UI�«  U?G
 U��dI� ÊU�I�UD�� ÊU��Q�� Æ        W?�U� � n?�u��« 5?� ‚�d?ÓH�� ô n?�u��« W�Q?�� � t?�√ u� bO�u�« ‚—UH�«Ë

 U??LNMO� ‚�d??H� ¡U??L��ô« W�Q??�� � U??LMO� ¨ W??OzUN� ô W??�U�Ë W??OzUN� Æ ��d??E� U??�U�d�Ë≥ ≠ µ  © o??�d� s??�
 W�dE�≥ ≠ ≥  ® Ë¥ ≠ ± WKB�« U��d�  (closely related)      �b?�F�� U?LNM� ö?� Ê√ Y?O�   WGO?�   mO?� s?�

—UD�ù«  (a version of diagonalization)  Æ 
 
 



 ±∞∑ 

Èd�√ W�Q�� �≈ r��K� WK�U� �� W�Q�� ‰«e��« 
Reducing One Undecidable Problem to Another 

 
       W�Q?��Ë n?�u��« W�Q?�� 5?� ◊U?��—ô« s� UHK� ÁU�d�– U�   `?{u� ¡U?L��ô«   ‰«e?��ô« W?I�d�

(reduction technique)  WOL�_« WG�U��« ÆI� YO�?????≈ ‰uÎW�Q�� Ê U�    AW�Q�� �≈ ‰�e������  B 
WOK�U� X�U� «–≈  A  r����K�  (decidability of A) l������  (follows from) WOK�U�  B  r��K� Æ

«cJ�Ë Ê√ UMLK�� «–S�  A    Ê√ UMMJLO� ¨ r��K� WK�U� �� Ê√ Z�M���B      r?��K� W?K�U� �?� UC�√ Æ  U?LO�Ë
 …dJH�« Ác� `{u� ��« WK��_« iF� ”—b� wK�Æ  

 
 ‰U��¥ ≠ ±  ¢ ∫W�Q��  W�U(« ‰u�œ  ¢(state - entry problem)      

 
 H�????M�√ ÷d???  Z�—u?O� W?�¬ Í√ UMOD�Ô√ b� U  M = (Q, , , , q0, �, F)  W?�U� Í√Ë ¨  

q  Q �K� Í√Ë ¨????WK   w  +   Æ��???? œ�b Ø—�dÓ�  (decide) �???�U� «–≈ U????(« X????W�U  q  �O� ???? r
�u�œ???�ù« vK� U????‚ö  (ever entered) ô Â√ ¨      W?�ü« o?O�D� r�?� U�b?M�M     WK?�K��« v?K�  w 

(M is applied to) Æ 
 r��K� WK�U� �� W�Q�*« Ác�  (undecidable) Æ 
 
   ?�� ‰«e?��ô       W?O�“—«u� UM�b?� Ê√ ÷d?H� ¨ W?�U(« ‰u?�œ W�Q?�� �≈ n?�u��« W�Q A     q?%

 W�U(« ‰u�œ W�Q�� Æ Â«b���« c�MO� UMMJ1 n�u��« W�Q�� q( WO�“—«u)« Æ UMOD�Ô√ «–≈ ö��  W?�¬ Í√

M      WK?�K� Í√Ë ¨w    q�b?F�� ôË√ Âu?I� U?M�S� ¨  (modifying)  W?�ü«M      W?�¬ v?K� q?B�M� 


M 

qF& WI�dD�


M  W�U(« � n�u��q   W�ü« XH�u� «–≈ jI�Ë «–≈  M  Æ   W�U?��� p�– cOHM� UMMJ1Ë
     ‰U?I��ô« W?�«œ �≈ dEM�U?�(transition function)   W?�ü« �  M  Æ    W?�ü« X?H�u� «–S?�  M   ¨

 ôUI��ô« iF� Ê_ p�– qFH� UN�S�  (qi, a)  �� W?��d�F��  (undefined)  Æ�ËK   W?�ü« v?K� ‰u?B� 


M   �≈ W��d�FÔ*« ��  ôUI��ô« Ác� q� d�OG�� UM�S� ¨ 
 

(qi, a) = (q, a, R) 
 

 Y?O�   q ∫    W?OzUN� W?�U� Æ     W?�U(« ‰u?�œ W?O�“—«u� o?�D�ËA    v?K� , q, w)


M (   Æ   X?�U�√ «–S?�
«u)«WO�“—  A   rFM�  (yes) W�U(« ‰u�œ - t�√ Í√ ¨  q  ÊS� ¨  (M, w)   n?�u�� Æ   X?�U� «–≈ U?�√Ë

 WO�“—«u)« ∫ô  (no) ÊS� (M, w)   n�u�� ôÆ 



 ±∞∏ 

  ÷dH�« ÊS� «cJ�Ë   n?�u��« W�Q?�* WO�“—«u� UMODF� r��K� WK�U� W�U(« ‰u�œ W�Q�� Ê√ Æ
� ¨ r��K� WK�U� �� n�u��« W�Q�� Ê_ «dE�Ë         �?� U?C�√ w?� Êu?J� Ê√ V?� W?�U(« ‰u?�œ W�Q?�� ÊS

 r��K� WK�U�Æ 
 

 ‰U��¥ ≠ ≤  ¢ ∫ ⁄—U� j�d� vK� n�u��« W�Q�� ¢(blank - tape halting problem) 
 
             n?�u��« W�Q?�� U?NO�≈ ‰e?���� Ê√ s?J1 Èd?�√ W�Q?�� w?� ⁄—U?� j�d?� vK� n�u��« W�Q��

(halting problem)  Æ¬ UMOD�Ô√ b� UM�√ ÷dH�Z�—uO� W� M     Æ œ�b�� Ø  W?�ü« X�U� «–≈ U� —�dÓ�M    
  ⁄—U� j�dA� U�U�√b� U� «–≈ ô Â√ n�u���(started with a blank tape)  Æ 

  r��K� WK�U� �� W�Q�*« Ác� 
 
  U� W�¬ UMOD�Ô√ b� UM�√ ÷dH� ¨ ‰«e��ô« «c� r�� nO� ÊUO��ËM     U� WK�K�Ë ¨w    ÆM�  T?A

ü« s� ôË√ W�M     …b�b� W�¬Mw     ⁄—U� j�dA� √b��¨   WK?�K��« t?OK� V�J�Ë  w      UN?�H� l?C� r?� ¨ 
(positions itself)  WKOJ?A� �  (a configuration) q0 w  Æ    W?�ü« q?LF� p?�– b?F�ËMw    

 W�ü« q��M    Æ     Ê√ `?{«u�« s?�ËMw        ⁄—U?� j�d?� v?K� n�u��?�(will halt on a blank 
tape)   I�Ë «–≈«–≈ j  XH�u�M     vK�w  Æ 

 
        r?��K� W??K�U� W�Q?�� ⁄—U?� j�d??� v?K� n??�u��« W�Q?????�� Ê√ Êü« ÷d?????H� Æ Í√ U??MOD�Ô√ «–≈

(M, w)  ôË√ T??AM� U??M�S� ¨Mw         Ÿ—U??� j�d??� v?K� n??�u��« W�Q?�� W??O�“—«u� U?NOK� o??�D� r?� ¨ Æ
ÃU�M��ô«  (conclusion)   W?�ü« X�U� «–≈ U� U���O� wzUNM�«M        WK?�K��« v?K� o?�D�� 5?�  w  

 ô Â√ n�u���Æ  W�¬ Í_ c]HM�� Ê√ sJ1 «c� Ê_ «dE�ËM      WK�K�Ëw      W�Q?�* W?O�“—«u� Í√ ÊS?� ¨
   ‰�u?���� Ê√ sJ1 ⁄—U� j�d� vK� n�u��«(converted)     n?�u��« W�Q?�* W?O�“—«u� �≈Æ   Y?O�Ë

��K� WK�U� �� UN�√ ÂuKF� …��_« W�Q�*« Ác� Ê√   W�?�M�U� W�O�?� ÊuJ� Ê√ V� UN�H� W�O�M�U� ¨ r
 ⁄—U� j�d� vK� n�u��« W�Q�*Æ 

 
* * * 

 
   ¡U??M��« W??OKL� Ø  ¡U??A�ù«(construction)    5�U??�*« s�c??� w�U??�d� � © ‰U??��¥ ≠ ± 
Ë ‰U��¥ ≠ ≤  ® WI�d� `{u� Ø U�uK�√ Ø  U�U� U�NM�(a common approach)    U?��≈ � Ø  d?�dI�

  « Âb?� ZzU?��  r?��K� W?OK�UI�  (establishing undecidability results)  Æ U?��U�Ë    U�b�U?�� U?�
  WO��UI�«  UDD�*«(block diagrams)     W?OKLF�« Ác?� W?�ƒ— `O{u� �Æ    � 5�?*« jD�*U?�

 qJ�¥ ≠ ≥  ��_« ‰U�*« � …—u�c*« ¡UA�ù« WOKL� UM� h�K�© ‰U��¥ ≠ ≤  Æ ® jD�*« «c� �Ë
 ôË√ Âb��?��     q?IM� W?O�“—«u�(transforms) (M, w)    �≈(into) Mw  Æ    t?�√ `?{«u�« s?�Ë



 ±∞π 

 WO�“—«u)« Ác� q�� b�u� Æ         ¨ ⁄—U?� j�d?� v?K� n?�u��« W�Q?�� q?� W?O�“—«u� Âb��?�� p�– bF�Ë
  WO�“—«u)« w� sJ��ËA   U�œu�Ë ÷�H� ��«Ë ¨ ö�� Æ  W?O�“—«u� vK� qB� UF� 5�M�ô« l{u�Ë

 n??�u��« W�Q??�*Æ  W??O�“—«u)« Ê√ Z�M�??�� Ê√ U??MMJ1 p�c??�Ë ¨ qO��??�� «c??� s??J�Ë  A   Ê√ s??J1 ô
 …œu�u� ÊuJ�Æ   

 
 

 
 

 
 

 
 

 
 
 
 
 
 
 

               r�� W�Q�� Í√Ë  (a decision problem) U�«b� W�«œ UOKF� w�   (range) {0, 1} ¨
 W??�U�≈ Í√ ∫`O�??�  (true) T�U??� Ë√  (false) Æ   d??EM� Ê√ U??MMJ1ËU??C�√   W??O�uL� d??��√ ‰«Ëœ �≈

 ÈdM�    W�?�u�K� W?K�U� ‰«Ëb?�« Ác?� X�U� Ê≈  (computable)  ô Â√Æ      W?I�d� l?��� p?�– o?OI���Ë
 n�u��« W�Q�� ‰e��Ë ¨ d�c�« WH�U� ‰«e��ô« ©  r?��K� WK�U� �� UN�√ ÂuKF� Èd�√ W�Q�� Í√ Ë√ ® �≈

     W?�«—b�« b?O� W?�«b�« W�?�u� W�Q�� Æ     Z�—u?O� W�U?�— V�?��Ë(Turing's thesis)    Êu?J� Ê√ l?�u��
‰«Ëb�«  W��u�K� WK�U� WOKLF�« ‰«u�_« � UNK�UI� ��« ÆË��U     W?K�UI�« �?� ‰«Ëb?�« W?K��_ W��M�U�� w�U�

 oL�√ …dE� UN��«—œ � dEM� Ê√ UMOK� W��u�K� Æ        W?D��d� W�?�u�K� W?K�UI�« �?� ‰«Ëb?�« W?K��√ r?EF�Ë
 Z�—uO�  ô¬ „uK�� R�M��«  ôËU�0Æ 

 
 ‰U��¥ ≠ ≥ ∫  

      Ê√ ÷d?H�  = {0, 1, �}  ÆË� Ê√ ÷d?H  f (n)          s?� œb?� �?�√ w?� U?N�LO� W?�«œ
 U�d(«  (maximum number of moves)       «– Z�—u?O� W?�¬ Í√ U?N� Âu?I� Ê√ sJ1 ��« 

n    ⁄—U� j�dA� U�√b�� 5� n�u��Ë ¨ W�U� Æ 
  W�«b�« Ác�≠  ÈdM� UL�≠  W��u�K� WK�U� X�O�Æ 

M, w r� bO�u��  
Generate 

MW 

MW u� n�u��« WO�“—«
⁄—U� j�d� vK� 

Blank-tape 
halting 

algorithm 
 A 

Halts  n�u��  !

n�u�� ô 
Does not halt 

 

 Halts n�u��  !
Does not halt ô n�u�� !

 qJ�¥ ≠ ≥ 
n�u��« W�Q�� WO�“—«u� 

Algorithm for halting problem 



 ±±∞ 

 �Ë      Ê√ b?�Q�� U?M�œ ¨ p?�–  U?��≈ � ŸdA� Ê√ q�  f (n)     rO?� l?OL' W?��d�F�� n Æ  k?�ôË
  ÍËU�� UNM� Í√ �  ôU(« œb� ��« Z�—uO�  ô¬ s� jI� œËb� œb� b�u� t�√ ôË√n  Æ l�d�Ë

s??� ö??� Ê√ �≈ «c??�  Q,   œËb??�…  (finite) ‰U??I��ô« W??�«b� w�U??��U�Ë ¨     Èb??�Ë ‰U??� U??�
b�Ê«œË  (finite domain and range) Æ      s?� j?I� œËb?� œb?� œu�Ë wC�I� Á—Ëb� «c�Ë

‰U??I��ô« ‰«Ëœ  's   w�U??��U�Ë ¨ W??HK��*«    «Ë– W??HK�� Z�—u??O�  ô¬ s??� œËb??� œb??�  n   W??�U� 
(different n - state Turing machines)  Æ 

 
     ???�«  «Ë–  ôü« l??O� 5??� s??�Ë  n    ü« i??F� „U??M� ¨ W??�U�  U??Lz«œ n??�u�� �??�«  ô  

(always halt)  ¨� ö� ∫WOzUN�  ôU� UN�b� ��«  ôü«  (final states) ¨ jI�    Âu?I� ô w�U?��U�Ë
   U�d� Í√ qLF�(moves) Æ    ?�«  «Ë–  ôü« iF� „UM�Ën       U�b?M� n?�u�� ô ·u?� �?�« W�U�

 ⁄—U� j�dA� U�√b�� Æ       W?�«b�« n?�dF� q��b?�� ô U?NMJ�Ëf    Æ       œb?� c?OHM�� ÂuI�?� ö?F� n?�u�� W?�¬ Í√Ë
 s� 5F�  UMODF�� U���√ c�Q�  ôü« Ác� 5� s�Ë ¨  U�d(«f (n)  Æ 

 
 Z�—uO� W�¬ Í√ c�  M    V?�u� œb?� Í√Ë   m   Æ   �b?�F�� Ê√ qN?��« s?� ‰ (modify) M  

  W?�ü« v?K� qB�M� 


M   ?I�dD�W     z«œ n?�u�� …�?�_« Ác?� q?F&    5��U?�≈ Èb?�S� U?L ∫ Ê√ U?�≈  M  
       b?�e� ô œb?� b?F� n?�u�� ⁄—U?� j�d?� vK� UNIO�D��   s?�m     U?�d(« s?�  (moves) ¨  Ê√ Ë√M  

s� d��√ qLF�� ⁄—U� j�d� vK� UNIO�D��  m   W�d�Æ  W�ü« qF$ Ê√ u� «c� tKLF� Ê√ UMOK� U� q�Ë
M    �b�F��  (count) n�u��Ë UN�U�d� (terminate) M�WLOI�« œbF�« «c� “ËU��� U�b  m  Æ  ÷d??�« 

  

 
 
 
 
 
 
 
 
 
 
 
 

F 

TA�√!
Construct 

M 

 
Mu 
 

 

 

. 

       M does not halt in m steps. 
…uD�   m � n�u�� ô M            

!

  !

Does not halt ô n�u�� !

  qJ�¥ ≠ ¥ 

⁄—U� j�d� vK� n�u��« W�Q�� WO�“—«u� 
Algorithm for blank-tape halting problem 

M          � n�u��m  …uD� 
 M halts in m steps. 

!


M
M 

m = f (|Q|)  

M 

Halts  n�u��!



 ±±± 

  Ê√ Êü«f (n)     ?��u�K�  W?K�U�?  W(computable)      U?� Z�—u?O� W?�P�  F Æ     l?{Ë p?�– b?F� U?MMJ1


M   ËF      qJ?� � s�O?�� u� UL� U�F�¥ ≠ ¥   Æ   ôË√ V?��f ( | Q | )      Y?O�Q   L� w?�  W?�u
    W?�ü«  ôU?�M   Æ       U?�d(« s??� œb?� �??�√ s?� U?��� W�u??�;« W?LOI�« Ác??�Ë(moves)  �??�«

W�x� sJ1  M   n�u��� X�U� «–≈  UNKLF� Ê√ Æ Ác�Ë      p?�– b?F� Âb��?��� U?NOK� q?B� ��« WLOI�«

U�—U���U�  m W�ü« ¡UA�ù 


M   � U�d?�√ U?L� ???  ÎH?���Ë w?DF�Ë ¨ UI�U W?�x� U 


M   � Z�—u?O� W?�ü ????WK�U (a 
universal Turing machine)   c?OHM�K� Æ     W?�ü« X?�U� «–≈ U?� U?��� Ác?�Ë  M     U?NIO�D� 5?�

s� q�√ � ô Â√ n�u��� ⁄—U� j�d� vK�  f ( | Q | )    …uD�Æ    W?�ü« Ê√ U�b�Ë U� «–≈ËM    5?�
⁄—U� j�d� vK� UNIO�D�  qLF� s� d��√f ( | Q | )      w?C�I� «c?� ÊS� ¨ W�d�–     n?�dF� V�?��f  ≠ 

W??�ü« Ê√  M   n??�u�� s??�Æ   ⁄—U??� j�d??� v??K� n??�u��« W�Q??�* q??� UM�b??� `�??�√ «c??J�Ë Æ W�U��??�«Ë
   ÃU�M�?�ô«(impossibility of the conclusion)  UMF�b?�    W?�«b�« ÊQ?� ‰u?�I�« �≈  f     X?�O�

 W��u�K� WK�U�Æ 
 

 UO�U� ∫��qzU  U�œ«b�—« b�bF�K� WK�UI�«  UGK� W��M�U� r��K� WK�U� �� 
Undecidable problems for Recursively Enumerable Languages  

 
  ¡UL��« WO�“—«u� b�u� ô t�√ UI�U� U�—d� Ø     U�œ«b?�—« b?�bF�K� W?K�UI�«  U?GK� W��M�U� W�uC� Æ

  d?�dI�� WO�“—«u� œu�Ë Âb�Ë Ø    fO?� U?� ÌWO?�U� r?�(        b?�bF�K� W?K�UI�«  U?GK� W�?�M�U� WOzUM��?�« W?�U�
 W�UF�« …b�UI�« tMJ�Ë ¨ U�œ«b�—« Æ           W�?�M�U� t?�uI� Ê√ U?MMJ1 Íc?�« q?OKI�« „U?M� w?K� U?LO� ÈdM?� U?L�Ë

  UGK�« Ác� Æ   U?NM� t�Q?�� ‰«R� Í√ ”U�_« � t�√ YO� «b� W�U� U�œ«b�—« b�bF�K� WK�UI�«  UGK�U�
 r��K� q�U� �� Æ�uL�Ë        ‰«e?��ô U?� W?I�d� „U?M� Ê√ b?$ U?M�S�  U?GK�« Ác� s� ô«R� ‰Q�� 5� U

 ‰«R��« «c� �≈ n�u��« W�Q�� ÆiF� wDF� wK� ULO�Ë      s?�Ë ¨ p?�– c?OHM� W?OHO� `{u� ��« WK��_«
 W�UF�« W�U(« �≈ …—U�≈ Z�M��� WK��_« Ác�Æ 

 
 W�dE�¥ – ≥ ∫ 

         X?�U� «–≈G        …b?�OI� �?� …b?�U�(an unrestricted grammar)    W�Q?�� ÊS?� ¨
 X�U� «–≈ U� b�b% 

 
L(G) =  

 
 r��K� WK�U� �� W�Q�� ¨ ô Â√Æ 

 



 ±±≤ 

 ÊU���«∫ 
  ¡UL��ô« W�Q�� ‰e��M� Ø  W�uCF�«(membership problem)   W�?�M�U�   U?GK�  W?K�UI�«

 W�Q�*« Ác� �≈ U�œ«b�—« b�bF�K� Æ       Z�—u?O� W?�¬ U?MOD�Ô√ b?� U?M�√ ÷d?H�M      U?� WK?�K�Ëw    Æ  U?MMJ1
 W�ü« q�bF�M    wK� UL�Æ   W?�ü« Âu?I� M           UND�d?� s?� ’U?� ¡e?� v?K� UN�ö�b?� s�e?��� ôË√ Æ

  X??K�œ U??LK� ¨ p??�– b??F�Ë  M     —U??���U� Âu??I� U??N�S� ¨ W??OzUN� W??�U� ØoI���U??�  (checking)  s??�
 W??�Ëe�*« UN�ö�b??�  (saved input) ¨ U??�u��Ë  (accepting it) Ë «–≈  w??� X??�U� «–≈ j??I�

WK??�K��«w   Æ    ‰U??I��ô« W??�«œ �O??G�� p??�– c??????OHM� U???????MMJ1Ë    ¡U??A�≈ o??�d� s??� ¨ WDO??�� W??I�dD�
(creating)   W�¬Mw   WK�K� qJ�w   Ê√ YO� 

 
L (Mw) = L(M)  {w} 

 
   W?�dE� Â«b��?�U�Ë≥ – ∑     …b?�U� c?zbM� T?AM��   W?K�UI(a corresponding grammar) Gw  Æ

 s�ËW�ü« s� œuI� ��« ¡UA�ù« WOKL� Ê√ `{«u�«  M   WK�K��«Ëw  …b�UI�« �≈  Gw     U?Lz«œ U?MMJ1
≈ U�“U$Æ  W?GK�« Ê√ p�c� `{«u�« s�Ë  L (Gw)    W?�ËU� �?� Êu?J�  (nonempty)   «–≈ j?I�Ë «–≈

X�U�  w  L (M) Æ 
 

  WO�“—«u� b�u� t�√ ÷dH� Êü«ËA   X�U� «–≈ U� d�dI��  L (G) =    ô Â√Æ  UM{d� «–≈
 Ê√T   …b�UI�« UN� b=�u� WO�“—«u� �≈ e�d�  Gw   WO�“—«u)« l{Ë UMMJ1 t�S� ¨T     W?O�“—«u)«ËA   
 U�F�  qJ?� � 5�� u� UL�¥ – µ  Æ        U?��� Z�—u?O� W?�¬ s?� …—U?�� qJ?A�« «c?�Ë–  W?�¬ Í_  M   Í√Ë

 WK�K�w  –  WK�K��« X�U� «–≈ U�w   WGK�« �≈ wL�M�  L (M)   ô Â√Æ   Z�—u?O� W�¬ q��  b��Ë «–≈Ë
 ¡UL��« WO�“—«u� UM�b� ÊuJO�� ¨ Ác� Ø   …d?�U�� i�U?M� «c�Ë ¨ U�œ«b�—« b�bF�K� WK�U� WG� Í_ W�uC�

 UI�U� U�UM���√ W�O�� Æ…—u�c*« W�Q�*« Ê√ Z�M��� p�c�Ë   "L (G) = " r��K� WK�U� ��Æ 
 

 

M, w TA�√ 
Construct 

GW 

GW  WO�“—«u�¡«u)« !
Emptiness  
algorithm  

 A 

 W�ËU� ��  L(Gw) 
L(Gw) not empty 
 

       L(Gw) empty 
W�ËU�     L(Gw)!

 

w  L(M)!

w  L(M)!

 qJ�¥ – µ  

 ¡UL��« WO�“—«u� ØW�uC� 
Membership algorithm 



 ±±≥ 

 W�dE�¥ ≠ ¥ ∫ 
      �U� «–≈?  XM  �???? w�—uO� W�¬ Í√???? Z¨  ÊS�L� ‰«R��«????�U� «–≈ U????WGK�« X  L (M) 

…œËb� (finite)  r��K� q�U� �� ô Â√Æ   
 

 ÊU���«∫ 
     n?�u��« W�Q?�� —U?���ô« � c?�Q�  (M, w)  Æ  W?�ü« s?� M       T?AM�(construct)   W?�¬

Èd�√ Z�—uO� 


M   wK� U0 ÂuI�∫ 
ôË√ ∫   W�ü« � n�u��«  ôU�(the halting states of) M       UMÚK?���Ë «–≈ t?�√ Y?O� U?��OG� r��

(reached)   ö�b??*« l??O� ÊS??� ¨ U??NM� U??��√ W??�üU� U??�u�� r�??�


M  Æ  p??�– c??OHM� U??MMJ1Ë
n�̂�u�� WKOJA� Í√ qF�  (any halting configuration)  WOzUN� ÌW�U� �≈ V�c�Æ  

 U????O�U�∫ q�b????F� r�????�  (modifying)  …b????�b'« W????�ü« Ê√ Y????O� WOK????�_« W????�ü«  


M  b????=��u��  
(generates) WK�K��« ôË√  w  ¨ UND�d� vK�  ¡«d�S?� ÂuI� r�  (performing)   U�U?�(« 

N�H�???U ��??�ü« q??W M    ���U�??��« Â«b??K�K ???W  w   �« ???� � ???�ƒUA�≈ r ???� U ?????U��b  (newly 
created w)     p?�– «b?� Âb��?�*« �?� ⁄«dH�« iF�Ë ¨  (some otherwise unused 

space) Æ  d�¬ »uK�Q�Ë    U�d���« ÊS�(moves)    W?�ü« U?N� ÂuI� ��«


M     Êu?J� Ê√ b?F�
�K��« X��� b�  WKw   W�ü« UN� ÂuI�� X�U� ��« UN�H� w� UND�d� vK�  M         √b?� U?N�√ u?�

  WOK?�_« WKOJ?A��« �  q0 w   Æ   X?H�u� «–≈ËM       ÊS?� ¨ WKOJ?A� Í√ �


M    � n�u��?�
 WOzUN� W�U�Æ 

   X?H�u� «–S?� p�c�Ë  (M, w)  ¨ ÊS?� 


M    ?�U� �≈ q?B��     ö�b?*« l?OL' W?OzUN� WÆ 

n�u�� � «–≈Ë  (M, w)   ¨ÊS� 


M  ¨ UC�√ n�u�� ô ·u�     q?�I� ô ·u?� w�U��U�Ë(accept)  Í√
 T� Æ  W�ü« ÊS� ¨ d�¬ »uK�Q�ËM      WOzUN�ö�« WGK�« U�≈ q�I��+   …œËb;« WGK�« Ë√ ¨ Æ  

 

 O�“—«u� œu�Ë Êü« UM{d� «–S�W  A    W?GK�« X?�U� «–≈ U� U���  )


M L(    ¨ ô Â√ …œËb?�
¡UA�≈ UMMJ1 t�S�  (constructing)  qJ� � s�O���� u� UL� n�u��« W�Q�* q�¥ ≠ ∂  Æ   t?OK� �¡U?M�Ë

 r�( WO�“—«u� b�u� Ê√ sJ1 ô ØWGK�« X�U� «–≈ U� b�b���   L (M)   ô Â√ …œËb�Æ 

 



 ±±¥ 

 
 

 

          

 

 

 

 
 W�dE� ÊU�d� � k�ô¥ ≠ ¥     ÁU?M�d� Íc?�« ‰«R?�K� WO�uM�« WFO�D�« Ê√≠    u?�Ë ¢ ∫  q?�

WGK�«     L(M)�?????…œËb   ø ¢≠  t� WOL�√ ô Æ  ?G� U?MMJ1ËO     v?K� ��Q?��« ÊËœ W�Q?�*« W?FO�� �
 d�c�� W�—b� ÊU���«Æ   

 
 ‰U��¥ – ¥ ∫ 

      ¬ Í_ t?�√ X?��«   W?�—UO��« Z�—u?O� W?�  M    W?�b�_« W?�uL:«  «–   = {a, b}  ¨
 W�Q�*« ¢WGK�«  L(M)   t�H� ‰uD�« UL� 5�HK�� 5�K�K� vK� Íu�% ¢ r��K� WK�U� ��Æ 

 
 q(«∫ 
            W�dE� � U�UMF��« ��« j�C�U� UN�H� WI�dD�« UM� Âb����¥ – ¥   W?�ü« qB� U�bM� t�√ «b� U� ¨



M  OJA� �≈????  n�̂�u�� WK(a halting configuration) N�S�? q�I�� ‰�b�F��� U  5�K�K��«a, b  Æ
   W?Oz«b��ô«  ö�b*« ÊS� p�c�Ë(initial input)     U?NEH� r�?�(saved)  W?�UN� �Ë ¨    U?OKLF�«

WO�U�(«  (computation)   l?� Ê�—UI�a, b     u?�� r�?� Y?O� ¨    j?I� 5�K?�K��« 5�U?� ‰Æ   «c?J�Ë

XH�u� «–S�  (M, w)  ÊS� 


M ¨ ‰uD�« ��ËU��� 5�K�K� q�I��  ÊS� p�– «b� U�Ë


M   ô ·u?�
T� Í√ q�I� Æ  W�dE� ÊU�d� � UL� wCL�� »uKD*«  U��≈ WOI� U�√Ë¥ – ¥ Æ 

 
* * * 

 

M, w 
b=��Ë 

Generate 
 

 
W�œËb;« WO�“—«u�!

Finiteness  
algorithm  

 A 

…œËb� L(


M ) 

L(


M ) finite 
 

          L(


M ) not finite  
 

  …œËb� ��       
 

      Does not halt  n�u�� ô!
!

Halts   n�u��!

 qJ�¥ – ∂   



M
M 

L(


M ) 



M  



 ±±µ 

 �C�U� UN�H� WI�dD�U�Ë  ?F��« U?MMJ1 jui�  (substitution)      q?�� Èd?�√ WK�?�Q� ¢ ∫  q?�
WGK�«  L(M)      ø W?�� U?�u� WK?�K� Í√ v?K� Íu�%   ¢ Ë√   ¢  W?GK�« q?�  L(M)   ø W?LE�M�  ¢ ÊËœ

 ÊU���« vK� W�d�u� …—uB� ��Q��« Æ    r?��K� W?K�U� �?� UN�öO��Ë WK��_« Ác� Æ    W?�U� W?�O�� „U?M�Ë– 
 W�dE� UNOK� oKD� ¢ f�«—¢  (Rice's theorem)  ≠  mOB� (formalizes)  UOKJ� p�– Æ  Ác?�Ë

 W�dEM�« Ê√ vK� hM� ¢  WDO?�� �� WO�U� Í√ ©   W?N�U� �?�®  (any nontrivial property)   s?�
 r��K� WK�U� �� U�œ«b�—« b�bF�K� WK�U� WG� Í√ ’«u�Æ ¢  WHB�« U�√Ë ¢ WN�U� �� Ë√ WDO�� �� ¢ �A��

WO�U� �≈   UGK�« Ác� q� fO� sJ�Ë U�œ«b�—« b�bF�K� WK�UI�«  UGK�« iF� UN� l�L��Æ 
 

 U��U� ∫ W�Q�� ¢ X�u� ¢��UILK�WK 
The Post Correspondence Problem (PCP) 

 
�?????    ZzU??��Ë l??�«u� t??� n??�u��« W�Q??�* W�??�M�U� r??��K� W??OK�UI�« Âb  (consequences) 

�b�??…b �???OL�√ U???� WLOK??¨ W Ë�U�???� � W???GK�« ‰U???�  U?? ‚UO��« …d Æ � � s?J�Ë ???  …��?�  ôU
J�???FB�« s� Êu???L*«Ë V???LF�« q???0 q???�U�� n�u��« W�Q�???�Ë ¨ …d???�_«Ë d��_« s???�u�« V� ??? ‰u

�M�« iF� �≈??OD�u�« ZzU???? W(intermediate results)  � �?�« ???b�      n?�u��« W�Q?�� 5?� …u?�H�«
zU��Ë ????�√ q????? Èd Æ�Ë ????zU�M�« Ác?????OD�u�« Z ?????�M� W????� Z ???� s????OK�U� Âb ???  ¨ r??��K� n?�u��« W�Q??�� W
NMJ�Ë???      N��«—œ b?�d� �?�« qzU?�*« s?� U?�d�Ë U?�U��—« d��√ �b�F�� U ????  F& w?N� p�c?�Ë ¨ U ???�«��« q ??? 5

�U��ù«Ë?????�√  U????�√Ë d�???? qN ÆzU�M�« Ác??� Èb??�≈Ë?????OD�u�« Z?????  w??� W W�Q??�� ¢ X??�u� ¢ W??K��UILK� Ø
�ULLK�WK  (the Post Correspondence Problem) (PCP)  Æ 

 W�Q��Ë ¢ X�u� ¢ WK�UILK� (PCP) wK� UL� UN{d� sJ1 ∫ 
  5�F�U??��� UM�b??� Ê√ ÷d??H�(two sequences) Êu??J��    œb??� s??� U??LNM� q??�n   s??�

  q�ö��«(strings) ÌW�uL� vK� U� ÌW�b�√   ¨  UL� 5�F�U��*« Ê√ ÷dH�Ë 
 

A = w1, w2, …wn 

 
B = v1, v2, …,vn 

 
 W�Q�* q� b�u� t�≈ ‰uI�¢  X�u� ¢  WK�UILK�(a Post Correspondence solution) –   Ë√

 «—U???B��« ∫   q???�(PC – solution)  PC -≠    ÃËe?K�(A, B)       W?�ËU� �?� W?F�U���  b?��Ë «–≈
W�O�� œ«b�√ s�   i, j, …, k  (a nonempty sequence of integers)  ¨Ê√ YO� 

 
wi wj …wk = vi vj …vk 



 ±±∂ 

    W�Q?��ËPCP     b?�u� Ê√ w?� Ø    U?��� W?O�“—«u� d?J���–   ÃË“ Í_(A, B)  –     „U?M� ÊU?� «–≈ U?�
 q�PC -   ô Â√Æ 

 
 ‰U��¥ – µ –  √® 

            Ê√ ÷dH� = {0, 1}  ¨  Ê√Ë 
A = w1, w2, w3 

 
B = v1, v2, v3 

 
  YO� 

w1 = 11, w2 = 100, w3 = 111, 
         v1 = 111, v2 = 001, v3 = 11. 

 
   ÃËeK� q�(A, B)   q�PC -  ø 
 
  » ® √ ¡e'« q� b�√ ® Ê√ ÷dH� 

w1 = 00, w2 = 001, w3 = 1000, 
        v1 = 0, v2 = 11, v3 = 011. 

 
 q(«∫ 
           √ ® q� b�u� W�U(« Ác� �PC -  qJ� p�– s�O�� UL� ¨¥ – ∑ Æ 

 
 

 
 

 
 

 
 
  » ®     q?� Í√ b?�u� Ê√ s?J1 ô W?�U(« Ác?� �  PC -    WK?�K� Í√ Ê_ p?�–Ë ¨   s?� W?��uJ�

s� d�UM�  A    s� WK�UI*« WK�K��« s� ‰u�√ ÊuJ��B   Æ 
 

* * * 
 

1 1 1 0 0 1 1 1 

w3 w2 w± 

 qJ�¥ – ∑  

v± 
v2 v3 



 ±±∑ 

U� ÎU�Ë“ Ê√  U��≈ vK� —bI� b� W�U�  ôU� �  (A, B) ���u� `L???� œu????q   PC - 
 `�d� ¡UA�≈ ¡UD�≈ o�d� s� (explicit construction)  ¨    s?J1 ô t?�√  U��≈ vK� —bI� b� Ë√

  UI�U??� U??MKF� U??L� ¨ q??(« «c??� q??�� b??�u� Ê√ ©q??� � ‰U??�� ¥ – µ –  » ® Æ b??�u� ô U??�uL� s??J�Ë
‰«u�_« lO� � ‰«R��« «c� r�( WO�“—«u� Æ � p�c�ËW�Q�� ÊS   PCP    r��K� WK�U� ��Æ 

 
��≈Ë????  U U� ÎU?????�u� WK????�u� W????OKL� �b????�F�� p�– Æ  �≈ U????NL�IM� Õu???{u�« q????�√ s????�Ë

 5ze???� ∫  W�Q�?????� ·�d�???F�� ‰Ë_« ¡e???'« � ¢ X???�u� ¢  W???K��UILK� W???��b�FÔ*«(Modified Post 
Correspondence Problem) (MPCP) Æ     ÃËe?????�« Ê≈ ‰u?????I�Ë(A, B)     q?????� t????�

 W�Q�????????* ¢ X??????�u� ¢  ??????K��UILK� W??????��b�FÔ*«W ) q???�(MPC – (a modified Post 
correspondence solution) (MPC – solution)   œ«b??�√ s??� W??F�U���  b??��Ë «–≈

W�O��  i, j, …, k    Ê√ YO� ¨ 
 

w1wi,wj, …wk = v1vi vj …vk 
 

 W�Q�� � ¢ X�u� ¢ WK��UILK� W��b�FÔ*«(MPCP)      5�F�U?��*« � Êô�ËÓ_« Ê«d?BMF�« A, B   ÊU?�FK�
  U?�U� «—Ëœ Æ q??� ÍQ??�MPC –    WK?�K��U� √b??�� Ê√ V??�w1 WK??�K��«Ë ¨ d??��_« ·d??D�« v??K�  v1   

 s1_« ·dD�« vK�Æ    q?� b?��Ë «–≈ t�√ k�ôËMPC –  �    q?� U?C�√ „U?MNPC –    f?JF�« s?J�Ë ¨
 `O�� ��Æ 

 
   W�Q��ËMPCP   b�u� Ê√ w� Ø�       Í—U?O��« ÃË“ Í√ ÊU?� «–≈ U?� r?�( W?O�“—«u�  d?J��

(A, B)    q� œu�u� `L��  MPC – ô Â√ Æ   r?��K� W?K�U� �� UC�√ W�Q�*« Ác�Ë Æ   X?��� ·u?�Ë
 W�Q�� WOK�U� Âb�MPCP    ‰e�� ÊQ� r��K�(reduce) NO�≈U    b?� Âu?KF� W�Q?��   ¨ r?��K� U?N�OK�U� Â

  ¡U??L��ô« W�Q??�� w??�Ë Ø  W�u??CF�«(membership problem)   U??GK� W�??�M�U�   b??�bF�K� W??K�UI�«
  U�œ«b?�—« Æ    ¡U??A�ù« W?I�d� ·�d?�F�� p?�– o?OI���Ë  (construction)   W?O�U��«Æ     U??MOD�Ô√ b?� U?M�√ ÷d?H�

�U�??   …b???????�OI�� �?????� …b?(unrestricted grammar) G = (V, T, S, P)   ÎU�b?� WK??�K????�Ë ¨  
(a target string) w  ÆÃËe�« ¡UA�S� ÂuI�  A, B   s�O�� u� UL� w�U��« qJA�« �© qJ�¥ – ∏ ®Æ 

 WK?�K��« c�Q� qJA�« «c� �Ë   FS    U?N�√ v?K�  w1  ¨  WK?�K��«ËF       U?N�√ v?K�v1  Æ   V?O�d� U?�√Ë
(order)  N� �G� q�ö��« WOI� rÆ  

 
 
 



 ±±∏ 

 
A B  

FS  F 
 

VUT   � œu�u� �� e�— F 
!

a a 
 

  a  T 
 

Vi Vi 
 

  Vi  V 
 

E  wE 
 

VUT   � œu�u� �� e�— E 
 

yi xi 

 

  xi  yi in P 
 

  
 
 
 

 
 
 
   Ê√ b?�d�Ë    Ê√ W?�UNM�« � r�e?�w  L(G)        5��u?L�LK� ÊU?� «–≈ j?I�Ë «–≈A, B  

��ÓQ�A�MÔ*«s�O  (constructed)      q?� W?OHOJ�« Ác?N�MPC -    Æ      U�?{«Ë Êu?J� ô b?� «c?� Ê_ «d?E�Ë
 jO�� ‰U�0 �« Ê–S� t�{uM�� …d�U�� Æ 

 
 ‰U��¥ ≠ ∂ ∫ 

       Ê√ ÷dH�G = ({A, B, C} , {a, b, c,} , S, P)  U�U��ù« YO� ¨  P   w� 
 

S  aABb|Bbb, 
     Bb  C, 
   AC   aac. 

 
 �Q�Ë???c  w = aaac  Æ   ÊU????�F�U��*«(sequences) A, B  �K�«???ÊU  U???LNOK� q???B�

  W��I*« ¡UA�ù« W????I�d� s�(suggested construction)   qJ?� � ÊU�MO��¥ ≠ π  Æ      WK?�K��«
w = aaac    WGK�« � …œu�u�L (G)  ‚UI��« U�Ë ¨ 

 
S  aABb  aAC  aaac 

 qJ�¥ – ∏  



 ±±π 

vi!wi!i!
F FS !1!
a!a!2!
b!b!3!
c!c!4!
A!A!5!
B!B!6!
C!C!7!
S!S!8!
 aaacE!E!9!
S!aABb!10!
S!Bbb!11!
Bb!C!12!
AC!aac!13!
!!14!

 
 
 

   …«“«u?� W?OHO� U?�√Ë  (paralleling)    q?� ‚UI�?�ô« «c?�  MPC -     …ÓQ?�A�MÔ*«  U?�uL:« WD?�«u�
(constructed sets)   qJ� t�{uO�¥ ≠ ±∞ � 5�uD� ‰Ë√ s�O���� Íc�« ‚UI��ô«  Æ�_«Ë?? œ«b 

 
 
 

 
 

 
 
 

 
 

 
 
 
 

 ‚UI�?�ô« WK�K� qH�√Ë ‚u� W�u�J*« W�O�B�«  (derivation string)   s�O?��≠    V?O���« v?K�≠ 
 «d�R�  w (indices)  Ë  v    WK�K��« ¡UA�ù W��b���*«Æ 

F S  a A B b 

v1 v10 

w1 w10 

F S  a A B b 

v1 v10 

w1 w10 w14 w2 w5 w12 

 a A C 

v14 v2 v5 v12 

 qJ�¥ – π  

 qJ�¥ – ±∞  



 ±≤∞ 

�«—b�Ë qJ� W¥ ≠ ±∞  Àb� «–U� Èd� Ê√ lOD��� «bO� Æ   q?� ¡U?A�≈ b?�d� s�M�  MPC -   «c?�Ë ¨
WK�K��U� √b�� Ê√ V�O�  w1 Í√ ¨  FS  Æ vK� Íu�% WK�K��« Ác�Ë  S    U?NLz«u�� w?ÓJÓ� w�U��U�Ë ¨

(to match it)   Âb��??�� Ê√ U??MOK�  v10      Ë√v11 Æ      Âb��??�� ‰U??�*« «c??� �v10   p??�–Ë ¨
b�??��   WK??�K��« w�w10         w??ze'« ‚UI�??�ô« � W??O�U��« WK??�K��« �≈ U??�œuI� «c??�Ë ¨(partial 

derivation)  Æ        WK?�K��« Ê√ Èd?� d?��√ …b?�  «u?D� �≈ dEM�U?�Ëw1 wi wj…    U?Lz«œ ÊuJ�?�
    W?K�UI*« WK�K��« s� ‰u�√v1 vi vj…        � j�?C�U� …b?�«Ë …u?D� W?�bI�� �Ë_« WK?�K��« Ê√Ë ¨

 ‚UI��ô« Æ   Y?O� ¨ …��_« …uD)« u� bO�u�« ¡UM���ô«Ëw9      WK?�K��« q?F��� o?��D�� Ê√ V?�  v- 
   WK???�K��U� o???�K�w-  Æ  q???(«ËMPC -    qJ???� � d???NE� q???�UJ�«¥ ≠ ±±  Æ ¡U???A�ù« W???I�d�Ë  

(construction) ≠ ‰U�*« «c� l� ≠     �?�« W?�UF�« ◊u?D)« �≈ �A� v?�M����     W?�O�M�« UN?�U�√ v?K�
 WO�U��«Æ 

 
 

 
                 

 
 
 
 

 W�dE�¥ ≠ µ ∫ 
        X?�U� «–≈  G = (V, T, S, P)      …b?�OÓI� �?� …b?�U� Í√ w?�  (unrestricted 

grammar)  Ë ¨   w  �????� Í√ w???�K?????� WK  T+  �Ë ¨????ÊU  (A, B)  �??? ÃË“ uK��UI*«????W  (the 
correspondence pair)     …b?�UI�« t�?A�M�� Íc?�«   G   WK?�K��«Ë  w   W?OKLF�U�  (process)   �?�«

N{dF�?????� U????? qJ¥ ≠ ∏ ÃËe�« ÊS� ¨ (A, B)  ��??�u� `L??q� œu  MPC -  �U� «–≈ jI�Ë «–≈??X  
w  L(G) Æ 

 
 ÊU���«∫ 

 L�A�????���« q????�� vK� ÊU?« W WOKJ?� WOz«dI��  (formal inductive argument) 
 UM� qO�UH��« ·c�M� UMMJ�Ë ¨ UI�U� UNO�≈ —UA*« »U��_« ”U�√ vK� WOM��Æ 

 
  W�uCF�« W�Q�� ‰«e��« Êü« UMMJ1 W�O�M�« ÁcN�Ë Ø     b?�bF�K� W?K�UI�«  U?GK� W�?�M�U� ¡UL��ô«

 W�Q�� �≈ U�œ«b�—« ¢ X�u� ¢Ë ¨ WK�UILK� W��bF*« r��K� …��_« W�Q�*« WOK�U� Âb� ÊUO� w�U��U�Æ 

F S   a A B b  a A C  a a a c E 

w1 w10 w14 w2 w12 w5 w14 w2 w13 w9 

v1 v14 v5 v12 v10 v2 v14 v2 v13 v9 

 qJ�¥ ≠ ±± 



 ±≤± 

 W�dE�¥ ≠ ∂ ∫ 
        W�Q�� ¢ X�u� ¢ r��K� WK�U� �� WK��UILK� W��bF*«Æ 
 

 ÊU���«∫ 
  …b?�OI� �� …b�U� Í√ UMOD�Ô√ «–≈  G = (V, T, S, P)  WK?�K�Ë  w  T+     T?AM� U?M�S� ¨

5��uL:«  A, B   UI�U� UM���« UL� ÆEM�Ë W�d¥ ≠ µ ÃËe�« ÊS�  (A, B)   q?� t�  MPC -   «–≈
X�U� «–≈ jI�Ë  w  L(G) Æ 

 
               W�Q�� Ê√ Êü« ÷dH� ¢ X�u� ¢ r��K� WK�U� WK�UILK� W��bF*« Æ WO�“—«u� ¡UA�≈ czbM� UMMJ1

  ¡UL��« W�Q�*G   qJ� � jD� u� UL�¥ ≠ ±≤  Æ WO�“—«u� œu�Ë `{«u�« s�Ë  ¡UA�ùA    ËB   
 

 

          

 

 

 
 
 

 s�…b�UI�«  G  WK�K��«Ë  w  …b�UIK� ¡UL��« WO�“—«u� b�u� ô sJ�Ë ¨  G  WK�K��«Ë  w  Æ  tOK� �¡UM�Ë
 W�Q�� r�( WO�“—«u� Í√ œu�Ë sJ1 ô t�√ Z�M��� Ê√ V�O� ¢ X�u� ¢ WK�UILK� W��bF*«Æ 

 
* * * 

 
 zU�M�« Ác� bF� Êü«Ë W�Q��  U��ù ÊËe�U� s� WO�Ë_« Z ¢  X?�u� ¢   UN�GO?� � W?K��UILK�

 WOK�_«Æ 
 

 W�dE�¥ ≠ ∑ ∫ 
       W�Q�� ¢ X�u� ¢ r��K� WK�U� �� WK��UILK�Æ 
 

G, w A, B  TA�Ó√    

  qJ� � UL�
¥ ≠ ∏ !

 
WO�“—«u� 
  MPC 

algorithm  
  

MPC- solution q�!
w  L(G)!

!

 qJ�¥ – ±≤  
¡UL��« WO�“—«u� 

A, B 

w  L(G)!
!No MPC- solution  



 ±≤≤ 

 ÊU���«∫ 
       W�Q?�� X?�U� u?� t?�√ w?� ÊU���« � UNOK� bL�FM� ��« W�(« ¢  X?�u� ¢   W?K�U� W?K�UILK�

 W�Q�� X�UJ� r��K� ¢ X�u� ¢ r��K� WK�U� WK�UILK� W��bF*«Æ 
 

                WF�U��� UMOD�Ô√ b� UM�√ ÷dH�  A = w1, w2, …, wn    W?F�U���Ë   B = v1, v2, …, vn 
U� ÌW�b�√ ÌW�uL� vK�    Æs�e�— Êü« ·�d�F�M�   s�b�b� ∆  Ë§   5�b�b� 5�F�U���Ë ¨ 

 
C = y0, y1, …, yn+1 
D = z0, z1, …, zn+1 

 

 wK� UL� ÊU��d�F��∫      
   rOIK�i = 1, 2, …, n   ∫ 

    yi = wi1∆wi2∆ … 
iimw  

zi = ∆vi1∆vi2∆ …
iirv   

 
YO�  wij  r�— ·d(« �F�  j   WK�K��« �  (jth letter of) wi   ¨ 

            vij  d(« �F�· r�—  j   �K��« �KW  vi  Æ 
      mi = | wi | , ri  = | vi | 

 
   T???AM� U???M�S�  U???LKJ�U�Ë yi    WK???�K��« s???�  wi   ‚U???(S�  (appending) e???�d�«  ∆   e???�— q???J�  

(character)  WK??�K��« �   wi    © tF??{u� Í√Áb??F�  …d??�U�� ®¨    v??K� q??B� U??LMO�zi    o�??�� ÊQ??�
(prefixing)     e??�— q??�(character)     WK??�K��« �vi     e�d�U??� ∆   ©    …d??�U�� t??K�� tF??C� Í√ Æ ®

  5�F�U��*« n�dF� ‰UL�ùËC, D   c�Q�  
      y0  =  ∆y1, 

yn+1  =  §,    
    z0  =  z1, 

  zn+1  =  ∆§. 
 

ÃËe�« —U���ô« � Êü« c�Q�   (C, D)  ö� t� Ê√ ÷dH�Ë ¨≠ PC Æ 
 

s�e�d�« l{u� «dE�  (placement of) ∆ , § ö� ÊS� ¨     v?K� Íu?�� Ê√ V?� «c?N� 
y0   —U�O�« vK�  ¨  Ë   yn+1   vK�  «cJ� Ëb�� Ê√ V� w�U��U�Ë ¨ 5LO�«∫ 

 
∆w11 ∆w12 … ∆wj1∆ … ∆wk1 … ∆§ =  ∆v11 ∆v12 … ∆vj1∆ … ∆vk1 … ∆§ 



 ±≤≥ 

 s�e�d�« ‰UL�S�Ë  ∆, §     wC�I� «c� Ê√ Èd� ¨∫ 
 

w1wj …wk = v1vj …vk 
 

   ÃËe�U� «cJ�Ë(A, B)   `L�� q� œu�u�  MPC -  Æ 
    q?� „U?M� ÊU� «–≈ t�√ X��M� ÊU���« d�Ëb� UMMJ1ËMPC -     ÃËe?K�  (A, B)    ÊS?� ¨

ö� „UM�  PC -  ÃËeK�   (C, D)  Æ 
  W�Q??�� Ê√ Êü« ÷d??H� ¢ X??�u� ¢  r??��K� W??K�U� W??K�UILK�(decidable)  Æ c??zbM� U??MMJ1

 qJ??� � W??M�O�*« W??�ü« ¡U??A�≈¥ ≠ ±≥  Æü« Ác??�Ë W??�  r??�%(decides)  W�Q??�� Õu??{u� ¢ X??�u� ¢
 W??K�UILK� W??��bF*« Æ W�Q??�� s??J�Ë ¢ X??�u� ¢ r??��K� W??K�U� �??� W??K�UILK� W??��bF*«(undecidable)  Æ

 W�Q�� r�( WO�“—«u� vK� ‰uB(« UMMJ1 ö� w�U��U�Ë ¢ X�u� ¢ WK�UILK�Æ 
 

 

          

 

 

 
 
 

 UF�«— ∫ �� qzU��‚UO��« …d�  UGK� W��M�U� r��K� WK�U�  
Undecidable Problems for Context - Free Languages 

 
  W�Q�� bF�� ¢ X�u� ¢ WK��_« W�«—b� W��UM� …«œ√ WÓK��UILK�     U?GK� W�?�M�U� r?��K� WK�UI�« ��

 ‚UO��« …d� Æ ZzU�M�« iF�� �« Ê–S� p�– `{uM�ËÆ 
 

 W�dE�¥ ≠ ∏ ∫ 
        � ô b?�b��� WO�“—«u� Í√ b�u  Ø  r?�((deciding)      …d?� …b?�U� Í√ X?�U� «–≈ U?�

…UDF� ‚UO��« (any given context-free grammar)   W?LN�� Ø W?���K� (ambiguous)  Â√
 ôÆ 

A, B  TA��Ó√
Construct  !

   C, D!
  !

   
 

 
«u�WO�“—  

  PC 
algorithm  

  

PC - q� 
PC- solution  
!

     MPC- solution     
MPC - q�!

 qJ�¥ –±≥  
 WO�“—«u�MPC  

C, D 

No MPC- solution            
MPC -  œu�Ë Âb�q� !

!
No PC- solution  
PC-  q� œu�Ë Âb�!
 



 ±≤¥ 

 ÊU���«∫ 
 q�ö� �F�U��� —U���ô« � c�Q�  (two sequences of strings) ∫  
 

A = (w1, w2, …, wn),     B = (v1, v2, …, vn)     
 

ÌW�uL� vK� U� ÌW�b�√    Æ WHK�� “u�— s� …b�b� ÎW�uL� ��« a1, a2, …, an   Ê√ YO� 
 

{a1, a2, …, an}   =  
 

5�GK�« �≈ dE�«Ë 
     LA = { wi wj … wl wk ak al … aj ai } 

 
LB = { vi vj … vl vk ak al … aj ai } 

 

…d� …b�UI�« �≈ Êü« dE�« r�  ‚UO��« 
 

G = ( {S, SA, SB},   {a1, a2, … an} , P, S) 
 

  U?�U��ù« W�uL� YO�   P     œU?%« w?� (union)     5�Oze?� 5��u?L� ∫ �Ë_« ∫ PA    Êu?J��
 s� 

 S    SA, 
 SA   wi SAai | wiai,      i = 1, 2, …, n, 

 

 WO�U��«Ë   ∫PB    U�U��ù« vK� Íu�% 
 S    SB, 
 SB   vi SBai | viai,      i = 1, 2, …, n. 

 

c�� 
GA = ( {S, SA},   {a1, a2, … an} , PA, S) , 

 
GB = ( {S, SB},   {a1, a2, … an} , PB, S) . 

 
 Ê√ `{«u�« s� 

LA  = L(GA), 
LB  = L(GB), 

 

Ê√Ë 
L(G) = LA  LB.!



 ±≤µ 

   5�b??????�UI�« Ê√ Èd??????� Ê√ qN??????��« s??????�GA, GB    5�??????LN�� �??????� ULNO??????�HM�
(unambiguous)  ÆWK�K� XN��« «–≈Ë WGK�« � …UDF�  L(G)        ?� ai     …b?�UI�U� UN�UI�?�« ÊS� ¨ 

GA          ??� √b?� b?� Êu?J� Ê√ V?�S  wiSai    Æ      œb?� Ê√ W?I�ô W?K�d� Í√ � U?MMJ1 q?�*U�Ë
…b�UI�«  (rule)  �«  o?��D� Ê√ V� �Æ   «–S?� «c?J�Ë   …b?�UI�« X?�U�  G      Êu?J� Ê√ V?�O� ¨ W?LN��

WK�K� œu�Ë V��� p�c�  w   ÊU�UI��« U�∫  
 

S  SA  wiSAai 

  wiwj … wkak … ajai = w, 

 
S  SB  viSBai 


  vivj … vkak … ajai = w. 

 
«–S� tOK� �¡UM�Ë …b�UI�« X�U�  G  WLN��  (ambiguous)  W�Q�� ÊS� ¨ ¢ X�u� ¢ ÃËe�« l� WK�UILK�

(A, B)  ÊuJ�  q� U�Æ …b�UI�« X�U� «–≈ fJF�U�Ë  G  WLN�� �� ¨  W�Q�� ÊS� ¢  X?�u� ¢  W?K�UILK�
 q� U� ÊuJ� Ê√ sJ1 ôÆ 

  ÂUN�ù« W�Q�� q( WO�“—«u�  b��Ë «–S� Ø   ”U?���ô«(ambiguity problem)   t?�S� ¨
UNK�bF� UMMJ1  (adapting it)  W�Q�� q( ¢ X�u�¢       qJ?� � 5�?� u?� U?L� ¨ W?K�UILK�¥ ≠ ±¥  Æ

  W�Q??�* W??O�“—«u� b??�u� ô t??�_ «d??E� s??J�Ë ¢ X??�u� ¢  ÂU??N�ù« W�Q??�� Ê√ Z�M�??�� U??M�S� ¨ W??K�UILK�Ø 
”U���ô«  r��K� WK�U� ��Æ 

 

 

          

 

 

 
  
 
� W�dE¥ ≠ π ∫ 
        b�b��� WO�“—«u� Í√ b�u� ô Ø  r�((deciding)  X�U� «–≈ U�  
 

L (G1)   L (G2) =   

A, B  TA��Ó√
Construct  !

   G!
  !
   
 

 ÂUN�≈ WO�“—«u� 
Ambiguity!
algorithm  

  

 WLN�� G …b�UI�« 
G is ambiguous.!
!

     PC- solution     
PC - q�!

 qJ�¥ –±¥  
 WO�“—«u�PC  

G 

   No PC- solution                     
PC - q� œu�Ë Âb�!

!
G is not ambiguous 
WLN�� �� G …b�UI�« 
 
.!
 



 ±≤∂ 

 

    5��—U?O��« 5�b?�U� Í_ v??���d??��  ‚UO?��«  G1, G2  (arbitrary context - free 
grammars)  Æ 

 

 ÊU���«∫ 
 5�b�UI�« Ê√ ���«   G1, G2    U?L�≠    V?O���« v?K�≠  ÊU�b?�UI�«   GA, GB    ÊU���d??�FÔ*«

ÊU�d� � W�dE� ¥ ≠ ∏  Æ5�GK�« Ê√ ÷dH�Ë L (GA),  L (GB)     Ê√ Í√ ¨ „�A� dBM� ULNO� 
 

SA 

  wiwj … wkak … ajai , 

 

                   SB 

  vivj … vkak … ajai . 

 
  ÃËe?�« Ê√ Í√(A, B)    q?� t?�  PC -  Æ     q?� ÃËe?K� s?J� � «–≈ fJF�U?�Ë PC -   Ê√ s?J1 ö?� ¨

ÊuJ� 5�GK�« �  L (GA), L (GB)     „�?A� d?BM�Æ     Ê√ Z�M�?�� «c?J�ËL (GA)  L (GB)  
ËU� �� ÊuJ�  (nonempty)    ÃËe?K� ÊU?� «–≈ jI�Ë «–≈  (A, B)    q?� PC - Æ   ‰«e?��ô« «c?�Ë

 W�dEM�« s���Æ  
 

s� ‰«R� U��U�  …¡UHJ�« 
 
 W�???�u�K� W???OK�UI�U� j???I� U???M�UL��« ÊU???� «–≈   (computability)r???��K� W???OK�UI�« Ë√  

(decidability)    Ã–u??LM�« Ÿu??� ÊS??�  (model)      �≈ ÍœR???� ô Z�—u??O� W??�ü t�b��??�� Íc???�«
 U??�ö��«  d�c??��Æ √  «– —u??�√ �≈ d??EM�« U�√b??� «–≈ U??�√� W??OKL� W??OL�ÊS??� …¡U??HJ�« Ë√ c??OHM��« W�uN??� 

 —uNE�« � √b�� W�U�  U�ö��« Æ p�c� ÊôU�� wK� ULO�ËÆ 
 

 ‰U��¥ ≠ ∑ ∫ 
      ‰U�� �± ≠ ∏    WGK� b�«Ë j�d�  «– Z�—uO� W�¬ U�QA�√ 
 

L = {anbn : n  1} 
 
        WK??�K�K� W�??�M�U� t??�√ ÈdM??� U??M�S� W??O�“—«u)« Ác??� �≈ U??�dE� «–≈w = anbn   ÊS??�

 œb??� �≈ U??��dI� ÃU??�% W??O�“—«u)«  2n   W??�¡«u*  «u??D)« s??�  (matching) q??�  a   l??�  b 
 U???� W???K�UI*«Æ  p�c???�ËOKLF�« ÊS???�?????U�(« W?????O�W  (computation) ‚dG�???�� UN???K�  O(n2)  s???�

 U�d���« Æ    ‰U?�� � p?�– bF� U�d�√ UL� UMMJ�Ë≤ ≠ ≥       W?HK�� W?O�“—«u� Â«b��?�« U?MMJ1 t?�√   W?�P�



 ±≤∑ 

 5D�d�  «– Æ“u�d�« lO� ôË√ a�M� YO�   a's    j�dA�« �w�U��« ¨   “u?�d�« l?� UNLz«u� r�  b's 
‰Ë_« j�dA�« vK� …œu�u*« Æ    qJ?� s�O?��Ë¥ ≠ ±µ        a?�M�« W?OKL� b?F�Ë q?�� 5D�d?A�«  U?�u��Æ 

     W?�¡«u*«Ë a?�M�« �O?KL� ¡«d?�≈ U?MMJ1Ë  (copying and matching)   �« s?� œb?F�   U?�d��
ÍËU��   O(n)  ��J� ��√ …¡UHJ� Í√ ¨Æ 

 
 

 
 
 
 
 
 
 
 
 
 

 ‰U��¥ ≠ ∏ ∫ 
     W�uCF�« W�Q�� W�«—œ s� rKF� Ø  ¡UL��ô«(membership problem)   UGK� W��M�U�

UM�√ ‚UO��« …d�   ‰U?�œù« WK?�K� ‰u� U�c�√ «–≈  w      WF?� t?�√ v?K� Ø  W�Q?�*« r?��  (problem 
size) n     q�U?A�« Y?���« W?O�“—«u� ÊS?�  (exhaustive search)   œb?� ‚dG�?��  O(nM)    s?�

YO� ¨  «uD)«  M   …b?�UI�« vK� bL�F�  (grammar)  Æ  W?O�“—«u� U?�√Ë   CYK    …¡U?H� �?�_«
VKD�� UN�S�  O(n3)  Æ s� q�Ë5�O�“—«u)« 5�U�   …œ�b� WO�“—«u� bF��(deterministic) Æ 

 …œb� �� WO�“—«u� Í√Ë  (nondeterministic)  W�Q�*« Ác�  5L��?� W�U��� √b��
   U?�U��ù« W?F�U���  (which sequence of productions)      ‚UI�?�« W?OKL� � o?��D�� �?�«

WK�K��«  w  Æ �% ô …b�U� UM�b���« «–S� …b�u�«  U�U��≈ vK� Íu U�U��≈Ë   -   (unit - and 
  - productions) ¨ U�U�√ ÊuJO� ‚UI��ô« ‰u� ÊS�  |w|       W?O�“—«u� v?K� q?B� w�U?��U�Ë ¨

O(n) Æ 
          �*«??????I�U��« ÊôU????� ÊU ???� Ê√ �≈ Ê«�A ??? qzU��«HJ ??? …¡U�� ???M� d�Q ??? O� W?�¬ Ÿu ???  �?�« Z�—u

¨ UN�b����  Ÿu{u� Ê√ �≈Ë     b?�b���« Âb?�Ë b?�b���« 5?� W?�“«u*«  (determinism versus 
nondeterminism)   W??�U� W??OL�√ Ë– Ÿu??{u� Æ   � d??��√ qO??BH�� «c??� �≈ �« Ê–S??� œuFM??�Ë

 ”œU��« qBH�«Æ  

a! a! b!b!Tape 1! 1  j�dA�«  

2  j�dA�«  

1  j�dA�«   

2  j�dA�«   Tape 2!Tape 2!

Tape 1! a! a! b!b!

a!a!

©√ ®ÊUOz«b��ô« ÊUD�dA�« 
Initial Tapes 

©» ® ÊUD�dA�« “u�d�« a�� bF�a's 
Tapes after copying of a's 

 qJ�¥ ≠ ±µ !

.! .! .! .! . 
 . !

.!

.!.!.!

.! .! .! .! .! .!



±≤∏ 
 

 r�—  UM�d9  ©¥ ® 
 

 ôË√ ∫  Z�—uO�  ôP� UNK� sJ1 ô ��« qzU�*« iF� 
 

¥ – ±  ®   r??��K� W??K�U� �??� W??O�U��« W�Q??�*« Ê√ X??��√ ∫  Z�—u??O� W??�¬ Í√ U??MOD�Ô√ «–≈M    ¨e??�— Í√Ë  
(symbol) a    WK�K� Í√Ë ¨  w  +  ¨     e?�d�« ÊU?� «–≈ U?� œ�b?��  a     V�J�O?�

M� ô Â√ U�ö�≈�� U�bW�ü« o�D   M    WK�K��« vK�w  Æ  
 

¥ – ≤ ®  ÊU??��¬ X??�U� «–≈ U??� d??�dI�� W??O�“—«u� b??�u� ô t??�√ X??��«  M1, M2   Z�—u??O�  ô¬ s??�
Êö�I�  (accept)  ô Â√ UN�H� WGK�«Æ  

 
¥ – ≥ ®   Ê√ ÷d?H�M     Ê√Ë ¨ Z�—u?O� W?�¬ Í√ w?�  x, y      ÊU?MJ2 ÊU?OE( ÊUH?�Ë U?L�  (two 

possible instantaneous descriptions)   W?�x�  M   Æ    b?�b% W�Q?�� Ê√ X?��«
 ÊU� «–≈ U� 

x ├*
M y 

 
  r��K� WK�U� �� W�Q�� w� ô Â√Æ 
 

¥ – ¥ ®  Ê√ ÷dH�B     ⁄—U?� j�dA� U�√b�� U�bM� n�u�� ��« Z�—uO�  ô¬ lO� W�uL� w� Æ
—« X�O� UNMJ�Ë ¨ U�œ«b�—« b�bF�K� WK�U� W�uL:« Ác� Ê√ X��« W�œ«b�Æ 

 
¥ – µ ®    ô Â√ W�O�?� W?O�U��« …—U�F�« X�U� «–≈ U� œ�b� ∫  U?NÔ�U� ÌW�Q?�� �Í√  (domain)   œËb?�

(finite)  r��K� WK�U� ÊuJ�  (decidable) Æ 
 

 UO�U� ∫ U�œ«b�—« b�bF�K� WK�UI�«  UGK� W��M�U� r��K� WK�U� �� qzU�� 
 

¥ ≠ ∂ ® H�?????????Ê√ ÷d   M1, M2   ��¬????????O� U??????????��—UO��« Z�—u??????????? ÊU Æ�*« Ê√ X???��«??????W�Q  
"L(M1)  L(M2)"      r��K� WK�U� ��Æ 

 
¥ ≠ ∑ ® Ê√ ÷dH�    G1Ê√Ë ¨ …b�OI� �� …b�U� Í√ w�   G2  WLE�M� …b�U� Í√ w�Æ 
  W�Q�*« Ê√ X��« 



±≤π 
 

L(G1)  L(G2) =  
  r��K� WK�U� ��Æ 
 

¥ ≠ ∏ ® Ê√ ÷dH�  G   …b�U� …b�OI� �� Æ‰«R��« Ê√ X��«       ¢ q�  L(G) = L(G)*  ø¢ 
  r��K� q�U� �� Æ  U��ù« � Âb���«∫ 

         √®  W�dE� ¢f�«— ¢ Æ 
       »®  WO�Ë_« ∆œU�*«Æ 

 
 U��U� ∫W�Q��  ¢ X�u� ¢ WK�UILK� 

 
¥ ≠ π ®    Ê√ ÷d?H�A = {001, 0011, 11, 101},   B = {01, 111, 111, 010}  Æ

  ÃËeK� q�(A, B)  q�PC  -    q� t� q� ø MPC  -   ø 
 

¥ ≠ ±∞ ® X�U� «–≈ t�√ X��«  || = 1 W�Q�� ÊS�  ¢ X�u� ¢�     t?�√ Í√ ¨ r?��K� W?K�U� Êu?J� WK�UILK
       ÃËe?K� ÊU?� «–≈ U?� —d?I� Ê√ lOD�?�� W?O�“—«u� b?�u�   (A, B)   q?�   PC - ¨  ô Â√ 

vÓDF� ÃË“ Í_ p�–Ë  (A, B)   L� vK�b�«Ë ·d� s� W�b�√ W�u  (a single - 
letter alphabet) Æ 

 
¥ ≠ ±± ® W�Q�* w�U��« q�bF��« Ê√ X��«  ¢ X�u� ¢� r��K� q�U� �� WK�UILK∫ 

   q?� b?�u�MPC -          W�O�?� œ«b?�√ W?F�U��� „U?M� X?�U� «–≈(a sequence of 
integers)   Ê√ YO� 

 
wiwj … wkw1 = vivj … vkv1 

 
J�« ‰u� ‰«R�…¡UH 

 
¥ ≠ ±≤ ®  Ê√ ÷dH�  L   WGK�« w� 
 

L = {ww : w  {a, b}+} 
 



±≥∞ 
 

     ¡U?A�≈ s?� ö� g�U�(construction)  …¡U?H�Ë  (efficiency)    ‰u?�I�  U?O�“—«u)«
 vK� WGK�« 

        √®   WO�UO� Z�—uO� W�¬(a standard Turing machine) Æ 
      »®     5D�d?�  «– …œ�b?� Z�—u?O� W?�¬  (a two - tape deterministic Turing 

machine) Æ 
       Ã®   b�«Ë j�d�  «– …œ�b� �� Z�—uO� W�¬(a single - tape nondeterministic 

Turing machine) Æ 
        œ®      «– …œ�b?� �?� Z�—u?O� W?�¬    5D�d?�(a two - tape nondeterministic 

Turing machine) Æ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 ±≥± 

 qBH�«f�U)« 
 

W��u�K� Èd�√ Ã–U/ 
Other Models of Computation 

 
      d??��_« Ã–U??LM�« b??F� Z�—u??O�  ô¬ Ê√ r??�—  W�??�u�K� W??O�uL�  (most general 

models of computation)       …b?O�u�« X?�O� U?N�√ ô≈ ¨ U�¡U?A�≈ lOD��� ��« Æ   Õ«�?�« - b?�Ë
K�� W??OM�“  «�??� � Èd??�√ Ã–U??/ «b??�Ë ¨ W??HW??K�uK� Ã–U??LM�« Ác??� i??F� ??�ö��« U??HK�� �Ë_« U

 Z�—uO�  ô¬ s� U�—c� ÆUM�√ ô≈  U�b�ËW��UJ�� Ã–ULM�« Ác� lO� Ê√ «��√(equivalent)    s?�
  U�U�(« ¡«d�≈Ë cOHM� vK� UN�—b� YO� ÆÁc�Ë     U?�uL� U?NOK� o?ÓKD� WE�ö*« ¢ ∫   ‘�?A� W�U?�—  ¢

(Church's thesis)  √ v??K� hM??� w??�Ë ¨ Ê  W�??�u�K� W??MJL*« Ã–U??LM�« l??O�≠ ≈ X??�U� «–
 W�O�� Ø W��— Ø   W?O�U� W?�—b� WF?�«Ë  (sufficiently broad) ≠     W?��UJ�� Êu?J� Ê√ V?� Æ  U?L�

     W?O�«– «œu?O� „U?M� Ê√ w?C�I� UN�√ Ø W?M�U�  (inherent limitation)     i?F� „U?M� Ê√Ë ¨ «c?� �
NM� ��F��« sJ1 ô ��« ‰«Ëb�«??U  (expressed) OHO� ÍQ�??� W??I�d� wDF??� W??  W�d(explicit 

method)   UN�U�(Æ r�e�« «c�Ë  (claim)        Z�—u?O� W�U?�d� U?IO�Ë U?�U��—« l�D�U?� j��d?�Æ   j�d?�«Ë
 r�“ � ULNMO� Ø�dE� W Ø  „�A� ÂuNH�(combined notion) U�UO�√ tOK� oKD�  ¢—�  ‘�?A� W�U

≠ O�???? Z�—u¢  (Church - Turing thesis) Æ �Ë???MODF� Ác???�� U??�U� Î√b??��u�K� U??  WO�“—«u)« W
(algorithmic computation)  w�Ë ¨≠  WM��K� WK�U� �� X�U� Ê≈Ë≠  U?�u� öO�œ UMODF�   v?K�
  …—b� d��√ Ã–U/ œu�Ë WO�UJ�≈ Âb�(more powerful models) Æ 

 
 ôË√   ∫W�œ«b�—ô« ‰«Ëb�«    Recursive Functions 

 
   …b??�U� w?� W??�«b�« Ê√ r?KF�  (a rule)    U?� ÌW??�uL� � d?BM� Í_ bM??�� ≠  U??NOK� o??ÓKD�

  ‰U�(domain)  W�«b�«≠  Èd�√ W�uL� � …bO�Ë WLO� UNOK� oKD�   Èb?�(range)   W?�«b�«
Æ    œUM???�ù« «c???� q???O�9 W???OHO� s???� ôƒU??�� —u???H�« v???K� ��???�Ë ¨ l???�«ËË ÂU???� d???�√ «c??�Ë Ø  ◊U???��—ô«

(association)   W�d� …—uB�(explicitly) Æ   lzU� UNCF� ¨ ‰«Ëb�« n�dF�� …��� ‚d� „UM�Ë
   ôULF�??�« q??�√ d??�ü« iF�??�«Ë ¨ Â«b��??�ô« Æ      w�«b??�« ÕöD??�ô« v??K� ÊËœu??F�� U??MK� s??� ö�??L�

(functional notation)   q�� «��F� t� V�J� Íc�« 
 

f(n) = n2 + 1 



 ±≥≤ 

�Ë?????F��« «c?????F�� ��?????�« ·�d?????‰«b  f      UN�U???�( WH???���Ë WD???�«u�∫     jO???�uK� W???LO� Í√ U???MOD�Ô√ «–S???�
(argument) n UM�S� ¨         «�b?�«Ë l?L$ r?� UN?�H� � W?LOI�« Ác?� »d?C� Æ    W?��dF� W?�«b�« Ê_ «d?E�Ë

    X?� wJO�U?JO� »uK?�Q� UNLO� »U�� UMMJLO� ¨ W�dB�« WI�dD�« ÁcN� Æ      W?�«b�« n?�dF� ‰U?L�ùËf   
 U??C�√ U??MOK� V?�  Ê√ U??�U� œb??� Æ   ‰U??� ö�?� U�c??�√ «–S??�f   W??�uL� t??�√ v??K� l??O�  œ«b??�_«

W�O�B�«    Èb� ÊS� ¨f   W�O�B�« œ«b�_« W�uL� s� WOze� W�uL� ÊuJO�  W��u*« Æ 
 
  UNH�dF� UMMJ1 bOIF��« …b�b� ‰«Ëb�« s� «��� Ê_ «dE�Ë Ø    b?I� ¨ W?I�dD�« Ác?N� U�b�b%

 ‰Q�� ∫ Èb� Í√ �≈   ÕöD?�ô« «c� �b�F��(notation)   U?�U� Ø ö�U?�   (universal    t?�√ v?MF0  ø
 W�«œ UM��d�� «–≈ © U�«b�Ë U�U� d�UM� 5� W�öF�« rKF� UM�√ Í√®    WGO?� «c?JN� UNM� ��F��« UMMJ1 qN� ¨

  WO�«œ(such a functional form) ø  vK� W�U�û�Ë     ?� U?� ôË√ `?{u� Ê√ V?� ‰«R��« «c� w
   U??N� ÕuL??�*« mO??B�«(permissible forms)  Æp�c??�Ë   WO??�U�_« ‰«Ëb??�« i??F� ·�d??F� U??M�S�  

(basic functions)    b?�«u� l?� ¨ (rules)         i?F� WO?�U�_« ‰«Ëb?�« Ác?� s?� ��?M� UN�b��?��
 «bOIF� d��_« ‰«Ëb�«Æ 

 

WOz«b� W�œ«b�—« ‰«Ëœ   Primitive Recursive Functions
  

 W??�«—b�« jO??����   ¨ s��G�??*« Ë√ b??�«u�« �G�??*«  «Ë– ‰«Ëb??�« j??I� —U??���ô« � c�QM??�
 U�≈ u� U�U� ��«Ë I  © lO� W�uL� u�Ë œ«b?�_«     W��U?��« �?� W�O�?B�«®    Ë√ ¨I  I  ¨   U�«b?�Ë

   u�I  Æ   WO�U�_« ‰«Ëb�U� √b��Ë∫ 
 

 ©±   ®    W�dHB�« W�«b�«( The zero function ) z (x) 
 

z (x) = 0,  x I 
 

 ©≤   ® WF�U��« W�«b�«ØWO�U��«ØW��b�F���«Ø   WI�ö�« (The successor function) s (x) 
    

 LO� W�«b�« Ác��dBMFK� l�U���« � w�U��« `O�B�« œbF�« w� UN  x       ÕöD?�ôU� t?�√ Í√ ¨
 œU�F*« 

s (x) = x + 1 
 

 ©≥   ®     ◊UI�ù« U��«œ (The projector functions) pk (x1, x2) 
 

pk (x1, x2) = xk,     k = 1, 2 
 



 ±≥≥ 

  5�O�U��« 5�I�dD�« Â«b���U� «bOIF� d��√ ‰«Ëœ ¡UM� UMMJ1 WO�U�_« ‰«Ëb�« Ác� s�Ë∫ 
 

 © √  ® VO���« Composition 
 

 VO��� ÂuI� YO� Ø¡UA�S� (constructing)   W�«œ  f  ∫ 
 

f (x, y) = h (g1 (x, y), g2 (x, y)) 
 

        W��d�F�� ‰«Ëœ s�g1, g2, h    Æ  
 

©»  ®wz«b��« œ«b�—ô«Primitive recursion       
 
    W�«œ n�dF� UMMJ1 YO�f   5��öF�U� U�œ«b�—« 
 

f (x, 0) = g1 (x), 
f (x, y +1) =  h(g2 (x, y), f(x, y)) 

 

        W��d�F�� ‰«Ëœ s�g1, g2, h    Æ  
 
 {u� wK� ULO�Ë  o?O�D� `     ¡U?M� W?OHO� ÊU?O�� p?�– Ø      U�U?�� � WO?�U�_«  U?OKLF�« ¡U?A�≈

 »uK�_« «cN� W�O�B�« œ«b�_«Æ 
 

 ‰U��µ ≠ ±  ∫ 
            W�U{≈ Ø  l�L��(addition) 5�O�B�« s�œbF�«  x, y   ÁcOHM� sJ1  (implemented) 
W�«b�U�  add (x, y)  wK� UL� W��d�FÔ*«∫ 

 
add (x, 0) = x, 

add (x, y +1) =  add (x, y) + 1 
 

5�O�B�« s�œbF�« lL' ö�L�  2, 3  5�b�UI�« 5�U� o��D�  (rules)  vK� qB�M� UOF�U��∫ 
 

add (3,2) =  add (3, 1) + 1 
                       = (add (3, 0) + 1) + 1 

          = (3 + 1) + 1 
        = 4 + 1 = 5. 

 



 ±≥¥ 

 ‰U��µ ≠ ≤ ∫ 
    W??�«b�« Â«b��??�U�   add    ‰U??�� � W??��d�FÔ*«µ ≠ ±  »d??C�« W??OKL� n??�dF� Êü« U??MMJ1  

(multiplication)  wK� UL�∫ 
 

mult (x, 0) = 0, 
mult (x, y +1) =  add (x, mult (x, y)) 

 
        OKJ�Ë????U  (formally) D)« ÊS�????O�U��« …u?????? O�D� w?� W ?????�—ö� o ?????œ«b ��« ????�« ¨ wz«b ??? Íc

 t?O� ·�d�F��  h  K� ?????N�√ v ?????�« U ????W�«badd     ¨LMO� ????? ·�d?�F�� U   g2 (x, y)     �ù« W?�«œ U?N�√ v?K� ????◊UI   
(projector function) p1(x, y)  Æ 

 
 ‰U��µ ≠ ≥ ∫ 

        ÕdD�« WOKL�(subtraction)   q?�UJ�« Õu{u�« «cN� X�O�Æ   U?N��d�F�� Ê√ V?�O�  ¨ ôË√
 UM�UE� � UN� `L��� ô W��U��« œ«b�_« Ê√ —U���ô« � s�c�¬ Æ    W?�ôb� Õd?D�« s?� U�U� U�u� ·�d�F��Ë

 wK� UL� œU�F*« ÕdD�«∫ 
 

x 
.
  y = x – y   if x   y, 
x 

.
  y = 0   if x <  y. 

 

 d��R*« Ø q�UF�«¢ 
.
  ¢   (operator)   € Íc�«ËU�UO�√ tOK� oÓKD�   (the monus)  s� ôb�(the 

minus)  ›    u?� U�«b� ÊuJ� YO� ÕdD�« WOKL� ·�dF�I  ©     W�O�?B�« œ«b?�_« l?O� W?�uL� Í√
 W��U��« ��® Æ 

 
  WI�U��« W�«b�« ·�dF� Êü«Ë Ø W��bI*« Ø   W?�O?K?��?ÓI�«(the predecessor function) ∫ 
 

pred (0) = 0, 
pred (y + 1) = y 

 
  ÕdD�« W�«œ ·�d?�F?�� UNM�Ë(the subtracting function)    ∫ 

 
subtr (x, 0) = x, 

subtr (x, y +1) =  pred (subtr (x, y)). 
 



 ±≥µ 

Ê√  U��ùË  5 - 3 = 2 Ê√ Í√ ¨   subtr (5, 3) = 2    «cJ� ¨  «d� …b� n�dF��« o��D�∫ 
 

subtr (5, 3) = pred (subtr (5, 2)) 
     = pred (pred (subtr (5, 1))) 
    = pred (pred (pred (subtr (5, 0)))) 

 = pred (pred (pred (5))) 
 = pred (pred (4)) 
  = pred (3) 
 = 2. 

 
      W�O�?B�« WL?�I�« n?�dF� UMMJ1 UN�H� WOHOJ�U�Ë(integer division)   „�M?� U?MMJ�Ë ¨ 

�� p�–????IK� V�—b????J�« ∆—U ????? r�dÆ J�Ë ?????� «c ????OKLF�« Ê√ Èd ?????(«  U ?????�_« WO�U� ?????  s?J1 WO�U
U�ƒUA�≈  (constructible)  ØDO���«  UOKLF�U� UNFO� U�ƒUM� ????W  (elementary processes) 

�c*«???? …—uÆ �dF��Ë?  W��'«  UOKLF�« n(algebraic operations) �UIO�œ UH�dF  (precisely 
defined)       ¨ «b?OIF� d?��√ Èd?�√  U?OKL� ¡U?A�≈ Êü« UMMJ1   ¡U?M�Ë Ø     …b?]IF� WO�U?��  U?OKL� ¡«d?�≈

   WDO??���«  U??OKLF�« s??� «b??� Æ     U??NOK� o???ÓKD?�� W??OHOJ�« Ác??N� U�ƒU??A�≈ s??J1 �??�« ‰«Ëb??�«Ë ¢ ‰«Ëœ
 WOz«b� W�œ«b�—«¢  (primitive recursive functions) Æ  

 
 n�dF�µ – ± ∫ 

          U??N�≈ W??�«œ Í√ v??K� o??ÓKD� ¢ W??Oz«b� W??�œ«b�—«  ¢(primitive recursive)  «–≈
   U?�ƒUM� s?J�√ «–≈ j?I�Ë  Ø U�ƒU?A�≈ (constructed)    WO?�U�_« ‰«Ëb?�« s?�z, s, pk    V??O���U�

l�U��*«(successive composition)  «b�—ô«Ëœ  wz«b��«(primitive recursion)  Æ 
 
 

ô  X?�U� «–≈ t?�√ k�  g1, g2, h    ¢  W?�O=KÔ� ‰«Ëœ¢ (total functions) ¨    W?�«b�« ÊS?� f  
  W??OK� W??�«œ U??C�√ ÊuJ�??� wz«b??��« œ«b??�—ô«Ë V??O���U� ·�d??�F�� �??�«Æ   W??�«œ Í√ ÊS??� «c??� v??K� �¡U??M�Ë

  vK� WOK� W�«œ UC�√ w� WOz«b� W�œ«b�—«I   vK� Ë√   I ! I  Æ 
 

   W?���F��« …—bI�«Ë(expressive power)        W?O�U� …—b?� W?Oz«b��« W?�œ«b�—ô« ‰«Ëb?K� Ø
  …�??�F�(considerable)    U�uO??� d??��_« ‰«Ëb??�«Ë ¨(most common functions)  w??�

   W?Oz«b� W?�œ«b�—« ‰«Ëœ Æ       W?I�D�« Ác?� � l?I� ‰«Ëb?�« l?O� X?�O� t?�√ ô≈  (class)   `??{u� U?L� ¨
 WO�U��« W�dEM�« p�–Æ 

 



 ±≥∂ 

 W�dE�µ – ± ∫ 
        X�U� «–≈  F   s� ‰«Ëb�« lO� W�uL� w� I   �≈I    W�uL:« � b�u� t�S� ¨  

F   WOz«b� W�œ«b�—« X�O� W�«œÆ 
 

 ÊU���«∫ 
 n�Ë UMMJ1 Í√      …œËb?� WK?�K�� W?Oz«b� W?�œ«b�—« W?�«œ  (a finite string)     U?M� s�O?��

  W?�«b�« Ác� ·�d�F�� nO� Æ    �H?A� s?J1 t?�_ «d?E�Ë   (encoding)      U?NLOEM�Ë ¨ q?�ö��« Ác?� q?��
  U?N�O�d�Ë    (arranging)   w?�UO� V?O��� (in standard order)     W?�uL� Ê√ Èd?� p�c?K� ¨

bFK� WK�U� WOz«b��« W�œ«b�—ô« ‰«Ëb�« lO�(countable)   Æ 
 
 Êü« ÷dH�     b?FK� W?K�U� U?C�√ w� ‰«Ëb�« lO� W�uL� Ê√Æ     ?O� W?�U�� c?zbM� U?MMJ1 l

Ëb�«   sJO�Ë ¨ U�  ÌVO��� ‰«f1, f2, ...   Æ TAM�� r�  (construct)   W?�«œ p�– bF�   g      U?L� ·�d?F��
 wK�∫  

 

g (i) = fi (i) + 1,     i = 1, 2, … 
 
    W??�«b�« Ê√ `??{«u�« s??�g    «b??O� W??��d�F�(well defined)   � d??BM� w??N� p�c??�Ë ¨

W??�uL:«  F    U??C�√ `??{«u�« s??� s??J�Ë ¨ W??�«b�« Ê√   g   W??HK�� W??�«œ Í√ s??�   fi    l??{u*« �
ÍdDI�«  (diagonal position)  Æ  i�U?M��« «c?�Ë (contradiction)   W?�uL:« Ê√ X?���  F  

bFK� WK�U� ÊuJ� Ê√ sJ1 ô  (countable) Æ 
 
    W??�uL:« � U??� ÏW??�«œ b??�u� Ê√ V??� t??�√ X??��� 5�??E�ö*« 5�U??� 5??� l??L'«ËF  

�—« X�O�W�œ«b WOz«b�  Æ t�U��≈ »uKD*« u� «c�ËÆ  
 

* * * 
 
       p?�– s?� b?F�√ u?� U?� „UM� WIOI(« �Ë Æ   j?I� fO?� –≈ ¢ ∫    W?�œ«b�—« X?�O� ‰«Ëœ „U?M�

 WOz«b� ¢ UC�√ q� ¨ ¢ ∫W��u�K� WK�U� ‰«Ëœ „UM�  (computable functions)   W�œ«b�—« X�O�Ë
 WOz«b�Æ ¢ 

 
 W�dE�µ ≠ ≤ ∫ 

       X???�U� «–≈   C    W�???�u�K� W???K�UI�« W???OKJ�« ‰«Ëb???�« l???O� W???�uL� w???� (total 
computable functions)  s�  I  �≈  I  W�uL:« � b�u� t�S� ¨  C    W?�œ«b�—« X�O� W�«œ

 WOz«b�Æ 



 ±≥∑ 

 ÊU���«∫ 
  ‰«Ëb�« lO� W�uL� Ê√ Èd� WI�U��« W�dEM�« ÊU�d� s��œ«b�—ô«W   b?FK� WK�U� WOz«b��« Æ

� UM�√ ÷dH�“u�d�U� W�uL:« Ác� ‰«Ëb� e�dM    r1, r2, …   W�«œ ·�d�F��Ë ¨g    wK� UL�∫ 
 

g (i) = ri (i) + 1 
 

W�«b�«  g   ≠  UNzUA�≈ WI�dD�≠  s� WHK��√W�«œ Í   ri  W�«b�U� p�c�Ë ¨g      W?Oz«b� W�œ«b�—« X�O� Æ
 W�«b�« Ê√ `{«u�« s� sJ�Ëg    dEM�« X��� U2 ¨ W��u�K� WK�U� W�Æ 

 
* * * 

 
    wzU?A�ù« �??� ÊU?���« Ø  wzU??M��« �??�(nonconstructive proof)   b??�u� t??�√ v?K�

    W????Oz«b� W????�œ«b�—« X????�O�Ë W�????�u�K� W????K�U� ‰«Ëœ     —U????D�ù« v????K� UO�????�� UDO????�� U��—b????� �b????�F��  
(diagonalization)  Æ ¡UM��«Ë ØwKFH�« ¡UA�ù«  (actual construction)  ‰«Ëb�« Ác� ‰U�*

�� «bOIF� d��√ W�Q�� �b�F Æ       «c?� W?�«œ Ê√  U?��≈ Ê√ ô≈ ¨ «b?� UDO?�� Ëb?�� «b�«Ë ôU�� wK� ULO� wDFM�Ë
 «b� q�u� WOz«b� W�œ«b�—« X�O� ‰U�*«Æ  

 
 W�«œ  ¢Ó√  ÊU?��d?=�¢ (Ackermann's  Function) 

 
  W�«œ ¢Ó√s� W�«œ w� ÊU?��d?=�   I ! I   �≈  I   wK� UL� W��d�F��∫ 
 

A (0, y) = y + 1, 
          A (x,0) = A (x - 1, 1), 

            A (x, y + 1) = A(x - 1, A (x, y)). 
 

W�«b�« Ê√ Èd� Ê√ VFB�« s� fO�   A   W�«œW?�O?=K?Ô�   W�?�u�K� WK�U� Æ    Ê√ W�U?��� U?MMJ1 W?IOI(« �Ë
   U�œ«b?�—« UO�u?�U� U?�U�d� V�J�  (a recursive computer program)    W?�«b�« »U?�(A   Æ

sJ�Ë …d�UE�« W�U���« r�—   W�«b� ¢Ó√ ÊU?��d?=� ¢ WOz«b� W�œ«b�—« X�O� UN�√ ô≈ ¨Æ 
 
  W�«b�« n�dF� s� …d�U�� p�–  U��≈ UMMJ1 ô l�D�U�Ë A   Æ     fO?� n?�dF��« «c?� Ê√ r?�—Ë

    œu??�Ë s??JL*« s??� t??�√ ô≈ ¨ W??Oz«b� W??�œ«b�—« W??�«b� W??�uKD*« WGO??B�« �  V??�UM� q�b??� n??�dF�Æ 
           …d?� X?�O� Ë√ W?LE�M� X?�O� U?� ÎW?G� Ê√  U?��≈ U?M�ËU� 5?� ÁU?MN�«Ë Íc�« p�c� tO�� UM� l{u�«Ë

 ‚UO��« Æ   W?�U� ÌWO?�U� �≈ d?EM� Ê√ �≈ UM� ÃU��Ë  (some general property)    ’«u?� s?�



 ±≥∏ 

 ̈  W??Oz«b��« W??�œ«b�—ô« ‰«Ëb??�« l??O� W??I��  W??�«œ Ê√ X??���Ë ¢ ÊU???��d?=�Ó√ ¢  WO??�U)« Ác??� o??I% ô Æ
�—ô« ‰«ËbK� W��M�U�Ë?? ¨ WOz«b��« W�œ«b ÊS�  w?� ’«u)« Ác� Èb�≈ ¢   u?LM�« ‰�b?�F��  ¢(growth 

rate)   Æ «�b�� „UM� Ê√ ÂuKF�Ë (a limit)  W�d?��« Èb*  (how fast)      U?N� u?LM� Ê√ s?J1 �?�«  
(can grow) �œ«b�—« W�«œ Í√?WOz«b� W  f(n)    ËR?� U�bM�‰  n  « �≈UN�ö� ?�?W  n       W?�«œË ¨

 ¢ ÊU?��d?=�Ó√¢ b(« «c� pN�M�  (violates this limit)  Á“ËU���Ë Æ    Ê√ n?O� ÊU?O� W�uN?�� UMMJ1Ë
    «b?� …��?� W�d?�� u?LM� ÊU?��d?=�Ó√ W�«œ  (grows very rapidly)  €     r?�— ‰«R?��« ö�?� d?E�«µ ≠ ≥ 

 qBH�« «c� W�UN� �Æ › 5� W�öF�«Ë   u?LM�« b?� 5�Ë «c�  (limit of growth)     ‰«Ëb?K� W�?�M�U�
  W?O�U��« W�dEM�« W�b?� U?N?�M?�O?��?�� WOz«b��« W�œ«b�—ô« Æ        q?�u� t?�_ «d?E� W?�dEM�« Ác?� ÊU?�d� ·c�M?�Ë

 q2ËÆ 
 

 W�dE�µ ≠ ≥ ∫ 
      X�U� «–≈  f   U� `O�� œb� b�u� t�S� ¨ WOz«b� W�œ«b�—« W�«œ Í√ w�   n  ¨ Ê√ Y� 
 

f (i) < A (n, i), 
   i = n, n + 1, … 

   
 W�dE�µ ≠ ¥ ∫ 

       W�«œ ¢ ÊU?��d?=�Ó√  ¢ WOz«b� W�œ«b�—« X�O�Æ 
 ÊU���«∫ 

               i�UM��U� �« Ê–S� W�dEM�« s��M�  (by contradiction) Æ Ê√ ÷dH�   g  W�«b�« w�  
 

g (i) = A (i, i) 
 

W�«b�« Ê√ ÷dH�Ë  A   WOz«b� W�œ«b�—« ÆW�«b�« ÊuJ�� w�U��U�Ë  g   WOz«b� W�œ«b�—« UC�√ Æ   t?OK� �¡U?M�Ë
≠  W�dEM�µ ≠ ≥ ≠ `O�� œb� b�u�   n Ê√ YO� ¨  

 
g (i) < A (n, i)     i 

 
  —UO��U� Êü« UML� «–S�i = n  i�UM��« vK� qB� UM�S� ¨ 

 
g (n) = A (n, n) 
        < A (n, n) 

��� «c�ËW�«b�« Ê√ X  A   WOz«b� W�œ«b�—« ÊuJ� Ê√ sJ1 ôÆ 
 



 ±≥π 

 W�œ«b�—ô« ‰«Ëb�«≠          - Recursive Functionsµ 
 
 O�u��??J� l??�œ«b�—ô« ‰«Ëb�« …d??A� v�� W???  W?�«œ qL ¢  ÊU??��d?=�Ó√ ¢�√ ‰«ËœË ????  W?K�U� Èd

��u�K�?????OC� Ê√ V??� ¨ W?????�O� n?????b??�«uI�« �≈ U??� U  (rules)    Ác??� q??�� ¡U??A�≈ U??N� U??MMJ1 �??�«
 ‰«Ëb�« Æd?��R*« r�bI�� ÂuI� Ê√ w� p�– �≈ ‰u�uK� ‚dD�« Èb�≈Ë  Øq�UF*«   µ     o?KD� Íc?�«

tOK�  ¢�_« d��R�G W?���d  ¢(µ or minimalization operator )  ¨ wK� UL� ·�d?�F?�� Íc�«Ë∫ 
 

µy(g(x, y))    ∫   ?� WLO� dG�√ w�y   √ YO� Êg(x, y) = 0     
 

[    µy(g(x, y)) = smallest  y  such that  g(x, y) = 0    ] 
 

Ê√ ÷�H� n�dF��« «c� �Ë  g  W�«œ   W?�OK�Æ 
 

 ‰U��µ ≠ ¥ ∫ 
      Ê√ ÷dH� 

g(x, y) = x + y  


  3 
 

YO�  g  W?�OK� W�«œ  (a total function)  ¨X�U� «–≈  x ≤ 3   ÊS� 
 

y  = 3 - x 
 

  �_« W?�O�� w?�G W??��d  (result of the minimalization)   X?�U� «–≈ U?LMO� ¨  x > 3    ô t?�S�
b�u�  y  I   Ê√ YO�  x + y - 3 = 0  Æ ÊS� p�c�Ë 

 
X�U� «–≈                    x ≤ 3   = 3 - x                  y(g(x,y))µ    

  X�U� «–≈ x > 3       (undefined)  W��d?�F?�� ��=  

 
X�U� u� v�� t�√ Èd� «c� s�Ë  g (x, y)    ÊS� ¨ W?�OK� W�«œy(g(x,y)) µ    W?Oze� jI� ÊuJ� b�  

(partial) Æ 
 
 
  



 ±¥∞ 

  o�U???��« ‰U???�*« U???M� `???{u� U???L� © ‰U???��µ – ¥  ®???�_« W???OKL� ÊS???�GW�d  (minimalization 
operation)  dF� WO�UJ�≈ ÂU�√ o�dD�« `�H�n�    W?Oze� ‰«Ëœ(partial functions)    U�œ«b?�—«  Æ

   l?��u� W?OKLF�« Ác� Ê√ p�c� b$ UMMJ�Ë Ø  …—b?I�« b?�e�  (extends the power)     n?�dF� v?K�
W??OK� ‰«Ëœ  (total functions)   qL??A�� (include)  W�??�u�K� W??K�UI�« ‰«Ëb??�« l??O�  (all 

computable functions)  Æ c� wH�J� Èd�√ …d�Ë ÊU���« ÊËœ WO�Ozd�« W�O�M�« d�Æ  
 

 n�dF�µ ≠ ≤ ∫ 
          UN�≈ W�«b� ‰UI�  W�œ«b�—«(µ- recursive function) µ -    U?�ƒUM� sJ�√ «–≈ Ø

�ƒUA�≈?????  U(can be constructed)  �?O�U�_« ‰«Ëb�« s???W  (basis functions)  F�U��0????W  
(a sequence)  � ??????IO�D��« s?? ????LK�  U ?????d�R  µ µ - operator)  (applications of the 

    wz«b?��« œ«b?�—ô«Ë V?O���« �O?KL�Ë  (operations of composition and primitive 
recursion)  Æ  

 
 W�dE�µ ≠ µ ∫ 

        W�œ«b�—« ÊuJ� W�«œ Í√µ -     W��u�K� WK�U� X�U� «–≈ jI�Ë «–≈Æ 
 
  W??�dEM�« Ác??� v??K� �¡U??M�Ë   W??�œ«b�—ô« ‰«Ëb??�« ÊS??�µ -    W�??�u�K� d??�¬ U??�–u/ U??MODF�

WO�“—«u)«  (algorithmic computation) Æ 
 

 UO�U�    ∫ rE� ¢ X?�u�¢  Post Systems 
 
 E� Í√ ????? ÂU ¢  X??�u� ¢  (a Post system) �� ?????N�UA� Ëb ???    …b?�OI� �?� …b?�UI� U?�U9 U    

(an unrestricted grammar)  � Y??O� ¨  W??�b�√ W?�uL� s??� Êu?J�  (an alphabet)  ¨
       W?F�U��� q?�ö� ‚UI�?�« U?N� U?MMJ1 �?�« ÃU?��ù« b�«u� iF�Ë  (successive strings) Æ   s?J�Ë

 U�U��ù« oO�D� WI�d� � W�d�u�  U�ö��« „UM� (application of the productions) Æ 
 

 n�dF�µ ≠ ≥ ∫ 
       ·�d�F�� ÂUE� ¢ X?�u�  ¢(A Post system)   t�Q� 

 = (C, V, A, P)    
YO� 



 ±¥± 

       C   ∫    X??�«u��« s??� …œËb??� W??�uL�(a finite set of constants)   s??� Êu??J�� ¨
  5�b�U��� 5��uL�(disjoint sets) ∫   

 
 CN   ∫ UNOK� oKD�Ë ¢ WO�dD�« �� X�«u��« W�uL� ¢(nonterminal constants)Æ 
 CT   ∫ UNOK� oKD�Ë¢  WO�dD�« X�«u��« W�uL� ¢ (terminal constants)Æ 

      V      ∫  «�G�*« s� …œËb� W�uL�Æ 
       A     ∫  s� …œËb� W�uL�C*    UNOK� oKD�Ë¨ ¢  U�u{u*«   ¢(axioms)  Æ 

       P     ∫    U�U��ù« s� …œËb� W�uL�(productions) Æ   
 
 
  ÂUE� Í√ �  U�U��ù«Ë ¢ X?�u� ¢ WMOF� «œuO� oI% Ê√ V� Æ   WGO?� Êu?J� Ê√ V?�O�  

(form)  w�  U�U��ù« Ác�∫ 
 

x1 V1 x2 … Vn xn + 1  y1 W1 y2 … Wm ym + 1  (1) 
 

         YO�xi, yi  C*   &   Vi, Wi  V          5O�U��« 5�KD*« oI% ◊dA�∫  
 � …b�«Ë …d� d��_« vK� dNE� Ê√ sJ1 �G�� Í√ Ê√ Í√ ¨ d��_« ·dD�«  

  X�U� «–≈ j  Vi  Vj      i    

  Ê√ Í√ ¨ d��_« ·dD�« � dNE� Ê√ V� s1_« ·dD�« � �G�� Í√Ë 

 

 
m

i

n

i
ii VW

1 1 

  

 
        H�???????? ÷dM�b� Ê√????� U???????�K?� WK????O�dD�« s????? U  (string of terminals) �????UN�GO    

x1w1x2w2…wnxn+1    � ??????�ö��« YO ??????Oze'« q ??????? W x1, x2…   (substrings) � ????rz«u  
(match)   ��« ?????K�UI*« q�ö ??????� W ?????�öF�« w ?????? W Ø��ù« ???????ÃU  (corresponding strings 

in) (1)  U????C�√Ë ¨ wi  C*   Æ MMJ1??????�MO� U????????�F�� Ê√ c????·�d  Ø q�U????/ Øo�UD�   (identify) 
w1 = V1, w2 = V2, …    ÷u?F�Ë ¨(substitute)    ?� rO?I�« Ác?N� “u?�d�« s   W's     …œu?�u*«

   ÃU??��ù« � s??1_« ·d??D�« �(1) Æ    Í√ Ê_ Î«d??E�ËW    w??�Vi   U??�   ¨ d??��_« ·d??D�« � d??NE�
 U??NO�≈ b�M??��� p�c??K� (assigned)  …b??O�Ë W??LO�  (a unique value)   v??K� p�c??� q??B�Ë ¨

 …b�b'« WK�K��« y1wiy2wj … ym+1   Æ «cJ� UN��J� Ác�Ë∫ 
x1w1x2w2 … xn+1   y1 wi y2wj … ym + 1 



 ±¥≤ 

 �√Ë??�UIK� W��M�U� U??MMJLO� …b??ü« U  U?????NI�A� �?�« W???GK�« s� rKJ�� Ê√ Ê (derive)   ÂU?EM�
 ¢ X?�u� ¢ (by a Post system)  Æ   
 

 n�dF�µ ≠ ¥ ∫ 
        ÂUE� U�b�u� ��« WGK�« ¢ X?�u�    ¢  = (C, V, A, P)    w�∫ 
 

 






 


 AwsomeforwwCwL T 00:  

 
 

 ‰U��µ ≠ µ ∫ 
      ÂUE� UM�b� Ê√ ÷dH� ¢� X?�u ¢ YO� 
 

       CT  =  {a, b}, 
CN  =  , 

      V  =  {V1}, 
   A  = {},  

  ÃU��ù«Ë 
V1  aV1b. 

 U� UM� `L�� «c�‚UI��ô 
  ab  aabb. 

 
  ÃU��ù« o�D� �Ë_« …uD)« �(1)  n�dF��« 5�b���� 

 
x1 = , V1 = ,     x2 = ,  y1 = a,     W1 =  V1,    y2 = b.   

 
D)« �Ë????O�U��« …u?????OF� W????�dF� b???n  V1 = ab  �Ë ¨???� „�??�¬ T� q?? u� UL� dÆ   dL��« «–≈Ë

 «u????D)«    ÂU????E� U�b?�u� ��« WGK�« Ê√ UF�d� �« Ê–S� l????M�I��� ¨ «cJ� ¢  X??�u� ¢  � v?ÓDF*«
 w� ‰U�*« «c�              ∫{anbn : n  0}   Æ 

 
 ‰U��µ ≠ ∂ ∫ 

          ÂUE� UM�b� Ê√ ÷dH� ¢ X?�u� ¢ YO� 
 



 ±¥≥ 

           CT  =  {1, +, =}, 
CN  =  , 

                  V  =  {V1, V2, V3}, 
                 A  = {1 + 1 = 11},  

   U�U��ù«Ë 
V1 + V2 = V3  V11 + V2 = V31, 
V1 + V2 = V3  V1 + V21 = V31. 

 
 ‚UI��ôU� `L�� ÂUEM�« «c� 

1 + 1 = 11  11 + 1 = 111 
      11 + 11 = 1111. 

 
�ö� ��H��Ë??????�ü« q?????? œU 1's  N�√ vK�????? U�9?????�œU�√  öO?????�ú� W????�O�B�« œ«b???W  (unary 

representations of integers)   «cJ� ‚UI��ô« W�U�� UMMJ1 ¨∫ 
 

1 + 1 = 2  2 + 1 = 3  2 + 2 = 4 
 

 ÂU??E� U�b??�u� �??�« W??GK�« ¢ X???�u� ¢  œ«b??�_« l??�  U??OKL�  U??I�UD�� l??O� W??�uL� w??� «c??�
  W�O�B�«(identities of integer additions)   q?��  2 + 2 = 4      W�u?{u*« s?� WI�?A*«  

(axiom) 1 + 1 = 2 Æ 
 

* * * 
 
  ‰U????�� U????M� —�u????B�µ ≠ ∂ WD????��� W????I�dD�  rEM????� wK????�_« ·b????�« ¢ X?????�u� ¢  W????O�P�

(mechanism)     W?LJ� W?I�dD�  U�u{u*« s� W�uL� s� WO{U�—  «—U��  U��ù Æ   s�O?�� U?L�
�«c�« VOF�« UM�     «—œU?� Âb��?��� «–U?*Ë ¨ U?N��¡ö� Âb�Ë ¨ U�U9 WLJ;« ‚dD�« Ác� q�* w Æ  s?J�Ë

 rE� ¢ X?�u� ¢–  …bIF*«  U�dEM�«  U��≈ � WK2 UN�√ r�—–      ¨ W�?�u�K� W?�U� Ã–U?/ �b??�F?�� UN�√ ô≈
 UL� WO�U��« W�dEM�« p�– s�O��Æ 

 
 W�dE�µ – ∂  ∫ 

         « b?�bF�K� W?K�U� Êu?J� W?G� Í√    U�œ«b?�—(recursively enumerable)    j?I�Ë «–≈
 ÂUE� b?��Ë «–≈ ¢ X?�u� ¢ U�b?=�u�Æ 



 ±¥¥ 

 ÊU���«∫ 
  h�K� UO��� WDO�� w�Ë ÊU���«  «uD� UM� Æ 

 ôË√ ∫    ‚UI�?�« Í√ Ê_ «d?E�(a derivation)     ÂU?E� ÍQ?� ¢  X??�u� ¢  w?�¬ u??� Ø   U??�U9 wJO�U?JO�
(completely mechanical)   Z�—uO� W�P� ÁcOHM� sJLO� ¨ Æ     ÂU?E� U�b?�u� W?G� Í√ ÊS?� p�c�Ë 

 ¢ X?�u� ¢K� WK�U� w��bFb� «b�—« U�œ Æ 
 U??O�U� ∫��M�U�????? f????JFK� W ∫       …b??�OI� �??� U??� …b??�U� U�b??=�u� U�œ«b??�—« b??�bF�K� W??K�U� W??G� Í√ Ê√ d]��c??��

(some unrestricted grammar) G   UN�GO� UNFO�  U�U��≈ U� ¨ 
 

x → y 
 

  YO�x, y  (V  T)*  Æ   �?� …b?�U� Í√ UMOD�Ô√ «–≈Ë   …b?�OI�G      ÂU?E� T?AM� U?M�S� ¨ ¢  X??�u�  ¢
 = (V, C, A, P)      Y?O� ¨V = {V1, V2}, CN = V, CT = T, A = {S}   ¨

   U�U��ù«Ë(productions)  ∫ 
V1xV2 → V1yV2 

 
    ÃU?��≈ q?J�x → y    …b?�UI�« � Æ        WK?�K� Í√ Ê√ X?��� Ê√ p?�– b?F� qN?��« s?�Ëw    Ê√ s?J1

 ÂUEM� U�b=�u� ¢ X?�u�   ¢   � X�U� «–≈ jI�Ë «–≈  …b�UI�« U�b�u� ��« WGK�« G  Æ 
 

 U��U� ∫W�U�J�« …œU�≈ rE�  Rewriting Systems     
 
 b�«uI�«  (grammars)      r???E� l???� ¡UO????�_« s� œb� � oH�� U�UM�—œ ��« WHK��*«

 ¢ X?�u� ¢  U?NM� ¨ ∫          Ë ¨ q?�ö��« U?NO� V?�J�� W?�b�√ W?�uL� ”U?�√ v?K� W??�O?M?��?�� U?FO� U?N�√  i?F�
  b�«uI�«(rules)          Èd?�√ WK?�K� s?� WK?�K� v?K� ‰u?B(« UN�D?�«u� s?J1 ��« Æ    W?�¬ Í√ v?��Ë

 I�dD�« Ác?N� UNO�≈ d???EM� Ê√ sJ1 Z�—uO� ?????  Ê_ Î«d?????E� ¨ W    w?E�K�« UNH?????���Ë(instantaneous 
description)      W?OM�uJ��« U?N��O� U?�U9 ·�d?�F?�� WK�K� s� …—U�� Ø  WOKJ?A�« (configuration)   Æ

  b�«uI�« s� W�uL� œd� czbM� u� Z�U���«Ë(rules)         WI�U?� WK?�K� s?� Ác?N� WK?�K� ÃU?��ù Æ
  U???OKJ� U????N��UO� sJ1  U?E�ö*« Ác�(formalized)   Âu????NH� � ¢ W???�U�J�« …œU�≈ ÂU???E� ¢  

(a rewriting system)    Æ    …œU?�≈ ÂU?E� Í√ Êu?J�� U?�uL�Ë       W?�b�√ W?�uL� s?� W?�U��   ¨
   b?�«uI�« s� W�uL�Ë(rules)         � WK?�K� Í_ UN�D?�«u� s?J1 �?�«  U?�U��≈ Ë√+     Z�M??�� Ê√

 Èd�√ WK�K� Æ   WFO�� u� d�¬ ÂUE� s� W�U�� …œU�≈ ÂUE� e�O1 U�Ë  œuO�Ë   U�U��ù« oO�D�Æ 
 



 ±¥µ 

   ??�OF�  ôU??� s??� œb??� ÍQ??� `L??��Ë «b??� WF??�«Ë …d??JH�«Ë �??�«  ôU??(« �≈ W�U??{ùU� W�M?
 öF� U� UM{�d?�F?�� Æ     U?C�√ U?MODF� �?�«Ë ¨ «—UN�?�« q�_« W�U�«  ôU(« iF� —UB��U� ÷�d?�F?�� wK� ULO�Ë

 W��u�K� W�U� Ã–U/Æ 
 

WO�uHB*« b�«uI�«  Matrix Grammars 
 
  UI�U� U�UM�—œ ��« b�«uI�« s� WO�uHB*« b�«uI�« nK�� €��«ËKD�� ??NOK� o????� U??? …œU

 ¢ WO�«—U�F�« W?�O?�M?��«  «Ë– b�«uI�« Ø WOKLÔ'« ¢(phrase – structure grammars)  › �
  U�U��ù« oO�D� WO�UJ�≈ WOHO� Æ s�  U�U��ù« W�uL� ÊuJ�� WO�uHB*« b�«uIK� W��M�U��

  WOze�  U�uL�P1, P2, …, Pn � WF�U��� s� …—U�� UNM� q� W�?��d   (an ordered 
sequence)  

 
x1  y1, x2  y2, …. 

 
  U� ÌW�uL� � ‰Ë_« ÃU��ù« o�D� ULMO�ËPi   vK� w�U��« ÃU��ù« p�– bF� o�D� Ê√ V�O� ¨

u�K� U�ƒUA�≈ - ��« WK�K��«(just created)    «cJ�Ë ¨ Y�U��« ÃU��ù« r� ¨ Æ oO�D� UMMJ1 ôË
L� � ‰Ë_« ÃU��ù«ÌW�u  Pi   � Èd�_«  U�U��ù« lO� oO�D� UC�√ sJL*« s� ÊU� «–≈ ô≈

 W�uL:« Ác�Æ 
 

 ‰U��µ – ∑ ∫ 
     WO�uHB*« …b�UI�« UM�b� Ê√ ÷dH� 
 

P1 : S  S1S2, 
                 P2 : S1  aS1,  S2  bS2c, 

         P3 : S1  , S2,   . 
 

  Ác� Â«b���U�  U�UI��ô« b�√ u� …b�UI�«∫ 
 

S  S1S2  aS1bS2c  aaS1bbS2cc  aabbcc. 
 

  …b�UI�« UM�b���« ULK� t�√ k�ô(rule)  � �Ë_«    P2e�— ¡UA�ù     a WO�U��« …b�UI�« ÊS� ¨
s�e�— ÎW��M?�� Âb����� Ê√ V� UC�√ 5K�UI�  (corresponding) b, c   Æ s� qF� «c�Ë



 ±¥∂ 

L� Ê√ Èd� Ê√ UMOK� qN��«WO�dD�« q�ö��« W�u (terminal strings)    Ác� U�b�u� ��«
 w� WO�uHB*« …b�UI�«∫ 

L = {anbncn : n ≥ 0} 
 

* * *  
  

 �«uI�«Ë????HB*« b????O�u???�% W??????�«uI�« vK� Íu????OM?��«  «Ë– b??????O�«—U�F�« W??????�� W??? W�U
�U�??�% W????NO� Íu???�uL� Í√ U?????WPi   ��≈ vK�?????�«Ë ÃU????�C�U� b????? j ÆE� p�c�Ë????? Ê_ «d

�«uI�«??????HB*« b???????�uO9 W???OKL� q�????O�“—«u�  U????  W(algorithmic processes)  p�cK� ¨
NLJ%????�— U????? W�U ¢A�???? ‘�  ¢(church's thesis)  Æ �Ë???� s? WO�uHB*« b�«uI�« Ê√ Z�M��� «c

UN�H� …—bI�« UL� WO�«—U�F�« WOM?��«  «Ë– b�«uI�«Ë  (same power) W��u�K� Ã–ULM�(models 
of computation)    Æ sJ�Ë–  ‰U�� UM� s?�O�� UL�µ – ∑ –  U�UO�√ UMODF� WO�uHB� …b�U� Â«b���«

b?�OI� �� WO�«—U�� WOM?�  «– …b�UI� tO�≈ ‰u�u�« UMMJ1 U2 ��J� j��√ ö� …Æ 
 

  U??O�“—«u??� ¢ ·u?�—U?�¢  Markov Algorithms 
 

   W?????O�“—«u� ¢  ·u????�—U�  ¢(a Markov Algorithm) � ???? �≈ ÂU????E� w ???�U�� …œU ???  W
(a rewriting system)   �U�U��≈ ��F??�� ???  t(productions)    W?��d�  U?�U��≈  (ordered)   Æ

�Ë???I��« Í√ w???? ‚U (a derivation)    o????O�D�K� q???�U� ÃU????��≈ ‰Ë√ Âb?????���� Ê√ V�(first 
applicable production)   Æ  ‰b��???�� Ê√ V???� p???�– v???K� …œU???�“Ëy     W???Oze'« WK???�K��U�

(substring) x     —U�?????O�« v?B�√ d?????NE� ��« Æ    œdH??????�� b?�Ë(single out)      U?????�U��ù« i?F�
  ??O�d�  U??�U��≈ U??N�√ v??K�  W(terminal productions)   ÷dF???�� ·u??�Ë ¨ (show)   Ác??�

 wK� UL�  U�U��ù«  
 

x → .y. 
   

U� ÌWK�K�� ‚UI��« Í√ √b��Ë  w     dL���Ë ¨ (continues)      ¨ U?O�d� U?�U��≈ Âb��?�� Ê√ �≈ U�≈
 oO�D�K� WK�U�  U�U��≈ b�u� ô√ �≈ Ë√Æ 

  ·�d??�F?�� UM�S� ¨ WGK�« ‰u�I� W��M�U�Ë  W?�uL�  T         U?O�dD�« s?� Æ   ÌWK?�K�� 5zb?���Ë
WO�d�  (a terminal string)  W�ËU)« WK�K��« Z�M� v��  U�U��ù« s� «œb� o�D�    Æ 

 
 

 n�dF�µ – µ ∫ 
          X�U� «–≈M   WO�“—«u� w� ¢  ·u�—U?�  ¢(a Markov algorithm)   Y?O�   

 Ë ¨ W�b�_« W�uL:« w� T   L� w� W�uL:« ÊS� ¨  UO�dD�« W�u 



 ±¥∑ 

 

L(M) = 






 



wTw * :  

 
 UNK�I� ��« WGK�« w�M    Æ 

 

 
 ‰U��µ – ∏ ∫ 

      WO�“—«u� UM�b� Ê√ ÷dH� ¢ ·u�—U� ¢  YO� = T = {a, b}  ÊU�U��ù« UNO�Ë 
 

ab → , 
ba → . 

 
 ·c��� ‚UI��ô« � …uD� Í√ Ê√ k�ö� ØwGK��  (annihilates)   WOze� � WK�K� ∫U�≈   ab   Ë√

ba   Ê√ b$ w�U��U�Ë ¨ 
 

L(M) = {w  {a, b}* : na (w) = nb(w)} 
 

 ‰U��µ – π ∫ 
      WO�“—«u� b�Ë√ ¢ ·u�—U�  ¢(a Markov algorithm)   WGK� 
 

L = {an bn : n  0} 
 

 q(«∫ 
              U�U�ù« Èb�≈ Ø w�  UO�“—«u)«∫ 

 
  ab → S, 
aSb → S, 
   S  → .. 

  
   U?�M?��?ÓJ?��Ë ¨ 5?Ó��ËÓ_« 5�U��ù« U�c�√ «–≈ ��_« ‰U�*« «c� �(reversed)    5��U?'«

…b�U� vK� qB� UM�S� ¨ s1_«Ë d��_«   ‚UO?��« …d?�  (context free grammar)    W?GK�« b??=�u�   
L   Æ  UO�“—«u� ÊS� bO�√ ÂuNH0Ë ¢ ·u�—U� ¢� �b?�F?��  W?O�«—U�� WOM??�  «Ë– b�«u� W�U��  (phrase 

– structure grammars)   n?K)« s� qLF�  (working backward)  Æ     ô «c?� Ê√ v?K�



 ±¥∏ 

J1???O�d� �Á�c?��Ó√ s ???? W?�UGK� U  (too literally)      « s?� fO?� t?�_ «d?E�     ÃU?��ùU� q?LF� «–U?� `?{«u�
 ��_« ÆU��� W�«b� WDI� wDF� WE�ö*« sJ�Ë  O�“—«u� …—b?� U?M� œb% ��« WO�U��« W�dEMK� Ê ????  U

 ¢ ·u�—U� ¢ ¨ ÊU�d� ÊËœ U�d�cM� ��«ËÆ 
 

 W�dE�µ – ∑ ∫ 
            U�œ«b?�—« b?�bF�K� W?K�U� Êu?J� W?G� Í√  (recursively enumerable)    j?I�Ë «–≈

 WO�“—«u� U�  b?��Ë «–≈ ¢ ·u�—U�Æ ¢ 
 

 r??????E�– L  L - Systems 
 

???�F?����√  �b??????‰u  (origins)  E�???????? r– L  HK��???????�U9 W??????L� U????� U??????F�u�� b? t Æ b??�Ë
 Âb����« ¢  d�U??/b?M?� ¢ (A. Lindenmayer)   €J��� ??????d?  (developer) E� ????? r– L  ›� ???? Ác

EM�«?????LF� r???/ q ?????Ã–U  (models)    ◊U?/_ Ø  u?LM�« Ã–U?/  (growth patterns)     U?OKLF�
  W�u?C� Ø F� W?�uO�O??MW  (certain organisms)   ÆE�Ë?????? r– L   �U�√ w?�???????E� U ??????�≈ r??????? …œU

�U��???W�“«u�� W  (parallel rewriting systems)   Æ     «u?D� s?� …u?D� q� � t�√ UN� �F�Ë
  W?�U�� …œU?�≈ V� ‚UI��« Í√  (rewriting)   e?�— q?�  (symbol)   Æ  ?J� w?J�Ë   Âu?NH*« «c?� Êu

 ÂUE� Í√  U�U��≈ WGO� ÊuJ� Ê√ V� ‰u�I� vMF�– L   w�∫ 
 

a → u   (2) 
 

 Y?O�     u  *   a  ,    Æ     WK?�K� Í√ W?�U�� œU?F� U�b?M�Ë  (a string is rewritten)   ¨
           b?O�u� q?�� WK?�K��« “u?�— s?� e?�— q?� v?K�  U?�U��ù« Ác?� b?�√ oO�D� V�O�  (generating)  

WK�K��«  …b�b'«Æ        
 

 ‰U��µ – ±∞ ∫ 
         ÂUE� UM�b� Ê√ ÷dH�–  L  W�b�_« W�uL:U� ·�d?�F?��   = {a}  ÃU��ù«Ë ¨ 
 

a → aa 
 
   WK�K��U� U�√b� «–≈a   ‚UI��ô« ¡«d�S� ÂuI� Ê√ UMMJLO� ¨ 
 

a  aa  aaaa  aaaaaaaa 
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 UNOK� qB� ��« q�ö��« W�uL� Ê√ `{«u�« s�Ë  w� «cJ� ‚UI��ôU�∫ 
 

 02  naL
n

:  
 

* * * 
 
  rE� Ê√ ÂuKF*« s�–  L  WGOB�« � UN�U�U��≈ ��«  (2)  WO�U� W�—b� W�U� X�O�  (not 

sufficiently general)   U�U�(« lO� ¡«d�≈ � r�U���   WO�“—«u)«(all algorithmic 
computations)   Æ  ÂU?E� �Ë– L  ?Ô*«  l??���u Ø  b?�L*« (extended L – system)    Êu?J�

 WGOB�« �  U�U��ù«∫ 
 

(x, a, y) → u 
 

YO�      x, y, u  * a  ,    e�d�« ÊQ� ��H��« l� ¨   a  t?M� i�uF��« UMMJ1  (replaced) 
e�d�U�  u  dN� «–≈ jI�  a WK�K��« s� ¡e��  x a y   Æ  rEM?�« Ác� q�� Ê√ ÂuKF�Ë–   L    …b?�L*« Ø

W��u�K� W�U� Ã–U/ �b?�F?�� W?�F?��u*«  (general models of computation) Æ    
                             



±µ∞ 
 

 r�—  UM�d9  ©µ ® 
 

 ôË√ ∫  W�œ«b�—ô« ‰«Ëb�« 
 

µ – ± ®  W�«bK� w�U��« n�dF��« UM�b� Ê√ ÷dH�  greater (x, y)  

 
greater (x, y)  = 1 if x > y,  
             = 0 if x ≤ y. 

 
  
  WOz«b� W�œ«b�—« W�«b�« Ác� Ê√ X��«Æ 
 

µ ≠ ≤ ®  W�«b�« Ê√ X��« 
g (x, y)  = xy 

  b�—« WOz«b� W�œ«Æ 
 

µ ≠ ≥ ®  W�«b� W��M�U� wK� U� X��« ¢ ÊU�d�√   ¢A  ∫ 
  √® A (1, y) = y + 2      
 »      ® A (2, y) = 2 y + 3 
 

µ ≠ ¥ ® ÷dH� Ê√ 
g (x, y)  = 2x + y - 3 

  
   WLO� V��«(compute)    

µy (g (x, y)) 
   U�U� œ�b�Ë(domain) Æ 
 

 UO�U�∫  rE� ¢ X�u�¢ 
 

µ ≠ µ ®   Ê√ ÷d?H�  = {a, b, c}    Æ   ÂU?E� b?�Ë√ ¢  X?�u� ¢    (a Post system)  b??=�u�
 WGK�«  L = {ww}  Æ 



±µ± 
 

µ ≠ ∂ ® Ê√ ÷d??H�  = {a)   Æ  ÂU??E� U�b??�u� �??�« W??GK�« w??� U??� ¢ X??�u� ¢ W�u??{u*« Ë– Ø
 W?�L?]K?��?Ô*« ØWO{�d?ÓH�«  (axiom) {a}   ø w�U��« ÃU��ù«Ë 

 
V1  V1 V1  

 
µ ≠ ∑ ®  ÂU???E� b???�Ë√ ¢ X???�u� ¢ U???��ù  (proving)   U???I�UD��   W�O�???B�« œ«b???�_« »d???{

(identities of integer multiplication)   ÍœU??�_« ÕöD??�ô« Â«b��??�U� 
(unary notation) ¨  WO?{�d?ÓH�U� Uzb���Ë 1 * 1 = 1 Æ 

 
 U��U� ∫W�U�J�« …œU�≈ rE� 

 
µ ≠ ∏ ®   W�uHB� …b�U� b�Ë√(a matrix grammar)  W?�G?K̂?� 
 

L = {ww : w  {a, b}*} 
 

µ ≠ π ®  WO�“—«u� b�Ë√ ¢ڤماركو   ¢(a Markov algorithm)  WGK�« o�A� 
 

L = {anbncn : n  1} 
 

µ ≠ ±∞ ®   q????�ö��« W????�uL� w???� U�(strings)     ÂU?EM�« U�b=�u????� ��«(L- system) L - 
5�U��ù« Ë– 

a  a, 
  a  aa. 

 
   WK�K��U� Á√b�� U�bM� a   ø 
 
 
 
 
 
 

!
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 qBH�« ”œU��« 
 

 WO�u�U(« bOIF��« W�—œ vK� W�U� …dE� 
An Overview of Computational Complexity  

 
   WO�u�U(« bOIF��« W�—œ vK� …dE� ¡UI�≈ �≈ qBH�« «c� � œuF�(computational 

complexity)   UO�“—«u)« …¡UH� W�«—œ w�Ë ¨ Æ bOIF��« W�—œË– � —UB��U� U�U�d�– ��«Ë 
H�«???�U��« qB???? Y– �?�LJ????��u�K� WOK�UI�« q????W  (complements computability)  q�B?ÓH�  

(separating) UOKL� UNK� sJ1 ��« qzU�*«  (in practice)   UNK� sJ1 ��« pK� s�
√b�*« YO� s� jI�  (in principle)  Æ  q�U& Í—ËdC�« s� bOIF��« W�—œ W�«—œ bM�Ë

H�  W�œU*«  U��uJ*«Ë  «bF*«  UH�«u�Ë hzUB� q�� …��� qO�U(hardware)   ¨
  UO���«Ë(software)  ODF*« v?�M?�Ë ¨???  U (data structures)  OHM��«Ë ¨?c 

(implementation)   O�U�_« —u�_« �≈ dEM� Ê√Ë  ¨??W��A*« W�UF�«Ë W  (common and 
fundamental issues)  Æ ��U� q�UF�� UM�S� V���« «c�Ë???F� l� U???��U� ??? rOI�« œËb (orders 

– of – magnitude expressions)   ÆJ�Ë??� s?? UN�S� Èu��*« WO�U� …dEM�« Ác� q�� v�
 UMODF�–  �« Ê–S� ÈdM� UL�–  «b� …bOH� ZzU�� Æ 

 
  œ—«u*«  U�KD�0 …¡UHJ�« ”UI�Ë (resource requirements)  X�u�U� Øs�e�« 

 ÊUJ*«Ë Ø WF��« Ø e?�O(« (time and space)  s� q� s� rKJ�� UM�S� p�c�Ë ¨bOIF��« W�—œ 
�e�«WOM (time complexity)   WO�UJ*« bOIF��« W�—œË ¨ (space complexity)   Æ 

I� U�UOI�  �b?�F?�� ��«Ë ¨ WOM�e�« bOIF��« W�—œ s� Y�b(« vK� UM� dB�IM�Ë Íc�« s�eK� UO��d
W�U� WO�u�U� WOKL� t�dG���  (a particular computation)  Æ „UM�Ë W�U� …��� ZzU��

 UC�√ WO�UJ*« bOIF��« W�—b� ÆOK� d��√ b�F?�� WOM�e�« bOIF��« W�—œ sJ�Ë X�u�« �Ë ¨ U�d�bI� � ö
 t�H� UM� W��M�U� …bzU� d��√Æ  

 
 Ÿu{u� WO�u�U(« bOIF��« W�—œË  »U�J�« «c� ‰U� Ã—U� b?�F?�� tLEF�Ë ¨ q�U�Ë l�«Ë

 WFO�� vK� ¡uC�« iF� vIK� w�Ë ¨ WD��� …—uB� UN{dF� ��« W�U�« ZzU�M�« iF� „UM� sJ�Ë ¨
 W��u(« ‚d�Ë  UGK�« Æ ZzU�M�« r�√ vK� …e�u� W�U� …dE� qBH�« «c� � Â�b?ÓI?�� �« Ê–S�Ë

�b�« ÊËœ ¨ bOIF��« W�—b� W�U)«F� ·c� l�Ë ¨ qO�UH��« � ‰uFB� 5�«��« i UN��uÆ 
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 ôË√ ∫W��u(« …¡UH�  Efficiency of Computation 
 
  œb????� ‰U????�� ¡U?????D�S� �« Ê–S� √b????�� Æb� UM�√ ÷dH�  s???� W????�uJ� W????LzU� U???MOD�Ô√

 U????N�O�d� U???M� V?????K?Ô�Ë ¨ `????O�� œb??� n�√ Ø  U???�“�d?Ó�(sorting)   s????J��Ë ¨ U� ÌWI�d????D�
  U???�b�UB� U????�O�d�(ascending order) Æ  VO���« Ø  “�d?ÓH�«(sorting)  �� W�Q��O UNMJ�Ë WD

 »u�U(« rK� � WO�U�√Æ  Êü« UMK�?�� «–≈Ë ¢ ∫  WLN*« Ác� ‚dG���� X�u�« s� r�(task)   ø¢ 
ÃU�� UM�√ …d�U�� ÈdM�  ‰«R��« «c� vK� W�U�ù« WO�UJ�≈ q�� d��√  U�uKF� �≈ Æ Ê√ `{«u�« s�

 „UM� sJ�Ë ¨ WLN*« “U$ù »uKD*« X�u�« b�b% � U�U� «—Ëœ VFK� WLzUI�« � d�UMF�« œb�
 Èd�√ q�«u�Æ  q�«uF�« Ác� s� ∫ Íc�« Z�U���« W�U�� WOHO�Ë ¨ t�b���� Íc�« »u�U(« Ÿu�

 WLN*« Ác� cHMO� Æ ‚dD�« Ác� Èb�≈ —UO��U� ¨ VO���« ‚d� s� œb� „UM� p�c� Ø
 ÂU� q�U�  UO�“—«u)« Æ UM� wH�JM� UMMJ�Ë ¨ Èd�√ q�«u� „UM�Ë�WO�U�_« q�«uF�« ÁcN ��« 

 U�U�d�–Æ 
 
 u???{u* U????M�A�UM� j???O����Ë�—œ Ÿ????OIF��« W????O�u�U(« b????�c� W????{«��ô« d?  U

O�U��«??W  (simplifying assumptions)  ∫  
©±® /???Ã–u  (model)  M��«—œ????JO� U???� Êu?�¬ u?�—uO� W?? Z Æ�√Ë?� U?�¬ Ÿu?�—uO� W?? Z–  ��«

 UN�b���M�–  bF� ULO� tA�UM� ·u�� j�C�U�Æ 
©≤® �dM�????�( e? r ØW�Q�*« W?�F?�?�  (size of the problem)  ·d(U�  n   Æ W��M�U�Ë

��Q�*O�U(« UM??? W ∫��???O���« W�Q???V  (sorting problem)  {«Ë????  Ê√ `n  �???� w??? œb
�UMF�«???d  (items)  LzUI�« �????W  (list) Æ  ULz«œ qN��« s� fO� W�Q�� Í√ r�� Ê√ r�—Ë

 Áb�b% ØtHO�u�  (characterized)   UD��d� tKF� U�uL� UMMJ1 t�√ ô≈ ¨ Ø UIKF��– I�dD�ÌW 
U�  (in some way)  –  V�u� `O�� œbF�Æ  

©≥®   ÂUF�« UN�uK�� ��_« UM�UL��« ÊuJ� WO�“—«u� Í√ qOK% bM�(general behavior)   ¨
  UNz«œQ� fO�Ë(performance)  ÌW�U� � UNMOF�  (a specific case)   Æ W�U� …—uB�Ë

UM�S�  �J� U�bM� WO�“—«u)« „uK� WOHOJ� r�N� Ø�� œ«œe�  W�Q�*« r(size increases)  Æ 
W�d� Èb� s� ‰«R��« sLC�� w�U�_« ‰«R��« ÊS� «c� V���Ë  (how fast)  u/  

(growth)   Ø»uKD*« e?�O(«Ë »uKD*« X�u�« …œU�“  (time and space 
requirements)     WLO� `�B� U�bM�n   …���Æ  

 
M�bN�???� «�–≈ ‰Ë_« U??�b% u??�u�« b??KD*« X?? »u– (??�� q??MOF� W�Q?? W– �«b�??� ÌW?? w

NL��??? U (function of its size)  ���U�??�¬ Â«b??�—uO� W??���U� Z??LM�« U�—U??(« Ã–u??  w�u�U
(computer model)  Æ  



 ±µµ 

 
Z�—uO� W�ü W��M�U� X�u�« ÂuNH� vMF� ôË√ w?DF� ÆUN�√ vK� Z�—uO� W�¬ �≈ dEM� s�M� 

W�¬  s�e�« …b�Ë � …b�«Ë W�d� cOHM�� ÂuI�(making one move per time unit)  Æ
  WO�u�U� WOKL� ¡«d�ù ‚dG��*« X�u�« ÊS� w�U��U�Ë(a computation)    U�d(« œb� u�

U�cOHM� - ��«  (number of moves made)   ÆUL�Ë  …œU�“ WOHO� W�«—œ b�d� UM�S� U�d�–
�KD�*«??O�u�U(«  U???�“ l� W???�� …œU??�*« r??? W�Q Æ�Ë???�uL� � Î…œU???O� W???*« l?? qzU�

��  «Ë–????ÓDF� r??v (a given size)  M�S�???$ U???�ö��« b?�uM�Ë U?U  (a variation)   Æ UM�Ë
 jI� r�N�  W�U� √u�Q�(worst case)  ��«   sJ1 U� vK�√  U�KD�*« UNO� ÊuJ�(highest 

source requirements)   ÆWO�u�U� WOKL� Ê≈ UMK� «–S� WMOF�  (a computation)   ÃU�%
WOM�“ bOIF� W�—b�  T(n) (time – complexity)  W�Q�� Í_ WO�u�U(« WOKLF�« Ê√ �F� UM�S�

UNL��    nUN�U9≈ sJLO�  (completed)   s� œbF� U�d(«  (moves)  s� b�e� ô  (in 
no more than) T(n)  U� Z�—uO� W�¬ vK� Æ 

 
 qOK% UMMJ1 t�S� ¨ w�u�U� Ã–uLM� Z�—uO�  ô¬ s� 5F� Ÿu� vK� ‚UH�ô« bF�Ë

 W�d� Z�«d� W�U�J�  UO�“—«u)« W�Q�*« q( W�uKD*«  «uD)« œb� »U��Ë Æ »U��_ sJ�Ë
 «��� «c� U�bOH� ô …b� Æ ôËQ� ∫ UOKLF�« œb�  (operations)  � ��« �G� l� �G�� b� U�cOHM� r�

 Z��*« vK� …bA� bL�F� b� w�U��U�Ë ¨ Z�U���« � WDO���« qO�UH��« ÆUO�U�Ë ∫  WN�Ë s� dE�
 WOHO� s� «��� nK�� b� ��«Ë WIOI(« UO�œ � UN�LN� WO�“—«u)« ¡«œ√ WOHO� UMLN� s� WOKL�

 Z�—uO� W�¬ vK� UNz«œ√ Æ�≈ `LD� Ê√ sJ1 U� qC�√Ë  qOK% ÊuJ� Ê√ u� tO(analysis)   W�¬
��2 Z�—uO� ö (representative)  WO�Ozd�« hzUB�K�  (major aspects)  ¡«œú�  � wKFH�«

wKLF�« l�«u�«  (real – life performance)   b�«e��« ‰�b?�F?�� q�� ¨Ø w�—UI��« uLM�«  
(asymptotic growth rate)   WOM�e�« bOIF��« W�—b� Æ  U�KD�� rNH� UN� ÂuIM� W�ËU� ‰Ë√Ë

œ—«u*«  (resource requirements)  rOI�« œËb( ÎöOK% p�c� ÊuJ�� WO�“—«u� Í_  (an 
order – of – magnitude analysis)   U�öD�ô« tO� Âb����O, θ,   (*)  Æ Ê√ r�—Ë

WO�— �� WI�dD�« Ác�  (informal)  M� …œU� w�Q� UN�√ ô≈ ¨ …bOH�  U�uKF�Ë ZzU�Æ  
________________________________________________________________ 

 
(*)     ö�� dE�« ∫ rOI�« œËb�  U�öD�« Ø »—UI��«  U�öD�«ÆÆ ‰Ë_« qBH�« ÆÆ  »U�� ¢ q�UO�

  WGK�  U�UO��«C++   ¢ ÆÆ bO��« b�√ dJ� u�√Ë Ê«u�— bO� …e� ÆÆK� ÕöH�« W��J� l�“u��«Ë dAM  ÆÆ
 X�uJ�« ÆÆ≤∞∞∂ 
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 ‰U��∂ – ± ∫ 
       œ«b�_« s� W�uL� UMOD�Ô√ b� UM�√ ÷dH�x1, x2, …, xn     U�œb�n   p�c�Ë ¨

  U�U�H� «œb�(a key number) x   Æ  …UDF*« W�uL:« X�U� «–≈ U� œb�S    vK� Íu�% x 
 ô Â√Æ 

 
    W�uL:« sJ� � «–≈S  �dD� W��d� œd� w� WO�“—«u� j��√ ÊS� ¨ U� ÌWI  wD� Y�

(a linear search)   W�—UI0 tO� ÂuI� x  w�«u��« vK� Ø  l�U���«(successively)    d�UMF�U�
x1, x2, …    UI�«u� b$ Ê√ �≈(a match)     W�uL:« � dBM� d�¬ �≈ qB� Ê√ �≈ Ë√S   Æ

—UI� ‰Ë√ � UI�«u� b$ b� UM�_ «dE�Ë ô UM�S� ¨ ‚ö�ù« vK� UI�«u� b$ ô Ë√ W�—UI� d�¬ � Ë√ W�
 WOLJ� R�M��« lOD��� Ø  qLF�« —bI�(how much work)   √u�√ � t�√ rKF� UMMJ�Ë ¨ »uKD*«

W�U�  (in the worst case)   œb� ¡«d�S� ÂuI� Ê√ UMOK�  n    U�—UI*« s� ÆUMMJ1  Ê√ czbM�
�« bOIF��« W�—œ Ê≈ ‰uI�w� wD)« Y���« «c� WOM�e  O (n)  «c� s� qC�√ v�� Ë√ ¨θ (n)  

 Æ «c� �Ë  WMOF�  U{«��« Í√ d�c� rI� � qOK���«(specific assumptions)   WO�U� s�
  W�ü«(what machine)  ¨ WO�“—«u)« Ác� UNOK� U�c?]H� ��«   WO�“—«u)« cOHM� WOHO� s� Ë√ Æ

U{ «–≈ t�√ Èd� UMMJ�Ë  WO�u�U(« WOKLF�« s�“ ÊS� œ«b�_« W�uL� r�� UMH�(computation 
time)   U��dI� n�UC�O�Æ  Y���« WOKL� s� «��� U��� «c�ËÆ 

 
 UO�U� ∫bOIF��« W�—œË Z�—uO�  ô¬ Ã–U/ 

Turing Machine Models and Complexity  
 
   W��u�K� WOK�UI�« W�«—œ bM�(computability)  ÍœR� ô  W�ü 5F� Ã–u/ Â«b���«

 œbF� d�Q�� Ê√ sJ1 WO�u�U� WOKL� Í√ …¡UH� Ê√ UI�U� UM�√— UMMJ�Ë ¨ d?Ó��c?��  U�ö��« �≈ Z�—uO�
  W�ü« jz«d�(tapes of the machine)  � W�ü« X�U� «–≈ U0Ë ¨?…œ�b  (deterministic)  

…œ�b?� �� Ë√  (nondeterministic)  Æ �O?�� UL�Ë ‰U�� s?¥ – ∏   …œ�b?;« �� ‰uK(« ÊS�
(nondeterministic solutions)  …œ�b?;« UN�ö�b� s� ��J� …¡UH� ��√ Î…œU� ÊuJ�Æ 

 `{Ë√ …—uB� UC�√ p�– `{u� w�U��« ‰U�*«ËÆ 
 

 ‰U��∂ – ≤ ∫ 
     ‰U�*« «c� ÷dF� ¢?���« W�Q��W?�O?I?Î?�� ¢  (satisfiability problem) (SAT)  

 ��« b?ÎF��« W�dE� � U�U� «—Ëœ VFK� Ø  bOIF��«(complexity theory)  Æ 
 



 ±µ∑ 

 U��« ·�d?�F?��u?���« Ë√ wIDM*« d?�OG�*« Ë√ X�  w�(a logic or boolean constant 
or variable)  �Q�??�U� t??G�� Ë√ X??� MJ1?????�Q� Ê√ t?????LO� Èb??�≈ c??I� 5�??? j?? ∫�?? Ë√ `

�?? QD © »–U� Ë√ ‚œU�  ®(true or false)   ?� 5�LOI�« 5�U� e�dM�Ë ¨  ∫1   Ë0    WLOI�« YO� ¨
1   `� �≈ e�d� Ø ‚œU� Ø true  WLOI�«Ë ¨ 0   �≈ e�d� ∫ QD� Ø »–U� Øfalse Æ  Âb���?��Ë

d�?�R*«u?���«  «  WO�(boolean operators)    5� lL�K�(combining)  �  «�G��Ë X�«u
u?�� ��UF� � WO�u?��WO�  (boolean expressions)  Æu?���«  «d�R*« j��√Ë w� WO�∫  

 
 Ë√     ∫or   e�d�U� t� e�d?��Ë ¨    wK� U0 ·�d?�F?��Ë ¨∫ 

 
0 1 = 1 0 = 1 1 = 1, 
 0 0 = 0. 

 
 Ë     ∫and    e�d�U� t� e�d?��Ë ¨   wK� U0 ·�d?�F?��Ë ¨∫ 

 
0 0 = 0 1 = 1 0 = 0, 

  1 1 = 1. 
 

 
 wHM�«  ∫ negation  e�d�U� t� e�d?��Ë ¨      ]  j�[ (bar)   wK� U0 ·�d?�F?��Ë ¨∫ 

 
0  = 1, 
1  = 0.   

 
       �Q� Êü«Ë????���ô« � c???? WO�u?���« ��UF��« —U � WO�UOI�« WGOB�« ØW?�O?H?ÚD?�F�« W�—UOF*« (CNF)  

(conjunctive normal form)   Ác� �Ë ��UF� TAM?�� WGOB�«  (expressions)  s�
 «�G�*«   x1, x2, …, xn     W�öF�U� 5zb���  

 
e = ti   tj …   tk  (1) 

 
     œËb(« YO�(terms)ti, tj, …tk  UNM�uJ� r�� Ø U�ƒUA�≈(created)   d?��R*« Â«b���U�  or 

UNOH�Ë  «�G�� 5� lL�O�  (negation)   Ê√ Í√ ¨ 
 

ti = sl sm… sp  (2) 
 



 ±µ∏ 

   s� Í√ YO�sl, sm, …, sp    �G�� wH� Ë√ �G�� �≈ e�d� Æe�d�«Ë  si ÚD?�O�tOK� o?ÓK?  ¢�w?��d?�� ¢  
(literal)  e�d�« ULMO� ¨  ti    tOK� oKD?�O�¢  …—U��  ¢(clause) ∫  ¢��F� …—U��  e   WO�UOI�« WGOB�U�

W?�O?H?ÚD?�F�«  (CNF)   ¢(clause of a CNF expression e)  Æ 
 
   W?�O?I??Î�����« W�Q��Ë(satisfiability problem) Êü« UMMJ1  UL� W�U��� UN��UO�

wK� ∫XOD�Ô√ «–≈   UO?I?Î?��?�� «��F�(a satisfiable expression) e WO�UOI�« WGOB�« � 
  WOH?ÚD?�F�«CNF  ¨«œUM�≈ b�ËQ� �rOI  (assignment of values)  « «�G�*  x1, x2, …, 

xn     � YO���F��« WLO� qF   e   ¢`�   ¢(true)  Æ« W�U� W�U��ËÊ√ ÷d� 
 

e1 = ( 1x x2)   (x1 x3) 
  

   rOI�« œUM�≈(the assignment) x1 = 0, x2 = 1, x3 = 1   ��F��« WLO� qF�  e1  ¢ `�¢  
(true)   w?I?Î?��?�� ��F��« «cN� w�U��U�Ë ¨ Æ ��F��« Èd�√ WO�U� s�Ë 

 
e2 = (x1  x2) 21 xx    (3) 

    
 «dE� U?�O?I?Î?��?�� fO�  s��G�*« �LOI� œUM�≈ Í√ Ê_x1, x2     WLO� qF�O�e2   ¢ QD�¢ (false)Æ 

 
 …œ�b?� WO�“—«u� nA�J� Ê√ qN��« s�Ë  (a deterministic algorithm)  

 WOII���« W�Q�* ÆWKL�;« rOI�« lO� c�Q�  (possible values)   «�G�LK�  x1, x2, …, 
xn  ��F��« WLO� V�� UNM� qJ�Ë ¨  (evaluate the expression)   Æ «dE�Ëœb� „UM� Ê_  
2n L��ô« Ác� s�??�—b� ¨  ôU??OIF��« W??OM�e�« b??W (time-complexity) �« Ác�I�dD?? W

�UA�«?? WK Ø��ô«W�œUHM  (exhaustive approach)  ?��√W?�O?  (exponential)   Æ 
 
 �Ë???�√ …d????� Èd??O�“—«u)« ÊS????� W????;« �????�b��« …œb????WK  (nondeterministic 

alternative)   —u�_« j?����?�� Æ��F��« ÊU� ÊS�  e  U?�O?I?Î%  (satisfiable)  O� s?�L� UM�S� ¨ WL
�G�� q�   xi  WLO� V�� r� ¨   (evaluate) e   ÆU�U�√ UN��—œ WO�“—«u� Ác�Ë  O(n)    Æ UL�Ë

 ‰U�� � UM�√—¥ – ∏  WK�U� Y� WO�“—«u� UM�b� ÊS� Ø  …œ�b?� W�œUHM��«(a deterministic 
exhaustive search algorithm) W?�O?��√ U�bOIF� W�—œ (exponential 

complexity) …œb� �� WO�“—«u�Ë ¨s�e�« W?�O??=D?�� (a linear-time 



 ±µπ 

nondeterministic algorithm)  Æ UM�√ ô≈–  ‰U�� fJF�¥ – ∏ –  WO�“—«u� Í√ ·dF� ô
W?�O?��Ô√ �� …œ�b?�    (nonexponential deterministic algorithm) Æ  

 
 W�dE�∂ – ± ∫ 

      D�d�  «– W�¬ Ê√ UM{d� «–≈5  (a two-tape machine)   WOKL� cHM� Ê√ UNMJ�√
O�u�U�???W (a computation) � �???œb n �??D)« s?? «u (steps) �S� ¨??MMJ1 t??�U� U??…U  

(simulating) �??OKLF�« Ác??(« Wu�UO�?WO�UO� Z�—uO� W�P� W  (standard)  œb� �  O(n2)  
  «uD)« s�Æ 

 
 ÊU���«∫ 

 ;U�U(« WOKLF�« …Uu�  kH�% ¨ 5D�dA�«  «– W�ü« vK� WO�(keeps)   WO�UOI�« W�ü«
  wE�K�« n�u�U�(instantaneous description)   UL� UND�d� vK� 5D�dA�«  «– W�x�
 qJ� � 5�� u�∂ – ±  Æ�d� …U�U;Ë??�«Ë W?…b  (one move)  ¨ �%????O�UOI�« W�ü« ÃU??Ê_ W 

!
!

 Y??���) (to search  WDAM�« WIDM*« � © W�UFH�« ®UNKL�Q� UND�d� �(the entire active 
area of its tape)    Æ  l?��u� Ê√ sJ1 5D�dA�«  «– W�x� …b�«Ë W�d� Ê_ «dE� sJ�Ë  

(extend)  5�OK� WDAM�« WIDM*« (two cells)   ¨ d��_« vK� œb� bF�� n   U�d(« s�
WDAM�« WIDM*« ‰u� ÊuJO� O(n)   d��_« vK� ÆÊS� p�c�Ë WOKJ�« …U�U;« (entire 

simulation)    œbF� c?]H?�M?�� Ê√ sJ1O(n2)    U�d(« s�Æ 
 

 WE�ö�∫ 
 UNLLF� Ê√ sJ1 W�O�M�« Ác�  (generalize)   Í√ ¨ 5D�d� s� d��_ W�uN�� UMMJ1

 œb� Ê√  U��≈  n  U�d(« s� (n moves)   œb� vK� Íu�% W�¬ � k   j�«dA�« s� (on a 
k-tape machine)   œb� � WO�UO� W�¬ vK� UNO�U� Ê√ UMMJ1  O(n2)    U�d(« s�Æ 

 
 
 

               
               

a a a q a q b b a b b b ! 

 qJ�∂ ≠ ± 



 ±∂∞ 

 W�dE�∂ – ≤ ∫ 
  …œb� �� Z�—uO� W�¬ Ê√ UM{d� «–≈(a nondeterministic Turing M 

machine)  œb� � WO�u�U� WOKL� cHM� Ê√ UNMJ1 n   ¨  «uD)« s�  WO�UO� Z�—uO� W�¬ ÊS�
  œb� � UN�H� WO�u�U(« WOKLF�« cHM� Ê√ UNMJ1O(kan)  YO�  ¨  «uD)« s�   k   Ëa      ô

 vK� Ê«bL�F� (independent of) n  Æ 
 

 ÊU���«∫ 
 �¬ Í√??�—uO� W??O�UO� Z???NMJ1 W???�U� U???�¬ …U??� W??� �?l?��?����?�� ÊQ� …œb  (keep 

track of)   O�???OJA��« l???? ö (configurations)   MJL*«???��U� ¨ W???ÎW L��U�? —«d 

(continually searching)       ÎW?���b?��?��Ë(updating)  UNKL�Q� WDAM�« WIDM*« (entire 
active area)   Æ ÊU� «–≈Ë   k   Ÿ�d?ÓH?�� q�UF� ��√ u� (maximum branching factor) 

  b�b���« ÂbF� (for the nondeterminism)   ¨  œb� bF��n   vK� b�uO�  «uD)« s�
 œb� d��_«kn WMJL*«  öOJA��« s� (possible configurations)   Æ   sJ1 t�_ «dE�Ë

 W�U{≈ (adding)   q� �≈ d��_« vK� b�«Ë e�—…b�«Ë W�d� WKOJA� (by a single 
move)   � ÊuJ� p�cK� ¨???�«u�« WKOJA��« ‰u???œb� bF� …b    n u�  U�d(« s�O(n)   Æ

� «cJ�Ë …b�«Ë W�d� w�U??� wJK U�u� WDA� WIDM� � Y��� Ê√ V� WO�UOI�« W�ü« ÊS� ¨
O(nkn)   W�uKD*« W�O�M�« �≈ ÍœR� U2 ¨ Æ��« iF� � dEMK�Ër�— ‰«R��« dE�« qO�UH  ∂ – ≥  

 qBH�« W�UNM�  UM�dL��U�Æ 
 

 WE�ö�∫ 
 Ê√ V�  W�dEM�« Ác� ��H� bM� s�—c� ÊuJ� Æ WO�u�U� WOKL� Í√ Ê√ vK� hM� wN�

 vK� U�ƒ«d�≈ ULz«œ sJ1 …œb� �� …œU�“ —U���ô« � c�Q� Ê√ � 5��«— UM� «–≈ …œb� W�¬
  W??�O??��Ô√(an exponential increase)   »uKD*« X�u�« � Æ s� w�Q� ÃU�M��ô« «c� sJ�Ë

’U� jO�� o�√  «– …U�U�  (a particularly simple-minded simulation)   ôË ¨
 qC�√ ¡«œ√ � q�Q� ‰«e�Æ  bOIF��« W�dE� �V??Ô� u� Ÿu{u*« «c� ·UAJ��«Ë Ø b??ÎF��« 

(complexity theory) Æ 
 
  ‰U�� �A�Ë¥ – ∑ j�«dA�« …œbF�� W�¬  UO�“—«u� Ê√ �≈  (a multitape 

machine)  UOKL� t�b���� b� U� �≈ »d�√ ÊuJ� b� (in practice)   WI�d*« WI�dD�« s� 
(cumbersome)     WO�UO� Z�—uO� W�ü Æ��M�� V���« «c�Ë …œbF�� Z�—uO� W�¬ �« Ê–S� Âb�

j�«dA�« UM�–uLM�  (model)   W�«—b�??ÎF��«  U�u{u�Ë qzU��b (complexity issues)    ¨
Íu�U� d�√ ÈdM� UL� «c� sJ�Ë Æ 



 ±∂± 

 U��U� ∫bOIF��«  UI��Ë  UGK�«  özU� 
Language Families and Complexity Classes 

 
  w�d�« Ã—b��« � © q�K���« ®wJ��uA��  (Chomsky hierarchy)   nOMB��

 UGK�« (language classification)   U�U��—« b�u� (association)     UGK�«  özU� 5�
 ôü«  UI��Ë (classes of automata)    UNM�e� WFO�D�  ô¬ WI�� q� ·�d?�F?�� YO� ¨

X�R*« (nature of its temporary storage)   Æ   UGK�« nOMB�� Èd�√ ÌWO�UJ�S�Ë
WOM�e�« bOIF��« W�—œ ��F�Ë Z�—uO� W�¬ Âb����  (time – complexity)   U�UOI� Ø ö�U�

 eOOL��«Ë W�—UILK�  (a distinguishing factor)  Æ bOIF��« W�—œ ôË√ ·�d??F� «cN� ÂuI� w�Ë
 WG� Í_ WOM�e�«Æ 

 
 n�dF�∂ – ± ∫ 

       Z�—uO� W�¬ Ê≈ ‰UI??��  M  r?�?��?��  (decides)  Ø  œ�b?�?�� Ø —dI?�� Ø «—«d� c���
u�I�U�ÌWG� ÊQA� i�d�« Ë√ ‰  L   X�Ë � ØWOM�“ …��  T(n)  —«d� –U�« - «–≈  (deciding)  

WLK� q� ÊQA�  w  WGK�« �   L  YO�  w = n  œb� �   T(n)   U�d(« s�Æ X�U� «–≈Ë  
M   …œb� �� W�¬   (nondeterministic) WK�K� qJ� t�√ wC�I� «cN� ¨  w  L   b�u�

� q�_« vK�WF�U��  (sequence)  ÍËU�� Ë√ s� q�√ U�u�  U�d(« s� …b�«Ë  T (w)  
‰u�I�« �≈ ÍœR�  (acceptance)  n�u�� Z�—uO� W�¬ Ê√Ë ¨  (halts)   ö�b*« lO� vK�  

(on all inputs)  WOM�“ …�� �   T (w) Æ 
 

 n�dF�∂ – ≤ ∫ 
      WG� Í√  L  WI�D�« � dBM� UN�≈ ‰UI?��  DTIME(T(n))  «–≈  Z�—uO� W�¬  b��Ë

j�«dA�« …œbF�� …œb�  (a deterministic multitape Turing machine)   r�% Ø
WGK�« œb%   (decides) L  ‚dG��� X�Ë �  O(T(n))  Æ 

 
  WG� Í√ËL  WI�D�« � dBM� UN�≈ ‰UI?��  NTIME(T(n))  «–≈  �� Z�—uO� W�¬  b��Ë

 …œb???F�� …œb???�  j????�«dA�«(a nondeterministic multitape Turing machine)  
 r??�% ØWGK�« œb%   (decides) L    ‚dG��� X�Ë �O(T(n)) Æ 

 
 bOIF��«  UI�� 5� W�{«u�«  U�öF�« iF� „UM�Ë  (complexity classes)   ¨ Ác�

 q��∫ 



 ±∂≤ 

DTIME (T(n))  NTIME(T(n)) 
      & 

T1(n) = O(T2(n)) 
      

DTIME (T1(n))  DTIME(T2(n)) 
 

J�Ë???� s???M� s???�B� U???{u�« `???LN�� l???{«Ë ��Ë U???`  (obscure)  �d��?? WÆ MMJ1 U�Ë?? Ê√ U
œËb�  œ«“ ULK� t�√ u� t�uI�  (order of) T(n)   …—uB� d��√  UG� UMOIK� ULK�

W�b�UB�(progressively)     ÆWO�U��« W�dEM�« d�c�Ë  UN�U�d� ÊËœÆ 
 

 W�dE�∂ – ≥  ∫ 
           `O�� œb� qJ�k ≥ 1    
 

DTIME (nk)  DTIME (nk + 1) 
 

* * *    
  

 �M��ô«Ë???ÃU �«???MMJ1 Íc????BK���� Ê√ U???� t??� s??� «c??�√ u??�u� t??F� b??  UGK�« i
MMJ1 ��«?? UNL�� U Ø%??? U�b�b(decided)  ©—«d� –U�« � ÊQA��u�?? U® �Ë �??X   O (n2)  

(in time) ¨ �u� ôË????� b????O�“—«u� Í√ U???????L��« W??????OD� ¡U???�e�« W????s  (linear – time 
membership algorithm)¨�  UG� b�u� t�√ p�c�Ë DTIME (n3)  X�O� w� ��«Ë

 �DTIME(n2) «cJ�Ë ¨Æ   UI�� s� UOzUN� ô «œb� UMODF� «c�Ë  WK�«b�*« bOIF��«(nested 
complexity classes)   Æ�Ë??qB �√ vK� v��???M�� «–≈ «c� s� d�???  s�e�« �w??��Ô√ bOIF�� U

(exponential time complexity)  Æ b� Í√ b�u� ô WIOI(« �Ë  (limit)   ¨ «c�
/ W�d� Èb� ÊU� U?�L?�N?�L?Ó�??u  (growth)  �“Ë???�« W�«œ …œUOIF�???b  (complexity function) 

T(n)  Ã—U� U� �T� ULz«œ b�u� ¨  (outside) DTIME(T (n)  Æ 
 

 W�dE�∂ – ¥ ∫ 
      W��u�K� WK�U� W?�O?=K?Ô� Z�—uO� W�«œ Í√ b�u� ô  (total Turing computable 

function) f (n)  W�œ«b�—« WG� Í√ Ê√ YO�  (recursive language)  � sJ1UNL�  
(decided)  ÍËU�� X�Ë �  f (n)   YO� ¨  n  ‰U�œù« WK�K� ‰u� w�  (length of the 

input string)  Æ 
 

 
 



 ±∂≥ 

 ÊU���«∫ 
 �Q�??� c??���ô« w???�uL:« —U???�b�_« W???W  (alphabet)  = {0, 1}  O� l�??? l

�ö��«???� q???w(strings in) +   ?��?���d?��???W  (arranged)  �???O�d� w????�UM� V?? V ØO��???`  
(in proper order) w1, w2, …  Æ�«Ë???C�√ ÷d???M�b� Ê√ U????�O�d� U???��UM� U???�—uO�  ôü U???Z  

M1, M2, …  Æ 
 
   W�«b�« Ê√ Êü« ÷dH�f (n)   …œu�u� W�dEM�« ‚uDM� � …—u�c*« Æ czbM� UMMJ1

 WGK�« n�dF� 
 

L = {wi : Mi does not decide wi in  f (wi) steps} (4)  

 
 WGK�« Ê√ Í√L    q�ö��« W�uL� w�wi   L�% ô ��«NWK�UI*« Z�—uO�  ô¬ U  Mi     œb� � 

    f (wi)  «uD)« s�Æ 
 

 WGK�« Ê√ w��b?�� s�L    W�œ«b�—« ÆWK�K� Í√ —U���ô« � c�Q� p�– Èd� w�Ë  w  L   ¨
Ë√ V��Ëô   f (w)   Æ sJ2 «c�Ë (possible)  H�Ê√ ÷d  f    WK�U� W?�O?=K?Ô� Z�—uO� W�«œ

 W��u�K�Æ l{u� b�u� p�– bF�Ë  (position) i  WK�K�K�  w  WF�U��*« �   w1, w2, …  Æ
 ULOK� U�O�d� W��d� WF�U��*« Ê_ UC�√ sJ2 «c�Ë ØU��UM�  (in proper order)  Æ  uJ� U�bM�Ë Ê

UM�b�  i  b�u� UM�S� ¨  Mi  UNKF$Ë WK�K��« vK� d?��R�  (operate on) w  œbF�  f (w)   s�
  «uD)«Æ X�U� «–≈ U� U���O� «c�Ë  w   WGK�« �L     ÊS� «cJ�Ë ¨ ô Â√L     W�œ«b�—«Æ 

 
 J�Ë???MMJ1 s?????�O�� Ê√ Êü« U????GK�« Ê√ s???? WL    �O�????K� WK�U� X�??r�  (decidable)  

ÌX�Ë � ÍËU�� (in time) f (n)    Æ Ê√ ÷dH� i�UM��U� p�–  U��ùËL     � r��K� WK�U�
�u�« «c�???X  © WOM�e�« …�H�« Ác� � Í√® Æ  Ê_ «dE�L    W�¬ b�u�� ¨ W�œ«b�—«   Mk   YO� ¨ U�

Ê√ L = L  (Mk)   Æ q�  wk   � …œu�u� WGK�«L   ML�“ «–S� øÊ√ U  wk   � …œu�u�L    ¨
ÊS�  Mk   œ�b?% Ø —dI� Ør�%  (decides) wk  œb� �    f (wk)    «uD)« s� Æ sJ�Ë

W�öF�« i�UM� «c�  (4)  Æ Ê√ UM{d� «–≈ fJF�U�Ë  wk  L   i�UM� �≈ qB� UM�S� Æ …—bI�« Âb�Ë
WOD/ W�—UD�≈ W�O�� �b?�F?�� WDIM�« Ác� q� vK�  (a typical diagonalization result)   ¨

 wK�_« ÷dH�« Ê√ ÃU�M��« �≈ UM� ÍœR�Ë– W��u�K� WK�U� W�«œ œu�Ë u�Ë  (computable) f 
(n)  –  U��U� ÊuJ� Ê√ V�Æ 

 
* * * 



 ±∂¥ 

 W�dE�∂ – ≥ r�«e*« iF� ÷dF� UM� `L��  (claims)  � WG� b�u� t�√ ö�� r�e� ÊQ�  
DTIME (n4)  � …œu�u� X�O�  DTIME (n3)    Æ U�u{u� bF?�� b� «c� Ê√ r�—Ë«– 

W�dE� WOL�√  (theoretical interest)  �U� Ê≈ `{«u�« s� fO� t�√ ô≈ ¨X  Í√ U� ÁcN� W�O��
wKL� ÈeG�  (practical significance)  Æ   «d�R� Ë√ sz«d� Í√ UM�b� fO� WDIM�« Ác� bM�Ë

hzUB)« WO�U� �≈  (characteristics)   WG� Í√ UN� eOL�� b� ��«   �DTIME (n4)  Æ  
�b�Ë√ «–≈ W�Q�*« Ác� � öOK� oL�√ dEM�« UMMJ1Ë???�ö� U??bOIF��« nOMB� 5� W  

(complexity classification) GK�«Ë?????�u*«  U????��« � …œu????�d�« Ã—b???? w
A��???J��u????w  (Chomsky hierarchy)   Æ dEMM�Ë �≈ WK��_« iF�  UMODF� ��« WDO���«

 U�u{Ë d��_« ZzU�M�« iF�Æ  
 

 ‰U��∂ – ≥ ∫ 
    ���« UMMJ1  vK� ·�d�F?(recognizing)  WLE�M� WG� Í√  (regular language)  

…œb� Ì…œËb� ÌW�P�  (a deterministic finite automaton)  l� V�UM�� X�Ë �  
(proportional to)  b*« ‰u� ö�  (length of the input)   ÆÊS� p�c�Ë 

 
LREG  DTIME (n) 

 
 sJ�ËDTIME (n)   ��J� d��√ vK� Íu�%    s�LREG  Æ   b�ËU?�M?�O?��  ‰U�� � öF�µ – ∑  Ê√

 ‚UO��« …d� WGK�«{anbn : n  0}    5D�d�  «– W�P� UNOK� ·dF��« sJ1(a two – tape 
machine)  X�Ë � O (n)  ÆW�(«Ë  (argument)   Ê√ UMMJ1 „UM� U�U�d�– ��«

 «bOIF� d��√  UG?ÔK?� v�� UN�b����Æ 
 

 ‰U��∂ – ¥ ∫ 
       ‚UO��« …d� �� WGK�«(non-context-free language)    
 

L = {ww : w  {a, b}*} 
 

  � …œu�u�NTIME (n)  Æ 
 
  W�O�M�« Ác����« UMMJ1 t�√ YO� Î…d�U�� Z�M�?q�ö��« vK� ·�d?�F (strings)  

 WO�U��« WO�“—«u)U� WGK�« Ác� � …œu�u*«∫ 



 ±∂µ 

©±® ‰U�œù« nK� s�  ö�b*« a��« (input file) j�dA�« �≈ (tape) 1  Æs?�L��  
(guess)  …�œ�b?� �� WI�dD�  (nondeterministically)  WK�K��« nB�M� l{u�  

(middle of the string)  Æ 

©≤® '« a��«w�U��« ¡e  (second part)  j�dA�« �≈  (tape) 2  Æ 

©≥® “u�d�« Ê—U�  (symbols)   j�dA�« vK� …œu�u*«1  j�dA�« vK� …œu�u*« pK��2   «�e�—
 «e�—Æ 

 
  X�Ë � c?]H?�M?�� Ê√ s??J1  «u??D)« l???O� Ê√ `??{«u�« s�O (w)  ÊS� w�U��U�Ë ¨ 

L  NTIME (n)    Æ 
 J1 U??OKF�Ë  Ê√  U??��≈ U??MML  DTIME(n)      œU??�ù W??O�“—«u� —U??J��« UMFD�??�« «–≈

WK�K� nB�M�  (middle of a string)  s�“ � O (n) (time)    Æ    U?L� t?IOI% s?J1 «c�Ë
 wK�∫ 

 e�— q� �≈ dEM� (symbol)   j�dA�« vK�  tape 1  j�dA�« vK� œ«�b?�F?� kH��Ë ¨ 

(keeping   a count on) tape 2e�— w�U� q� jI� �b??�F?�� sJ�Ë ¨(counting only 
every second symbol)    Æ r�dJ�« ∆—UIK� V�—b�� qO�UH��« „�M�ËÆ 

 
‰U�� ∂ – µ ∫  

      ‰U�� s� Z�M���¥ – ∏ Ê√ 
 

LCF  DTIME (n3) 
 p�c�Ë 

LCF  NTIME (n) 
 

‚UO�K� W�U�(«  UGK�« WKzU� Êü« —U���ô« � c�Q�  (context – sensitive languages)  Æ
 q�UA�« Y���« Ë– »«d�ù« ØiOH��*«  (exhaustive search parsing)   sJ1Áƒ«d�≈  UM�

C�√???E� U????� Ê_ «d????� «œb????I� «œËb???� j???�U��ù« s??? U  (only a limited number of 
productions)  tIO�D� sJ1  (applicable)   …uD� q� �Æ Èd� Ê√ UMMJ1Ë (*)   ��√ Ê√

WO�«—U�F�« mOB�« s� œb�  (maximum number of sentential forms)   u�∫  
 

 
(*)    »U�� dE�« ∫ WOKJA�«  UGK�«Ë WO�U�u�Ë_«Ë W��u(« W�dE�ÆÆ  bO��« b�√ dJ� u�√ÆÆ  W��J�

 ÕöH�« ÆÆ X�uJ�«2011  f�U)« qBH�« ¨ ∫ ‚UO��« …d�  UGK�« Æ����Ë Íc�« qOK���« l?
  W�œUF*« �≈ ‰u�u�« �≈ Èœ√(2)    W�H�159  Æ 



 ±∂∂ 

N = P+P2 + …Pcn = O (Pcn+1) 
 
ËÊ√ «c� s� r�e� Ê√ lOD��� ô UM�√ k�ô sJ� 
 

LCS  DTIME (Pcn+1) 
 

� lC� Ê√ lOD��� ô UM�_ p�–Ë?�bvK�√ «  (an upper bound)  vK�  P  Ë   c   Æ 
 

* * * 
 

� œ«“ ULK� t�√ k�ö� WI�U��« WK��_« s  T (n)  WODG� - ULK� ¨  (covering)    UG�
 özUF�« s� d��√  LREG, LCF, LCS  Æ WKB�« sJ�Ë  (connection)  �d�« Ã—b��« 5�??? w

J��uA��???w  (Chomsky hierarchy)  I��Ë???OIF��«  U??b  (complexity classes)  
W�U� X�O�Ë WHOF{  Õu{u�«Æ  

 
 UF�«— ∫  bOIF��« U�I��P      ËNP  

The Complexity Classes  P  and  NP 
 
  Êü« bOH*« s� t�√ Èd�–  WOLOKF��« WO�UM�« s� q�_« vK�–  wK� ULO� h�K� Ê√

…bOH� bOIF�  UI�� œU�≈ UM��ËU� bM� U�UMN�«Ë ��«  U�uFB�«  (useful complexity 
classes)  ?K̂?�  U�U�M��ô« iF� ÷dF�Ë ¨ WOKJA�«  UGÆ 

 
©±®   U?�OKF� WK�«b�*« bOIF��«  UI�� s� wzUN� ô œb� b�u�(properly nested 

complexity classes) DTIME (nk), k = 1, 2, …   WK� U� Ác� bOIF��«  UI��Ë
� �≈ ‰u�u�« VFB�« s� t�√ Ëb��Ë ¨ wJ��uA�� œU�F*« w�d�« Ã—b��« l� WDO�� WIOL� …dE

  UI�D�« Ác� WFO�� � Æ  UGK�« nOMB�� …bO� WI�d� Ác� ÊuJ� ô b�ËÆ 

 
©≤®   ôü« Â«b���U� UM�H�√ U�b?�OÓ� u� v�� ¨ bOIF��« W�—œ vK� d?��R� Z�—uO� W�P� ’U)« Ã–uLM�«

 …œb;«(deterministic machines)  Æ Íc�« Z�—uO� W�¬ Ÿu� u� U� `{«u�« s� fO�Ë
�b??�F?��   wKF� »u�U( Ã–u/ qC�√(actual computer)   Æ Í√ bL�F� ô√ V�O� p�c�Ë

  qOK%(analysis)   Z�—uO�  ô¬ s� ’U� Ÿu� Í√ vK�Æ 

 



 ±∂∑ 

©≥® …œb� �� Z�—uO� W�P� …¡UHJ� UNL�� sJ1  UG� …b� U�b�Ë Æ  UC�√ b�u�  UGK�« iF��Ë
  …¡UHJ�« WCH�M� W�d�� U�d� jI� rKF� d�ü« iF�K� sJ�Ë ¨ W�uIF� …œb�  UO�“—«u�

(inefficient bruteforce methods)   Æ WK��_« Ác�  ôôœ w� UL�  ¨ø wC�I� «–U�Ë 

 
U???� Ê_ «d???E�  vMF�  «Ë– ÊuJ�Ë  UG??K̂?� WO�d�  U�—b� ÃU?��≈ W�Ë(meaningful 

language hierarchies)   W?????OM�e�« b????OIF��«  U????�—œ o???�d???� s????�(via time – 
complexities)    WHK�� u/  ôbF� l�(with different growth rates)   Ëb��

  W???��M� �� � W�ËU???�(unproductive)    q?�U��M� p�cK� ¨(ignore)   q?�_« q?�«uF�« iF�
  W??�«“S� ö�????� ¨ W???OL�√(removing)    W??�U??�« �??�  U???�ö??��ô« i???F�(uninteresting 

distinctions)    5� ��« pK�� ¨DTIME (nk)      ËDTIME (nk+1)    Æ ‰uI�« UMMJ1Ë
·ö???��ô« ÊQ???�  s????O� ö???��DTIME (n)  ËDTIME (n2)  U�d???�u� f???O� Ø  UO�U????�√

(fundamental)   t�b���� Íc�« ’U)« Z�—uO� W�¬ Ã–u/ vK� bL�F� tCF� Ê_ «dE� ¨ € ö��
  j�«dA�« œb� r� (tapes) Æ  ›  …—uNA*« bOIF��« WI�� —U���ô« � c�Q� Ê√ �≈ UM� ÍœR� «c�Ë

(famous complexity class)   
 

P = 
1

)(
i

inDTIME  

 
  U� …œb� Z�—uO� W�¬ UNK�I� ��«  U??GK�« l?O� qLA� W???I�D�« Ác???�(some deterministic 

Turing machine)    W�œËb� s�“ �(in polynomial time)   W�—b� —U���« Í√ ÊËœ ¨
 W�œËb(« Æ  ÊS� UI�U� UM�√— UL�ËLREG     ËLCF    �≈ ÊUOL�M�P   Æ 

 
   …œb??????;« �??????�Ë …œb?????;« b???????OIF��«  U??????I�� s???O� e????OOL��« Ê_ «d????E�Ë

(deterministic and nondeterministic complexity classes)  U�d�u� Ëb�� Ø
  UO�U�√(fundamental)   p�cK� ¨  UC�√ ·�d??�F?�� 

 
NP = 

1

)(
i

inNTIME   

 s�Ë Ê√ `{«u�« 
P  NP 

 



 ±∂∏ 

  ¡«u��ô« «c� ÊU� «–≈ U� U�uKF� fO� sJ�Ë(containment)     U?OKF�(proper)   € Í√  ∫   › Â√
 ô Æ         � …œu?�u*«  U?GK�« i?F� „U?M� Ê√ U?�uL� bI�F??�� U?LMO�ËNP    � X?�O� �?�«ËP    Ê√ ô≈ ¨

 p�c� ôU�� Êx� b� � «�b?��Ó√Æ 
 
    Ác?� b?OIF��«  UI�D� ÂUL��ô« l�d�Ë–     W?I�D�U� W?�U�ËP  –   �≈    5?� e?OOL��« W?�ËU�

(«  UOKLF�«Uu�  WOF�«u�« ��Ë WOF�«u�« WO�(realistic and unrealistic computations) Æ
�  UOKL� „UMN�Uu�    �U� œ—«u?�  U?�KD�� U?� Ê√ ô≈ ¨ W?�dEM�« WO�UM�« s� WMJ2 UN�√ r�— WMOF� WO�  W?O

          U?C�√Ë ¨ U?O�U� …œu?�u*« VO?�«u(« v?K� W?OF�«Ë �?� U?�—U���U� W?{u�d� WOKLF�« WO�UM�« s� UNKF&
   W??�uI�« VO???�«u(« v??K� Ø …“U???�L*« Ø  WL�??C�« Ø  …��???J�«(supercomputers)    r�O???� �??�«

 UNLOL????B� Æ  U????�UO�√ U????NOK� o????KD� qzU????�*« Ác????� q????�� ¢ W�F????� qzU????�� Ø W????'UF*« …�????��  ¢
(intractable problems)      U?N�√ v?K� W?�ôbK�–          W�?�u�K� W?K�U� √b?�*« Y?O� s?� U?N�√ r?�—

(computable)  ≠   w???F�«Ë q???�√ U??� b�u� ô(realistic hope)       W????OKL� W???O�“—«u??� w???�
(a practical algorithm)   Æ          …d?J� l?{Ë »u?�U(« ¡U?LK� ‰ËU?� q?C�√ …—u?B� «c?� r?NH�Ë

¢W�uF� Ø d??���   W?'UF*«  ¢(intractability)    —U?�≈ � Ø �� ”U?�√   w??K?ÚJ?(formal basis)   Æ
   `KD?B*« n?�dF��  ôËU;« Èb�≈Ë ¢  VF?� Ø   W?'UF*« d??�?��  ¢(intractable)      d?N� b?�

 U???�uL� U???NOK� o?ÔKD� U??LO� ¢ „u???� W�U???�—–  »—U?�  ¢(Cook – Karp thesis)   Æ Ác� �Ë
U�d�« W� ∫   � Êu?J� W�Q�� Í√P      U?NOK� o?KD� ¢ WF??�O?Ó�  Ø   W?'UF*« WKN?�¢  (tractable)   Í√Ë ¨

  � ÊuJ� ô W�Q��P    UNOK� o?ÓKD� ¢ W�F� Ø W'UF*« …d?�?��¢  (intractable)  Æ 
 
   W�U?�— �b?�F?�� q� ¢  „u?�–   »—U?� ¢        � UN?K� lOD�?�� �?�« qzU?�*« q?BH� …b?O� W?I�d�

l�«u�«    � X?�O� W?�U�ù« ø UN?K� lOD��� ô ��« pK� s� wKLF�«  W?F�U Æ    W?OKL� Í√ Ê√ `?{«u�« s?L�
�Uu�  � X�O� WO�P           W?�œËb� Í√ s?� Ÿd?�√ ‰b?F0 W?OM�e�« U�b?OIF� W?�—œ b?�«e��  (grows 

faster than any polynomial)        W�Q??�*« r??�� l??� …��??� W�d??�� U??N�U�KD�� b??�«e��Ë ¨
(problem size)  Æ   q�� W�«b� W��M�U� v��Ë20.1 n    rOI� W�dH� …œU�e�« ÊuJ��� ¨n    ¨ …��?J�«

  q��n  1000          Ác?� b?OIF��« W?�—b� W�Q?�� WOL?�� � Êu??Î??�?�� U?M�√ dFA� b� w�U��U�Ë ¨ ¢  W�F?�
 W'UF*« Æ ¢J�Ë???s  *« s� «–U�???�u*« qzU�???  � …œuDTIME (n100)  LMO� ø???o?KD� U   W�U?�—

 ¢ „u??�– —U??� » ¢ W�Q??�*« Ác??� q??�� v??K� ¢??�O?Ó� WF? Ø W??'UF*« WKN??�  ¢(tractable)   lOD�??�� ô
      rO?I� v?�� ¨ U?NF� ��?J�« qFH� Ê√ bO�Q��U�n     …�G?B�« Æ    W�U?�d� —�?*« Ê√ Ëb?��Ë ¢  „u?�–   »—U?� ¢
     W???O��d���« W???OKLF�« W???E�ö*« � sLJ�(empirical observation)     qzU�L???�« r???EF� Ê√

   W???OKLF�«(practical problems)      w???� …œu???�u*«P      w???� …œu???�u�DTIME (n)      Ë√
DTIME (n2)     Ë√DTIME (n3)           U?�—œ t?��� W?I�D�« Ác?� Ã—U?� …œu?�u*« p?K� ULMO� ¨



 ±∂π 

  W???�O?��Ô√ ÊuJ� Ê√ v??�≈ U??�bOIF�(exponential complexities)   ÆS???� qzU�*« �≈ U??�dE� «–
  W???OKLF�«(practical problems)    U�{«Ë «eOO9 „U???M� Ê√ b???$(a clear distinction)  

  �≈ wL�M� ��« qzU�*« 5�P    �≈ wL�M� ô ��« pK�Ë ¨P  Æ 
 

 U��U� ∫   qzU�� iF�NP      Some NP Problems 
 
   qzU�� s� «��� »u�U(« ¡ULK� ”—œNP    �?� WI�dD� UNK� sJ1 ��« qzU�*« Í√ ¨

  …œ�b?��?��(Nondeterministically)    W�œËb� WOM�“ …�� �(in Polynomial time)  Æ
 WOMI� ·U�Ë√Ë WOM� qO�UH� vK� Íu�% W�«—b�« pK� � 5�«��«Ë Z�(« iF�Ë  Æ 

 
   b???OIF��« qzU�� W???�«—œ r???�� Î…œU�Ë(complexity questions)     U???G� U???�—U���U�

(as languages)       ôU??(« Ê√ Y??O� ¨(cases)         n??��u� …—d??I*« ◊Ëd??A�« o???=I?��?�� �??�«
(described)     U�  ÌW?G� � q�ö��(strings in same language) L    ô �?�« pK� ULMO� ¨

  � ÊuJ� ◊ËdA�« Ác� oI%L   ©�LJ�  WGK�« WK?L   Æ ® t� ÂUOI�« �≈ ÃU�� T� ‰Ë√ Î…œUF� p�c�Ë
 U� ÌWG� W�ôb� W�Q�LK� wN�b��« UMLN� W�UO� …œU�≈ u�Æ 

 
 ‰U��∂ – ∂∫ 

      W?�O?I?Î?��?���« W�Q�� � d?EM�« v??�≈ U???M� œu???F�(satisfiability problem) SAT  
 ‰U???�� w??� U???�U???M{d� �???�«∂ – ≤  Æ    Ác???� Ê√ W????�bON9 W????O�Ë√ W???A�UM� b???F� U???ML�“ b???� U???M�Ë

    …œb?� �?� Z�—uO� W�P� WO�U� …¡UHJ� q�?�� Ê√ sJ1 W�Q�*«(nondeterministic Turing 
machine)    U� U??��u� …¡UH� ÊËb� Ë√ q�√ …¡UHJ�Ë ¨(rather inefficiently)     >Í�d???��?Ó� ÌY?���

��Ô√  w??(brute – force exponential search)   Æ  UMK�U& b� UM�Ë(ignored)    s?� «œb�
 W??O�dH�« ◊U??IM�« Ø  W??�u�U��«(minor points)    UM???�?��?�� �(argument)   p??K� �≈ ‰u??�uK�

 W�O�M�«Æ 
 

 WO??????????�UOI�« WGO??????????B�« � U????????� «���???????????F� Ê√ ÷d??????????H� ØW?????????�OH?ÚD�F�« W??????????�—UOF*«  
CNF(expression)  Normal Form )  (Conjunctive     t??�u�(length) n   t??O�Ë ¨

   W?HK��  U???�O??��d???��(different literals)      U�œb?�m   Æ      Ê√ `?{«u�« s?� t?�_ «d?E�m  n  
—U���« UMMJ1   n W�Q�*« r�� (problem size)   Æ        d???=H?�A?�� Ê√ V?� p?�– b?F�Ë(encode)  

  ��?F��«  CNF     Z�—u?O� W?�ü WK?�K�� (as a string for a Turing machine)   Æ  U?MMJ1Ë
�≈ ???? � p?�– ¡«d ?????�Q� ö� ?????c = {x, , , (, ), −, 0, 1}    ¨ HA��Ë ????� (encoding)   



 ±∑∞ 

�R� ?????  d(subscript of)x   F� ?????M� œb ??????� wzU ?????� w ?????EM�« «c ??????F��« ÂU????? ???? ��    CNF 

   4321 xxxx    «cJ� d?]H?�A?��∫ 
 

(x1  x  10)  (x11 x100) 
 

E�Ë????�d�R*« Ê_ «????d  (subscript)  J1 ô????J� Ê√ s????�√ Êu????� �???s  m  � ¨???�√ ÊS????� �??‰u  
(the maximum length)    u?� d?�R� Í_  log2 m  Æ   – l?��� W?�O�M�Ë     ‰u?� �?�√ ÊS?� p?�

  d??]H?�A?��(maximum encoded length)  WGO� Í_  W??�O?H?ÚD?�� WO�UO�  CNF    s?� W?�uJ�  n  
 e�— (n – symbol CNF)  u�  O (n log n)  Æ 

 
     ??=��u?�� Ê√ w?� W?O�U��« …u?D)«Ëb  (generate)     U?O��d& ö?� €  ÌW?�ËU� �q??��  (a trial 

solution)  › «�G�LK�   Æb�b���« Âb� WI�dD�Ë  (nondeterministically)   sJ1 «c� ÊS�
X??�Ë � r�??� Ê√  O(n) time  Æ    ÷�u???�F?�� W??�ËU;« q??(« «c??�Ë(substituted)   � c??zbM�
  ‰U�œù« WK�K�(input string)   Æ«c�Ë   X?�Ë � Áƒ«d?�≈ sJ1 (*) O (n2 log n) time  Æ 

=K?ÔJ�« WOKLF�« ÊS� w�U��U�Ë W??�O?  (entire process)     X?�Ë � c???]H?�M?�� Ê√ s?J1  O (n2 log n)  
Ë√    O (n3)W�Q�*«Ë ¨  SAT  …œ�b?;« �� qzU�*« �≈ wL�M�  SAT  NP  Æ 

 
* * * 

 
       W?O�UO��«  U?DD�*« qzU?�� s?� ��?� œb?� „UM�Ë  (graph problems)     X?9 �?�«

�≈ wL�M� UN�√ ÂuKF*«Ë ¨ UN��«—œ  NP Æ 
 

 ‰U��∂ – ∑    ∫ —U�*« W�Q�� ¢ w?�u?�K�U�«¢        The Hamiltonian Path Problem 
 
   t???????���u�� �?????� U?????O�UO� U?????DD� U?????MOD�Ô√ «–≈(an undirected graph)    t?????�Ëƒ—

(vertices) v1, v2, …, vn   —U�*« ÊS???� ¨ ¢ w�u�K�U�« ¢  jO�� —U�� u�(a simple path) 
???1????? ”Ëƒd???�« l???OL� d Æ�« w???�UO��« jD???�*U�???� d????NE� Íc?????� w?? qJ∂ – ≤ ??��?? vK� Íu
L?�«?? —U� ¢ w�u�K�U�« ¢(v2, v1), (v1, v3), (v3, v5), (v5, v4), (v4, v6)  Æ�Ë????*« W�Q�???? —U� 

 
 

(*)     d�b??I��« «c??�  (estimate)   b??L�F�  U??M�dE� Ë√ U??M��ƒ— W??OHO� v??K�  (visualizing)   Ác??�
WOKLF�«  (process)  UNMO�% WO�UJ�≈Ë  (improving)   Æ        «d?E� W?OL�√ t?� fO?� d?�_« «c?� s?J�Ë

 U�œËb(«  U�—œ 5� e?�O/ ô UM�_  (degrees of polynomials)  Æ 



 ±∑± 

 
 
 
 
 
 

 
 ¢ w�u�K�U�« ¢ (HAMPATH)    (Hamiltonian path problem)  œ�b??��?�� Ê√ w?� 

(decide)   �??� «–≈ U???� ÊU???O� jD????F� w�U???vÓD (a given graph)  ��??K� Íu ????� v ???? —U�
 ¢ w�u�K�U� ¢ ô Â√Æ 
     …œ�b??� W?O�“—«u� b?$ Ê√ qN?��« s�  (a deterministic algorithm)    p?�–Ë ¨

 —U�� Í√ Ê_ ¢ w�u�K�U� ¢q�b�� u� (a permutation)    ”Ëƒd?K� v1, v2, …, vn     Æ  „U?M�Ë
œb�  n!   q�œU���« Ác� s� Ø   Íd?�� Y?� ¡«d?�≈Ë ¨  ö�b���« (a brute – force search)   

 W�U�ù« w?DFO� UNFOL' ÆWE�U� t�HKJ� «c� n�ú� sJ�Ë (a great expense)     rOI� v��n 
 WF{«u�*«Æ 

   ?� q?(« ·UAJ��ôË   œb?;« �(nondeterministic solution)     b?$ Ê√ V?�
w�UO� jD� Í√ qO�L�� WI�d� ôË√ (a graph)   WK�K�� (a string)    Æ  V?��√Ë j?��√ Èb�≈Ë 

(simplest and most convenient)    �H?A�� ‚dD�« (encoding)      W?O�UO��«  U?DD�*«
Â«b���U� w� Ø oO�D�� ¢ —ËU�?�� W�uHB�¢ (an adjacency matrix)   Æ 

 
 

 n�dF�∂ – ≥ ∫ 
               UN?���u?�� UO�UO� UDD� UM�b� Ê√ ÷dH�  (a directed graph)  t�Ëƒ—   v1, v2, …, vn 

�uL�Ë???�d�√ W???t   E  (edge set)   Æ �F?��??? ·�d? ¢HB�???�u ?????��?�� W ????? —�ËU¢  (an adjacency 
matrix)  � jD�*« «c�W�uEM� UN�Q n ! n (array)    d?BMF�« ¨ a (i, j)     U?NO� ©   d?BMF�« u?�Ë

nB�« � œu�u*«   i    œuLF�«Ëj    ® w�U��« ◊dA�« oI� ∫ 
 

a (i, j) = 1 if (vi, vj)  E, 
          = 0 if (vi, vj)  E. 

 
     t??��u� �?� ·d?� Í√Ë(an undirected edge)      5K?BHM� 5�d?� Á�?�F� Ê√ s?J1 (two 
separate edges)     5��UF�� 5�U&« �( in opposite directions)   Æ 

 

ν5 

ν4!

ν6!

ν3!

ν2!

ν1!

 qJ�∂ – ≤  



 ±∑≤ 

 ‰U��∂ – ∏ ∫ 
       qJ� � dNE� Íc�« w�UO��« jD�*« q?��?�L?�� WO�U��« W�uEM*«∂ – ≤ Æ 
 

0 1 1 0 0 0 
1 0 1 0 1 0 
1 1 0 0 1 0 
0 0 0 0 1 1 
0 1 1 1 0 1 
0 0 0 1 1 0 

 
 J�Ë????� «c???Èd � Í√ Ê√????O� jD????�� w�U???� vK� Íu???œb  n  �« s�???KD�� ”Ëƒd?? V

U??�u� WK??�K� t??KO�9  (a string of length) n2  Æ   ÊS??� t??��u*« �??� j??D�*« W??�U� �Ë
� sJ1 w�U��U�Ë ¨ WK�UL�� ÊuJ� W�uHB*«??iH  (reducing)  �KD��???���«  U???s�e  (storage 

requirements)  ≈�  (n + 1)n/2   Æ   ‰U??�œù« WK??�K� ‰u??� ÊuJO??� W??�U� Í√ � s??J�Ë   
(input string)  u�  O (n2)  Æ 

 
     …œb????� �????� W????I�dD� Âu????I� p????�– b????F�Ë  (nondeterministically)  b????O�u��  

(generating)  ”ËƒdK� q�b�� (a permutation of the vertices) Æ  Áƒ«d�≈ sJ1 «c�Ë
�??�Ë w???X  O(n3)   Æ�√Ë???�� «�??q�b���« �  (check the permutation)  M�??� Ê≈ Èd?? ÊU

 «—U??�� Ê�uJ???��  (constitutes a path)  ô Â√ Æ  X??�Ë «c??� w??HJ�Ë  O (n4)  Æ ÊS??� p�c??�Ë  
HAMPATH  NP  Æ 

 
 ‰U��∂ – π ∫ 

     W??��??�B??�F�« W�Q��   The Clique Problem      
 
 Ê√ ÷d???H�  G  �U???O� j???D�t????��u� �???� w  (an undirected graph)  t???�Ëƒ—  

(vertices)   w?�  v1, v2, …, vn  Æ  W�?BF�«  k-  (A k- clique)    W??Oze� W?�uL� w??�  
(subset) Vk  2V      b?�u� t?�√ Y?O� ¨ ·d?�  (an edge)      Ã«Ë“√ s?� ÃË“ Í√ w?�√— 5?�

 ”Ëƒd?�«  vi, vj,  Vk   (every pair of vertices)  Æ   W�Q?��Ë   W�??�B?�F�«(CLIQ) (the 
clique problem) � ?????� Ê√ w ?????  œb(decide)    �*« ÊU?� «–≈ U?� ????jD  G  �� ???  v?K� Íu

W�?�B?��   k-    YO� ¨ ô Â√   k   v?ÓDF� `O�� œb�Æ 
 



 ±∑≥ 

     œ�b???� Y??��� s??J1Ë(a deterministic search)  �??�� Ê√  (examine)    
d�UM� lO�  2V   Æd�≈ «c�Ë d?�U�� ¡«  (straightforward)  MJ�Ë ¨ ????OL�� t ????�—b� e ????OIF� W ???? b

OM�“ ??????�O??��Ô√ W ????W?  (exponential time – complexity)  Æ �√Ë ?????� Í√ U???O�“—«u ?????� W ???? �
�??????  …œb(a nondeterministic algorithm)     W??�uL:« 5??L� œd??�0 Âu??I� U??N�S� 

W�O�??B�« W??Oze'«  (just guesses the correct subset)  Æ   w�U??O��« j??D�*« q??O�9Ë
o??Î?��??���«Ë  (checking)     o�U?��« ‰U?�*« � �r?�� U0 ÊUNO��Æ       Í√ ¡«d?�≈ ÊËb?� r�e?� t?OK� �¡U?M�Ë

  X�Ë � W�??�B?�F�« W�Q�� q� sJ1 t�√ Èd�√  «uD�O (n4)   Ê√Ë ¨ 
 

CLIQ  NP 
 

* * * 
 

d??�√ qzU??�� „U??M� U�UM??{d� �??�« p??K�� …��??� È ∫  W??K�U2 UN??CF�(similar)   qzU??�*
 UN�H� hzUB)« � „�A� UFO� UNMJ�Ë ¨ U�U9 UNM� WHK�� Èd�_«Ë ¨ WI�U��« WK��_« ∫ 

©±® O�????zU�*« l???L�M� q???�≈ w????  vNP  �Ë ¨ ???K� UN ????� ‰u ????� WDO� ????� � ????  …œb(simple 
nondeterministic solutions)  Æ 

©≤®      W????�O???��Ô√ W??OM�e�« U�b??OIF� W??�—œ …œb??� ‰u??K� U??� qzU??�*« l??O�  (deterministic 
solutions with exponential time – complexity)  J�Ë ¨??? «–≈ U� U�uKF� fO� s

 WF�OÓ� X�U� ØW'UF*« WKN�  (tractable)   ô Â√Æ 

 
     « Ác??� 5??� WK??B�« � o??L�√ …—u??B� d??EMK�Ë     i??F� œU??�ù ÃU??�� W??�uM�*« qzU??�*

W��A*«  UO�uLF�«  (some commonality)   WHK�� Ëb�� ��«  ôU(« Ác� lOL'Æ 
 

 U�œU� ∫ W�œËb� WOM�“ …�� � ‰«e��ô« 
Polynomial – Time Reduction 

 
   b??O�u� ‚d??� Èb??�≈(unifying)  Èd??� Ê√ w??� W??HK��*«  ôU??(«  U??M�UJ�S� ÊU??� Ê≈

«e��«U�  (reducing them)     v?MF0 ¨ iF�?�« UNCF� �≈ Ø Âu?NH0  (in the sense)    «–≈ t?�√
 WF?�O� U�«b�≈ X�U� Ø W'UF*« WKN� UC�√  U�d�_« ÊuJ��� W'UF*« WKN�Æ  

 
 
 



 ±∑¥ 

 
 n�dF�∂ – ¥ ∫ 

           ÌW?�G?ÔK?� ‰UI�L1    UN�≈  W?�œËb� W?OM�“ …�� � ‰«e��ö� WK�U�  (polynomial – 
time reducible)    Èd?�√ ÌW??G� �≈  L2          q?�u% U?N� U?MMJ1 …œ�b???� Z�—u?O� W?�¬  b?��Ë «–≈  

(transforming)  WK???�K� Í√  w1    W???�b�_« W???�uL:« �  (alphabet)   W???GK�  L1    �≈
WK??�K�  w2   W??GK� W??�b�_« W??�uL:« �  L2   W??�œËb� W??OM�“ …�??� �  (in polynomial 
time)  Ê√ YO� U� WI�dD�   w1  L1   X�U� «–≈ jI�Ë «–≈   w2  L2  Æ 

 

 
 ‰U��∂ – ±∞ ∫ 

        � �??????�O??I??Î���« W�Q�??????W?  (satisfiability problem)  �????� r????O� Í√ lC????b  
(restriction)  K�???� v???�� Í√ ‰u???…—U  (length of a clause)   Æ�√???�_« b???Ÿ«u …b??�OI*«  

(a restricted type)  �???? qzU�� s  W???????�O??I??Î���«� ????W�Q�  �O??I??Î?��?���«??? O�ö��« W??? ?????W  (3SAT)  
(three – satisfiability problem)  �«Ë????J1 �???NO� s???�� Í_ U ?????…—U  (clause)   Ê√

�%????K� Íu???��_« v?? d (at most)   U??�O??��d?�� W�ö� vK�  (three literals)   ÆW�Q��Ë   SAT 
��??????????K�U� W�Q????????��ö� W?????????� ‰«e?????????????�� w???????????OM�“ …d????????????�œËb� W????????????�≈ W????????v   3SAT   

(polynomial – time reducible to)   Æ 
 
 {u�Ë???OKL� `???��ô« W?????  ‰«e(reduction)  F��U�????���« �??�U�— jO�??? w– ??�O?��d?Ó(«?   U

(4-titeral expression)     
 

e1 = (x1  x2  x3  x4)!
 

  «b�b� «�G�� ·�d?�F?��z   ��F��« TAM�Ë ¨ 
 

e2 = (x1  x2  z)  (x3  x4  z ) 
 

ÊU� «–≈  e1   U�O�� ØU�œU�  (true)  ��d?Ó(« b�√ ÊS� ¨  U??�O?   x1, x2, x3, x4      Êu?J� Ê√ V?�
 U�O�?�  (true)   Æ   ÊU?� ÊS?�x1  x2     U�O�?�  (true)    —U?�� U?M�S� ¨  z = 0   ̀ �?B�Ë ¨  e2  
U�O��   (true) Æ ÊU� Ê≈Ëx3  x4 = 1    —UO��« UMMJLO� ¨z = 1   o?OI���  e2   ©  Êu?JO� Í√e2  

U�O�??�  ®  Æ ÊU??� «–≈ fJF�U??�Ë  e2   S??� ¨ U�O�??�Ê  e1     U�O�??� Êu??J� Ê√ V??� U??C�√ Æ w�U??��U�Ë
Ê«��F��« WOII��K� W��M�U��   e1, e2   ÊU��UJ��  (equivalent)  Æ 



 ±∑µ 

   Ã–u?LM�« «c?� Ê√ r�e� s�Ë  (pattern)     œ�b??�L?�� Ê√ s?J1 Ø l???��u�  (extended)  
 «—U�� �≈  (clauses)   U?�O?��d?�� WF�—√ s� d��√ vK� Íu�%  (four literals)   „�M� UMMJ�Ë ¨

 r�dJ�« ∆—UIK� V�—b�� ÊU���«Æ 
 

 ‰U��∂ – ±± ∫ 
     �ö��« W??????�O?I?Î���« W�Q?????�*«?????OW   3SAT   W??????��?�B?�F�« W�Q?????�� �≈ ‰«e?????��ö� W?????K�U�  

CLIQUE  W�œËb� WOM�“ …�� �  (in polynomial – time)  Æ 
    ��?F� Í√ � t�√ ÷�H� Ê√ UMMJ13SAT  %    …—U?�� Í√ Íu?�(clause)     W?�ö� v?K�

 U?�O?��d?��  (three literals)   j�C�U� Æ� «–≈Ë     Âu?I� U?M�S� ¨ ��U?F��« iF� � ‰U(« u� «c� sJ�
  W??O�U{≈  U?�O?��d?�� W???�U{≈ œd???�0 literals) (extra  W?�O?I?Î���« d???�O?�G?�� ô Æ   ö�????L�(x1  x2)   

�UJ� T x2) (x1  x1   Æ ��F��« —U���ô« � c�Q� Êü«Ë    
 

)()()()( 321321321321 xxxxxxxxxxxxe   
 

 UO�UO� UDD� r�d�  (a graph)   �q???��?�L?��    …—U?�� �q?� t?O�  (each clause)    W?�uL�0
”Ëƒ— W�ö� s�  (a group of three vertices)  tO� j��d�Ë ¨  (associated)     �w??��d?�� �q?�  

(each literal)  ”Ëƒd�« Èb�S� € qJ� dE�«∂ – ≥ ›  Æ 
 

!
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

  group 1    W�uL:« !
 

 1x !

1x !

!
2x 

2x 

1x !

3x 

3x !

1x ! 2x  3x !

2x  

3x  

 qJ�∂ – ≥  
 
 
 

  W�uL:« 
group 3 !

  W�uL:« 
group 2 !

  group 4    W�uL:« !
 

 



 ±∑∂ 

 J�?????�”√— q  (vertex)  �?????L� w???? ÌW�u?�C?��??????� �l???�d?????U  (put in an edge)  
OL'?????�uL:« ”Ëƒ— l????? ��d?Ó(« s??J� � U??� ¨ Èd??�_«  U??????�O?D��d*« ÊU??????ÊU  (the two 

associated literals)  ÓJ?��??ÓK?�L ?�Os?  (complements)    ULNO?CF��Æ    qJ?� w?H�∂ – ≥   r?�d�
  U???Î�d�(*)  s???�   12x  �≈   23x s???�Ë ¨   12x  �≈   33x  O???� s???J�Ë ¨s???� f   12x   �≈ 
 22x  Æ   ?�O��Ë? sJ�???? q∂ ≠≥ �uL�??????Oze� W?W  (subset)  I�????� j????�_« s????·d  (edges)   ¨

O�????J� Ê√ Y?????�uL:« q?????K�UJ�« W?????�O� W??????]IF� Ëb?????�UGK� «b??????????��Ë W??J�UA?????? UÆ  �ôË????? Ê√ k
« jD�*«�UO��????ze'« w ???w  (subgraph)  �« ????�Ëƒ— Íc ??????t   , (x3)2, (x3)3, (x1)4   12x  

� ???????�� u???? W??��?�B  4 -   (4 – clique)  Ê√Ë ¨  = x3 = x1 = 1 2x  �?? ???u  M�≈ ?????OG�� œU ???? «d  
(a variable assignment)  F��« oI���  e   Æ 

 
             I�dD�« Ác�??�r?�L�F?�� Ê√ sJ1 W  (generalized)   ��?F� Í_  3SAT (expression)  

l�   k   �???�F�« s????  «—U ÆJ1Ë???��≈ s???� Ê√  U??OII���« W�Q�???O�ö��« W???W  (3SAT problem)  
J1 ???I��� Ê√ s ????o  (be satisfied)  I�Ë «–≈ ????«–≈ j ��« ????Èu �*« ????O��« jD ????�«d*« w�U ???o  

(associated graph)  W?��?�B?�� vK�  (a k – clique) k -   Æ�“Ë???Î…œU � vK�??� «c???� fO??? s
FB�« ????  q?�u���« Ê√ Èd?� Ê√ V  (transformation)    ��?F��« s?�   3SAT (expression) 

D�*« �≈ ????? jO��« ?????�Uw J1 ????� Ê√ s ???? r��≈ ?????I�dD� Áƒ«d ?????�?� W ??????…œ�b?  (can be done 
deterministically)  W�œËb� WOM�“ …�� �  (in polynomial time)  Æ  

 
* * * 

 
  Êü« lOD��� UM�√ � sLJ�  ô«e��ô« Ác� WOL�√Ë   …U?DF� ÌW�Q?�� �≈ ‚d� …bF� dEM�«Æ 

W�Q�� Ê√ s?�L?��?�� UM�√ ÷dH� ö��   SAT   WKN�   W?'UF*«(tractable)   Æ     VF?B�« s?� ÊU?� ÊS?�
  U?��≈  I� ¨ «c?� ????� b ????� ‰ËU ???(« l ????�_« W�U ????  j�3SAT  ÆKH� � «–≈Ë ???� ` ???� l ???�√ Ác???? ¨ UC
MMJLO�??� U??  H�  «– W?O�“—«u� œU?�≈ W�ËU ????O�U� …¡U ????W  (an efficient algorithm)    W�Q?�*

W???��?�B?�F�«  (the clique problem)     U??DD�*« qzU??�� s??� W??�ö�  «– Èd??�√ W�Q??�* Ë√ ¨
 W?O�UO��«  (some other related graph problem)  Æ   «–S?�      Ác?� s?� U?��√ Ê√  U?��≈ U?MMJ�√

 W??'UF*« qN??�  «—U??O)«   (tractable)   W�Q??�*« Ê√ r�e??� Ê√ U??MMJLO� ¨   SAT   WKN??� p�c??�
 W'UF*«Æ 

 
 

(*)   d????��R*«   (subscript)   œ�b???� w�U??��« W??�uL:« r??�—   (group)     U??NO�≈ wL�M???�� �??�«
  ”√d�«(vertex)  Æ 



 ±∑∑ 

 

 UF�U� ∫ ÂUL��« Ø ‰ULJ�«≠    NP    Y���« bO� ‰«R�Ë 
NP – Completeness and an Open Question 

 
      W?�e�d�Ë WO?�U�√ �b??�F?�� �?�« qzU�*« s� œb� „UM�(central)    œ W?�«—b� W�?�M�U�  W?�—

bOIF��«  (complexity study)  �«Ë ¨b�«Ë U�U9 UMLN� «–≈ �…   —u?;« �« Ê–S� rNHM�� ¨ UNM�
   t???OK� qL�???A�Ë e???J�d� Íc???�« w???�Ozd�« Ÿu???{u*«Ë w???�U�_« W�uN???� WO???�U� Ø   W???'UF*« d?????��?��

(tractability)  Æ 
 
 

 n�dF�∂ – µ ∫ 
        ?I?��????N�≈ ÌW?�G?ÔK?� ‰U ????? U ¢�U� ???? W Ø� ????WK�U  ≠   NP   (NP – complete)        X?�U� «–≈

L  NP  WG� Í√ X�U�Ë ¨   L1  NP   WGK�« �≈ ‰«e��ö� WK�U�  L  W�œËb� WOM�“ …�� � 

(polynomial– time reducible to L)    Æ 
 

 
 WGK�« X�U� «–≈ t�√ n�dF��« «c� s� Z�M�  L  K�U�??W NP -    «e��ö� WK�U�Ë WGK�« �≈ ‰

L1   WGK�« ÊS� ¨ W�œËb� WOM�“ …�� �   L1    W?K�U� U?C�√ ÊuJ��  NP -  Æ    UMFD�?�« «–S?� «c?J�Ë
     W??�œËb� W??OM�“ …�??�  «– …b??�«Ë …�œ�b???��?�� W??O�“—«u� b??$ Ê√ (one deterministic 

polynomial – time algorithm)       W?K�U� W?G� Í_  NP -    � W?G� Í√ ÊS?� ¨   NP 
ÊuJ�� � UC�√  P  Ê√ Í√ ¨ 

 
P = NP 

 
�B� UM�Ë?????M�b� `????� q�√ U???�Ë w?????O�“—«u� œu????H�  «Ë–  U??   WO�U� …¡U(efficient 
algorithms)  *???� q�???�« Ác????�— ¨ qzU�L???M�√ r????$ � U??�«Ë b??�� Î…b??? Êü« v Æ WO�U� s�Ë

�√?? Èd≈MFD��« «–???Ê√  U��≈ U ��√??? s� U ¢*«????K�UJ�« qzU�????  WNP -   �uKF*«???? …b�bF�« W ¢ W�F�
   W'UF*«(intractable)  � ÊS� ¨????*« s� «��??�U�« qzU�???J�� W??K�U� �� Êu??�K� W??OKL� q ????  U

(not practically solvable)  Æ  «c�Ë   ‰ULJ�« WO�U� lC�NP -   W�uN� Ÿu{u� e�d� �
F*«  W'U(tractability)   …��� W�U� qzU�* Æ    qzU?�*« i?F� W?�«—b� ÃU�� WDIM�« Ác� bM�Ë

  WK�UJ�«NP -   Æ      r?�U� ·�d??�F?�� �?�«Ë W?O�U��« W?�O�M�«Ë ¢ W?�dE�   „u?� ¢ (Cook's theorem) 
 W�«—b�« Ác� �≈ ‰u�b�« WDI� ��F�Æ 

 



 ±∑∏ 

 
 W�dE�∂ – µ ∫ 

         ?�OI?Î?��?���« W�Q��  W(Satisfiability Problem) SAT    WK�U�NP -  Æ 
 

 ÊU���«∫ 
       Z�—u???O� W???�¬ WKOJ???A� W???F�U��� q???J� t???�√ w???� ÊU???���« …d???J�(configuration 

sequence of a Turing machine)      ��??F� ¡U??A�≈ lOD�??��CNF(expression)   
  U?�O?I?Î?��?�� ÊuJ�(satisfiable)  �b?��Ë «–≈ jI�Ë «–≈     öOJ?A��« s?� WF�U���  (a sequence 

of configuration)    ‰u�I�« �≈ W�œR�(leading to acceptance)   Æ  ÊU?���« qO�UH�Ë
   W�Q?�� vK� UDO�� «¡u{ vIK�Ë …bIF�Ë WK�u�NP         U?NO�≈ Ÿu?�d�« s?J1Ë U?M� ·c�??��� p�c?�Ë ¨

  bOIF��« W�—œ Ÿu{u� � WBB��*« V�J�« � (complexity)Æ 
 

* * * 
 
 �?Ó� «–≈Ë W�dE� UMK? ¢ „u�  ¢(Cook's theorem)    —u?H�« vK� UM�b� ÊuJO�� œb?�   s?�

 WK�UJ�« qzU�*«NP -     Æ 
 

 ‰U��∂ – ±≤ ∫ 
            W�Q????�*« Ê√ U????I�U� U????M���√SAT      W�Q?�*« �≈ ‰e��??�� Ê√ s?J13SAT  Ê√Ë ¨

  W�Q�*«3SAT  �*« �≈ ‰e���� Ê√ sJ1  W�QCLIQ  Æ   ÊU��Q�*U� p�c�ËCLIQ 3SAT, 
 ÊU�K�U� UL?�U�K�(NP – complete) NP -     Æ 

 
       W�Q??�*« Ê√ p�c??� Z�??M�ËHAMPATH       W??K�U� U??C�√ w??� NP –  s???J�Ë ¨

 U�u{Ë q�√ b?�F?�� p�– ÊUO�� UN�U�� ��«  ô«e��ô«Æ 
 

* * * 
 
    qzU�*« �≈ W�U{ùU�ËCLIQ, HAMPATH  3SAT,     SAT,   qzU?�� b?�u�

 WK�U� UN�√ ÂuKF� …��� Èd�√NP –   Æ b�Ë‰c?��     «Ë–  U?O�“—«u� œU?�≈ W�ËU� � ��� bN�
 Êü« v�� ÕU�M�U� qKJ?�� Ê√ ÊËœ sJ�Ë qzU�*« Ác� s� qJ� WO�U� …¡UH� Æ    �≈ U?M� ÍœR?� «c?�Ë

ÊQ� 5L���« 



 ±∑π 

 
P  NP 

    W??'UF*« W�F??� …��??� W??�U� qzU??�� Ê√Ë(intractable)   Æ  w??KL� 5??L� «c??� Ê√ r??�— s??J�Ë
   t?????�U��≈ r�??� � t??�√ ô≈ ‰u??????IF� Æ      Y???��K� W?????�u�H*« WO�U?????�_« W�Q�??????*« w??� Ác??� v?????I��Ë

(open problem)    bOIF��« W�dE� �(complexity theory)  Æ 
 

 
 



 ±∏∞ 

 r�—  UM�d9  ©∂ ® 
 

 ôË√ ∫  W??��u(« …¡U??H� 
 

∂ – ± ®  VO���« WOKL�  UO�“—«u� l�«— Ø“�d?ÓH�«  (sorting)     W?O�“—«u)« —U?O��« Ê√ nO� È��
 WOKLF�« Ác� …¡UH� vK� d??��R� Æ    W?OM�e�« b?OIF��« W?�—œ w� U�  (time complexity)  

QH�_  “�d?ÓH�«  UO�“—«u�  (most efficient sorting algorithms)  ø 
 

 UO�U�∫ bOIF��« W�—œË Z�—uO�  ô¬ Ã–U/ 
 

∂ – ≤ ®    w�u?���« ��F��« W�U�� b�√(boolean expression)     
 

(x1x2) x3 

 W?�O?H?ÚD?�F�« WO�UOI�« WGOB�U�   (conjunctive normal form) CNF  Æ 
 
∂ – ≥ ®  W??�dE� ÊU??�d� �∂ – ≤ ??DI� U??MKL�√ �??J� U�b??M� t??�√ w??�Ë ¨ W??IO�œ W Øu??LM�  (grows)  

U� ÏWKOJA� (a configuration)      U?NJ�d% r�?� Ê√ V� j�dA�«  U�u�� WOI� ÊS� ¨ Æ
ø UNO�≈ UMK�Ë ��« W�O�M�« vK� d�R� ‰UL�ù« «c� q� 

 

 U��U�∫ bOIF��«  UI��Ë  UGK�«  özU� 
 

∂ – ¥ ®   �≈ wL�M� ô  UG� b�u� t�√ X��«NTIME(2n)   Æ 
 

    qzU�� iF�NP   
 

∂ – µ ® W�Q�� �  HAMPATH        q�b?�� b?O�u� s?J1 t?�√ n?O� `??�{�Ë (generating a 
permutation)       …œb?� �?� W?I�dD� (nondeterministically)     …�?� �

WOM�“ O(n3) time    Æ 
 
 
 
 



 ±∏± 

 W�œËb� WOM�“ …�� � ‰«e��ô« 
 

∂ – ∂ ®  ¢ d�U�*« lzU��« W�Q�� ¢ (The Traveling Salesman Problem) TSP  
 wK� UL� ⁄UB?�� Ê√ sJ1 ∫ Ê√ ÷dH�  G  q�U� w�UO� jD� ØÂU� (a complete 

graph)    bM�Ô√ (assigned)   t�d�_ (edges)   W��U� �� Ê«“Ë√ 

(nonnegative weights)   Æ “�Ë�ËÊ   (weight) jO�� —U�� Í√ (a simple 
path)   ·d�_« Ê«“Ë√ lO� ŸuL� u� (edge weights)   ÆW�Q��Ë TSP   w�
r�� Ê√(decide)  Ø� —dI– v?ÓD?�F?�� `O�� œb� Í_ k  0   –  jD�*« ÊU� «–≈ U�

w�UO��« G    —U�� vK� Íu�� ¢ w�u�K�U�¢ (a Hamiltonian path)    Ê“Ë Í–
ÍËU�� Ë√ s� q�√   kÆ 

 « Ê√ X��«  W�Q�*HAMPATH  W�Q�*« �≈ ‰«e��ö� WK�U� TSP    WOM�“ …�� �
W�œËb� (HAMPATH is polynomial – time reducible to TSP)  Æ 

 



 ±∏≤ 

 
 
 
 
 
 
 
 
 
 

»U�J�«  UM�d9 W�u�√



 ±∏≥ 

 r�—  UM�d9 W�u�√© ± ® 
 

± – ± ≠  √®    ö�b??*« l??O� w??DG�Ë  ôU??� Àö??� v??K� Íu??�� w�U??��« q??(«  (scans the 
entire input) ∫ 

 (q0 , a) = (q1, a, R), 
                 (q1 , a) =  (q1, b) = (q1, a, R), 

 (q1 , �) = (q2, �, R), 
      F = {q2}. 

 
          »  ®      h?�� œd?�0 5��U?�  «– W?�P� rOLB��« cOHM� sJ1 rF�(examining)   ‰Ë_« e?�d�«

ö�� ¨  ö�b*« WOI� ‰UL�≈Ë 
 (q0 , a) = (q2, a, R) 

 
  � t�√ k�ôZ????�—uO� W??�¬  U�u�� q��  ö�b*« lO� h�� Í—ËdC�« s� fO�Æ 
 

± ≠ ≤ ≠  √® 
 (q0 , a) = (q1, a, R), 
 (q1 , b) = (q2, b, R), 
 (q2 , a) = (q2, a, R), 
 (q2 , b) = (q3, b, R), 

     F = {q3}. 
 » ® 

    (q0 , a) = (q0, b) = (q1, �, R), 
 (q0 , �) = (q2, �, R), 

     (q1 , a) =  (q1, b) = (q0, �, R), 
      F = {q2}. 

 
± – ≥   ®uNH� � jO�� q(« tKO�UH� W�U�� � q�u�Ë q2 tMJ�Ë ¨ t� ÆjD�*«Ë    Ëb?�� q?�K� ÂUF�«

 w�U��U� U�O�∫ 
     (i …eO2 W�öF� Î«e�— l{  (a marker symbol) c  WK�K�K� W�UN� q� bM�Æ 
     (ii   o??�«u� q??J� ‰b��??�«(combination)   s�e??�d�« s??�ca o??�«u��« —U??�O�« v??K�  ac  ¨

 s�e�d�« s� o�«u� qJ�Ëac  o�«u��« 5LO�« vK�ca Æ 
 Ê«e�d�« wI�K� v�� p�– —d�  cc  WK�K��« nB�M� �Æ 
 
 



 ±∏¥ 

     (iii  s�e�d�« b�√ ·c�«cc …u�H�« ¡q* WK�K��« WOI� „�d�Ë ¨ (gap) Æ  
          W?K�uD�« ‚d?DK� W�?�M�U� W?OD/ U?NMJ�Ë ¨ W?K�u� W?LN� Ác?� Ê√ `?{«u�« s�   �?�« W?KL*«Ë

�� Z�—uO�  ô¬ …œU� UNF��� WDO�� ¡UO�√Ë  UOKL� cOHMÆ 
 

± – ¥ ® &« � Y���« œd� lOD��� ô�� v�� rKF� ô UM�_ «dE� b�«Ë ÁU n�u ÆU/≈Ë V�   U?MOK�
     ̈  U???�U�–Ë W???�O� «—U???��Ë U???MO1 5�U???&ô« � „d???��� Ê√  l???C�Ë  5�e???O2 5�???�ö�  

(markers)   œËb?� b?M� «—U��Ë UMO1  (boundaries)   W?IDM*«     U?NO� Y?���« - �?�«
(searched region) Ã—U�K� 5��öF�« 5�U� p�d% l� ¨  (outward) Æ 

 
± – µ ®  `O�� rF� ÆÆ  WOzUNM�«  ôU(« W�uL� X�U� «–≈F   ¨ b?�«Ë dBM� s� d��√ vK� Íu�%

  …b�b� WOzUN� W�U� ·�d��qf   ôUI��ô«Ë 
 

 (q, a) = (qf, a, R) 
 

       q  F,  a   . 
 

± – ∂ ®  5O�U�√ 5ze� s� W�uJ� UN�√ vK� W�x� dEM� Ê√ UMMJ1∫ 
 b�«Ë W�U{≈ W�¬  (add – one machine)     b?�«Ë W�U?{≈ œd?�0 Âu?I�  1  �≈ ©  l?�L��

 b�«Ë1  vK� ® ö�b*«  (input) Æ 

  »d{ W�¬Ë(multiplier)  s�œb� »dC� ÂuI�Æ 

���« ��UI�« jD�*« � 5��ü« 5� lL$Ë w�U��« jO∫  
 

 
 

 
 
 
 
 
 

»d{ W�¬ 
multiplier 

n(n + 1) 

 W????�¬ W�U????{≈
b�«Ë 

add - one 

n + 1  

n  

n  



 ±∏µ 

± – ∑ ® �� ÎôË√ÚHB q(split)    �?�« W?I�dD�U� p�– cOHM� UMMJ1Ë ¨ 5�ËU��� 5ze� �≈  ö�b*«
U�UM���«  ‰«R��« q� �± – ≥  Æ ® Ê√ �≈ q�UI*« e�d�« l� e�— q� ¨ 5ze'« Ê—UI� r�

  o�«u� Âb� b$(a mismatch) Æ  
 

± – ∏ ® √ ‰uK(« b�∫ 
  (q0, a) = (qi, a, R),  
 (q0, c) = (q0, c, R)    c   - {a}, 

  (q0 , �) = (qj, �, R). 
 

 «W�U( q0  WLOKF��« U�bM� o��D�� Ê√ sJ1 W�U� Í√ w�searchright Æ 
 

± – π ®    Z�—u????O� W????�¬ Ê√ W????IOI� U????MÚK��U����–    Êü« v????�� W????��d�F�� w????� U????L�–  �œ�b????���� W????�¬  …
(deterministic) qH???�_ l�b???�« W???�¬ U???LMO� ¨  pda   …�œ�b???���� �???� Êu???J� Ê√ s???J1

(nondeterministic)  Æ   Èu?�√ Z�—u?O�  ô¬ Ê√ r�e� Ê√ Êü« v�� UMMJ1 ô p�c�Ë
 qH�_ l�b�«  ô¬ s� …—b� d��√Ë Æ 

 
 
 
 

 



 ±∏∂ 

 r�—  UM�d9 W�u�√ ©≤ ® 
 

≤ – ± ≠  √®   ‰UI��« W�«œ U� W�ü« 
  

δ : Q    Q    {L, R, S} 
 
             ôU?I��ô« l?OL' t?�√ bOI�« œu�Ë l�δ(qi, a) = (qj, b, L or R)  S?�  ◊d?A�« Ê 

a = b   oI��� Ê√ V�Æ 
 

           »  ®    …U?�U;δ(qi, a) = (qj, b, L)    Y?O�a  b �   ?�F�� ¨ WO?�UOI�« W?�ü«    ôU?I��« ·�d
    …b?�b�   δ(qi, a) = (qjL, b, S) Ëδ(qjL, b) = (qj, b, L)       l?OL' p?�–Ë ¨
   d�UMF�«c    «cJ�Ë ¨Æ 

 
≤ – ≤ ® UHz«“ U�«d� ·�d�F���  (a pseudo-blank) B  Æ W?�U�� WOK�_« W�ü«  œ«—√ ULK�Ë  �   ÊS?� ¨

   V?�J� …b?�b'« W?�ü«   B Æ   ‰U?I��« Í_ p?�– b?F�Ë  δ(qi, �) = (qj, b, L)    U?M�S�
    ‰U?I��ô« nO?C�δ(qi, B) = (qj, b, L) ¨   «c?J�Ë Æ     kH�?� Ê√ V?� U?M�S� l�D�U?�Ë

    wK?�_« ‰U?I��ôU�δ(qi, �) = (qj, b, L)        v?K� ö?�√ …œu?�u*«  U?�«dH�« W?'UF*
 j�dA�«Æ 

 
≤ – ≥ ®  W?�ü« …—b� s� bOI�« «c� b� ô Æ   q?JK� e?�—  a      «e?�— ·�d?�F��  U?Hz«“  (a pseudo-

symbol) sJO�Ë ¨  A  Æ �UH��ô« �≈ UM���« ULK�Ë (preserving)   e?�d�« «c?N�   a  ¨
ôË√ V�J� UM�S�  A e�d�U� ‰b���M� WOMF*« WOK)« �≈ œuF� r� ¨  A   e�d�« a Æ  

 
≤ – ¥ ®  ‰UI��ôU� ‰b���� 

δ (qi, {a, b}) = (qj, c, R) 
   

‰UI��ô« 
 

δ (qi, d) = (qj, c, R) 
 

       d�UMF�« lOL' p�–Ëd   - {a, b}   
 



 ±∏∑ 

≤ – µ ® ��M�U�?????�dF�K� W????????JA�« n ?????????���� wK ??????????  ÂbT =      …      p�c?�Ë
δ : Q  T  Q  T  {L, R}m   Y?O� ¨  m    …¡«d?I�« ”Ëƒ— œb?� w?� 

 W�U�J�«Ë Æ  u?�_« b?�√Ë      u?� —U?���ô« � U�c?�√ V?� �?�« — ∫     Êu?J� U�b?M� Àb?� «–U?�
ø UN�H� WOK)« vK� ÊU�H�«Ë W�U�J�«Ë …¡«dIK� ÊU�√— „UM� 

 
  U{—UF�K� ö� Â�bI� Ê√ V� wKJA�« n�dF��«  (conflicts)   WMJL*«Æ   W?�ü« …U�U;

�_« ?????  WOK(Original Machine) OM O� W??�P� ?????�UO� Z�—u?????WO  (Standard 
Machine) SM   �UOI�« W?�ü« q?F$ UM�S� ¨ ????WO  SM �% ???? � v?K� Íu ????? œb m + 1 

  «—U?�*« s�  (tracks)  Æ         W?�ü« j�d?�  U?�u��0 kH�?�  «—U?�*« Ác?� b?�√ v?K�Ë
WOK�_«  OM  Èd�_«  «—U�*« Âb���� ULMO� ¨–   U�œb?�Ë m –    ”Ëƒ— l?{«u� ÊU?O��

WOK�_« W�ü« j�d�  (OM's tape heads) OM  Æ 
 

 
 

 
 
 

!
 WO???�UOI�« W???�ü«SM   WOK???�_« W???�ü«  U???�d� s???� W???�d� q???� w�U��???�OM `???�� o???�d� s???�  
(scanning) Y�b%Ë  (updating) W�U�FÓH�« UN�IDM�  (its active area) Æ 

 
≤ – ∂ ® � —u�U� W�¬ Í√ Ê√ s�O�� ‰«R��« «c�uO� W�¬ T�UJ    —u�U?D�« ÊS?� w�U?��U�Ë ¨ WO?�UO� Z�—   �b?�F��

  —b??�√ s�e??� …«œ√(more powerful)  W??�d�« s??� Æ   WO??�UO� Z�—u??O� W??�¬ …U??�U;Ë
(standard) TM   —u�U??� W??�P�(a queue machine) ¨  kH�??� Ê√ ö�??� U??MMJ1

  WOK??�_« W??�ü« s??� s??1_« V??�U'U�  (right side of) OM  W??�bI� ��«  —u�U??D
(front of the queue) ¨   t�d�R� � d��_« V�U'U�Ë(back)     p?�– `?{u� U?L� ¨

 w�U��« qJA�«Æ 
  
  ·c� œd�0 ÂuI� UM�√ YO� ¨ WKN� bF� 5LOK� W�d(« (removing)    œu?�u*« e?�d�«

—u�UD�« W�bI� �  (front symbol in the queue)  …d�R*« � U� U�O� lC�ËÆ 
 

 

       
       
       
       

!"
 tape content of OM   WOK�_« W�ü« j�d�  U�u��  

 position of tape head # 1 r�— ”√d�« l{u�!
 position of tape head # 2 r�— ”√d�« l{u� 

  

!
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 ±∏∏ 

 
 

 
 

 
!
!

 
  U?�√Ë       Ã«e?*« f?J� t?��� U?N�S� —U?�OK� W?�d(« Ø  Íd?DH�« q?O*«  (against the grain)   «c?�Ë ¨

d�b� Ê√ V�O�  (circulate)      U?NM�U�√ �≈ “u?�d�« l?OL� q?B� v��  «d� …b� —u�UD�«  U�u��
 W�O�B�« Æ5�O�U{≈ 5��ö� Âb���� Ê√ UM� U�b�U��Ë Æ 

 
≤ – ∑ ® 5D�d??A� ÃU??��  j??I� ∫ j�d??A� …¬d??� Êu??J� UL�b??�√ (mirrors the tape) W??�ü«

WOK�_«  OM  Ê�e� d�ü«Ë ¨ (stores)  W�U�  (state) WOK�_« W�ü«  OM Æ 
 
 

 
 
 

 
 

 
 
 

 
 

 
 

 
 

WO�U;« W�ü«  SM �≈ ÃU�% jI� 5��U�  ∫ W?K�U� W�U�  (an accepting state)    �?� W?�U�Ë ¨
WK�U�  (a nonaccepting state)  Æ 

 

        
        

        
        

       
       

       
       

       
       

—u�UD� …U�U;«       
 Simulation by queue!

 !
 

  read-write head  W�U�J�«Ë …¡«dI�« ”√—  

 

 

qj 

q0 

  configuration of SM    WO�U;« W�ü« WKOJA�  

 

 

b a c e d   configuration of OM    WOK�_« W�ü« WKOJA�  

 

 

b a c e d b a c e d 

qj 

  tape of OM    WOK�_« W�ü« j�d�  

 

 

b a c g f e d 

e d f b a x g c 



 ±∏π 

≤ – ∏   ®(i)    ö�b*« —U�� bM� √b�«  (left of the input)  Æ W�U(« � W�ü« l{u� e�d�« d]�c�
W��UM*«  (the appropriate state)  Æe�d�« UN� ‰b���« r�  X Æ 

              (ii)     n]�u�Ë ¨ 5LO�« �≈ W�U�J�«Ë …¡«dI�« ”√— „�d�(stopping)  €   …œ�b?� �� WI�dD�
(nondeterministically)  ›   ö�b*« e�d� bM�(center of the input) Æ 

            (iii)     ?�d�« Ê—U?�e   (symbol)      ]�c?�� Íc?�« e�d�U?� „U?M� œu?�u*«Ád  (remembered 
one)   Æ U??�¡«u� «–S??�  (match)   e??�d�« V??��U� ¨ Y  W??OK)« �Æ   U??M�S� U??�¡«u�� � «–≈Ë
i�d�  (reject)   ö�b*«Æ 

          (iv)       W??�öF�« œu?�u�Ë(mark) Y   W??I�dD� Â�b??I��« Êü« U??MMJLO� ¨  ö�b??*« e??�d� b??M�
   …œ�b?�(proceed deterministically) ¨     U?O�œU�� 5�d?���(alternatively) 

“u�d�« 5�—UI� ¨ 5LOK�Ë —U�OK�  (comparing symbols) Æ 
 
 �uK�Ë???� �≈ ‰u???   ö�U?� œ�b� q(a completely deterministic solution) 

 ö�b??*« e??�d� ôË√ b??�u� U??M�S�  €   U??�ö� l??{u� ö�??�(markers)  ¨ W??�UN� q??� b??M�
  q�«bK� UNJ�d%Ë(inwards)  wI�K� v��› Æ 

 
≤ – π ® �«??????????LO� �??????????FK� W????????B�« œb?????????`O�  n  Æ�uK�Ë???????????b?????O�u�� r?????� p?????�– �≈ ‰u  

(generating)  1, 2, 3, … �� ????? ÎUH�u(stopping) I�dD� ?????� W ?????� � ????????…œ�b  
(nondeterministically) ÌWLO� bM� U�  n Æ       ö�b?*« ‰u?� ÊU?� «–≈ U?� œ�b?� r�  

(length of the input)   ̀ O�?B�« œb?F�«  UH�UC� b�√ u�  (a multiple of) n 
 ô Â√Æ   q??��U� ¨ p�c?� ÊU??� ÊS?�  (accept)  Æ ÊU??� «–≈Ë an  L   t??�√ p??�– v?MFL� ¨

U� `O�� œb� b�u�  n   p�– ÁbM� oI���Æ 
 

≤ – ±∞ ®        U?� ÌœUM?�≈ W?DI� 5?1 …œu?�u*« j�dA�«  U�u��0 kH���� 5��d�« Èb�≈(some 
reference point)     —U?�� …œu?�u*« j�d?A�«  U�u��0 Èd�_« W�d�« kH�% ULMO� ¨

 WDIM�« Æ     U?�d���« c?OHM� r�?� r?�  (moves)       l?Ú��d�« o?�d� s?� W�U?��� 5LO?K�Ë —U?�OK�  
(popping) l��b�«Ë W�d�« s�  (pushing)  W�d�« �Æ 

 
≤ – ±± ®  »uKD*« ÍœR� WO�“—«u) jD� wK� ULO�∫ 

             (i)     WI�U��« WK�K��« s� W��M� √b�«(a copy of the preceding string) Æ 
             (ii)   dHB�« b�Ë√  0  tF{u� Íc�«  5LO�« vB�√ (rightmost 0) Æ  b?�«Ë �≈ Ád�O�  1  Æ

œU�ü« lO� d�OÓ� r�  1's —UH�√ �≈ tMO1 …œu�u*«  0's Æ 



 ±π∞ 

             (iii)    sJ� � «–≈¨ —UH�√ Í√ „UM�    œU?�ü« lO� d�OG�1's   —UH?�√ �≈0's    «b?�«Ë n?{√Ë ¨
1  —U�O�« vK�Æ 

            (iv)      …uD)« s� �¡«b��« WI�U��«  «uD)« —d�(i Æ 
 

≤ – ±≤ ®    Ê√ ÷d?H�S1 = {s1, s2, …}, S2 = {t1, t2, …}  Æ   œU?%«(union)   5�U?�
�b�� sJ1 5��uL:«Á  ØÁb�bF�  (be enumerated)  W�U�J� 

 
S1  S2 = { s1, t1, s2, t2, …} 

 
        j?I� …b?�«Ë …d?� d?�UMF�« W?LzU� � U?LN��J� UM�S� Ê«dBM� o�UD� «–≈Ë Æ   Ê√ Èd?� «c?J�Ë

   b?FK� ö�U?� UC�√ ÊuJO� 5��uL:« œU%« Æ  W?�uL�LK� W�?�M�U�Ë     S1 ! S2   Âb��?�«
VO���«  (ordering)  � 5�*« qJ�≤ – ±∑ Æ 

 
≤ – ±≥ ®     5M?�« v?K�  ö�b?*« r?�ÚI�� ôË√  (divide the input by two)    W?�O�M�« „�d?���Ë ¨

    j�d?A�« s?� b?�«Ë ¡e?� �≈  (one part of tape) Æ       Â«b��?�« p?�– b?F� U?MMJ1 r?�
 U??�—U� `�??�√ Íc??�« e??�O(«  (free space) –  �¡«b??��«  ö�b??*« tÔK�G??�A�� X??�U� Íc??�«Ë  

(initially occupied by input) –    W?F�U��*« r?�«uI�« s�e?� �  (storing 
successive divisors)  Æ 

 
≤ – ±¥ ®   w�U?��« qJA�« � WMO�*U� W�ö�  «—U��  «– W�¬ Âb���« Æ     kH�?� Y?�U��« —U?�*« v?K�

  ???� W??O�U(« W??�ËU;« W??LOI�  w  Æ   l??C� w�U??��« —U??�*« v??K�Ë�� UL??��ÓI  (dividers) 
           œb?� ÍËU?�� 5L?��I� q?� 5?� W�U?�*« Y?O� ¨ U?NMO� U?LO�  U�U?�*« W�ËU���w    s?�

U????�ö)«  (cells)  Æ  U????�öF�« 5????� …œu????�u*« U????�ö)«  U????�u�� 5????� Ê—U????I� r????�  
(markers) Æ 

 
 
 

 

 a b c d b c d  
   x   x   
 1 1 1      
         

 input    ö�b*«  

 dividers  UL��I*«!
 trial value of w 
 w      WLO�«?� W�ËU;  

!
 

 



 ±π± 

 r�—  UM�d9 W�u�√ ©≥ ® 
 

≥ – ± ®   œU????%« Ê√ r????KF�(union)      b????FK� W????K�U� W????�uL� u????� b????FK� 5�K�U????� 5��u????L�
(countable) Æ         W?K�U� U�œ«b?�—« b?�bF�K� W?K�UI�« �?�  U?GK�« l?O� W�uL� X�U� «–S�

        b?FK� W?K�U� ÊuJ�?�  U?GK�« l?O� W?�uL� Ê√ p?�– vMFL� ¨ UC�√ bFK� Æ  Ê√ r?KF� U?MMJ�Ë 
 `O�� �� «c�Æ 

 
≥ ≠ ≤ ®   Ê√ ÷dH�L1, L2       Ê√Ë ¨ U�œ«b?�—« b?�bF�K� ÊU�K�U� ÊU�G�M1, M2       Z�—u?O� U?��¬ U?L�

 �U???� Êö�???I� ÊU???�K�« ÊU???�K�UI*« 5�???GK�« 5 Æ  q???O�L��« r�???� U�b???M�Ë� WK???�K�   ö�b???�
(represented with an input string) w M�S� ¨??????�� U????I�dD� —U????� W?????? �

�??????  …œ�b(nondeterministically)   �ü«????   WM1  �ü« Ë√ ¨????  WM2   ��?????? qOGA Ø
'UF*??  W(to process) w Æ      q�I� Z�—uO� W�¬ w� W�O�M�«ËL1  L2   Æ 

 
≥ ≠ ≥ ®  W�œ«b�—« WG� w� ‚UO��« …d� WG� Í√ Æ W�dEM�� w�U��U�Ë≥ ≠ ¥   W?�œ«b�—« WG� UC�√ UN�K�LJ�

 ÆJ�Ë ‚UO��« …d� …—ËdC�U� X�O� WK�LJ*« WGK�« Ê√ k�ô sÆ 
 

≥ ≠ ¥ ®    …U????????DF� WK??????�K???� Í_w   ¨  YO????????�w  L+   ¨ l???O� —U???���ô« � c???????�Q�
   ULO�I��«(all splits) w = w1 w2 … wm  ÆJ�??LO�I� q????    X?�U� «–≈ U?� œ�b?� W
wi  L  ô Â√  Æ«dE�Ë WK�K� Í_ t�_   w          ¨  ULO?�I��« s?� j?I� œËb?� œb?� b?�u�

X�U� «–≈ U� b�b% UMMJ1 p�cK�   w  L+   ô Â√Æ 
 

≥ ≠ µ ® —U??D�ùU� X??��� Ê√ ‰ËU??� Íc??�« ÊU??���«  (diagonalization)  Ê√ 2S   W??K�U� X??�O�
…œËb??� W??�uL: b??FK�  S  Ê_ «d??E� `K??B� ô  qJ??� � 5�??*« ‰Ëb??'«≥ ≠ ≤  fO??�

YO� ¨ ÎUF�d� ÍËU�� ·uHB�« œb�  | 2S | ÍËU�� …bL�_« œb� ULMO� ¨  | S | Æ  

 
 
 

 
 
 
 

!
!"#$%&'()"  …bL�_« œb� "

  ·uHB�« œb�"*$+)"
s2 """

… 

  



 ±π≤ 

           ·uH?B�« b?�√ � Êu?J� Ê√ s?J1 d?DI�« v?K� W?�O�M�« ÊS?� ¨ —U?D�ù« W?OKLF� ÂuI� U�bM�
 wKH��«Æ  

 
≥ – ∂ ® Ë√ dEM�  wD/ ‚UI��« �≈ ô(a typical derivation) ∫ 
 

S 
*
  aS1bB  aaS1bbB 

*
  anS1bnB  an+1bn-1B  an+1bn+1B  … 

 
  WGK�« b=�u� …b�UI�« Ê√ sL� Ê√ UMMJ1 ‚UI��ô« «c� s�Ë 
 

L = { an+1bn+k, n ≥ 1, k = -1, 1, 3, …} 
 

≥ – ∑ ®  UO�— Ø   «cJ� …b�UI�« n�Ë UMMJ1 UOKJ�G = (V, S, T, P)   
    YO�S  (V  T)+        

Ë 
L (G) = {x  T* : s  G x for any s  S} 

 
 

  n�dF� � W��d�FÔ*« …b�OI*« �� b�«uI�«Ë≥ ≠ ≥       œ«b?��ô«  «– …b?�UI�« Ác?� W?��UJ� �b?�F��
(extension) «–≈ t�_ Î«dE� OD�Ô√  b?�«u� W�U{≈ ULz«œ UMMJ1 t�S� …b�OI� �� …b�U� Í√ UM

  ¡«b��«(starting rules)   ∫            S0  si     si  S            Æ 
 

≥ ≠ ∏ ®  ·�d�F�� ¨ …b�OI*« �� b�«uIK� W�uKD*« WGOB�« Ác� �≈ ‰u�uK�Ø    WOKJ?�  «�G�?� q��b��
(dummy variables)  ÊU� ULK� s1_« ·dD�« vK� |  v|  >|  u|   ÆÃU��ù« ö�L� 

 
AB  C  

  t� ‰b���� Ê√ UMMJ1 
AB  CD, 

D  . 
 
  d�U�� uN� W�U(« Ác� � R�UJ��«  U��≈ U�√ËÆ 
 



 ±π≥ 

≥ ≠ π ® LF�« ?????I�U� q ????O�K� W�U????��(« b�«u ??????Lz«œ fO???� ‚U ??????� U??????? öN ÆJ�Ë ??????�d�« …d??????? ‰u Ø
U��«�?????? w(messenger)   �??�« ‰U??�� � UN1b??I� o�??�≥ ≠ ≤  q??�� � b??OH� U??� U??��U�

�??????(« Ác??????  ôU Æ� �Ë?????*« Ác??????D� ‰Ë√ W�Q�??????   WGO??B�« ¡U??A�≈ w??� U??N� Âu??I� …u
    WO�«—U�F�«anBcnD (sentential form)    Æ   Ê«�G�*«B, D     5��öF� ÊöLFO�

(markers) �K� 5�u�—Ë s� b�Q  ̀ O�?B�« œb?F�« Ê√  (correct number)    >q?� s?�
s�  a's  Ëb's   ÁƒUA�≈ - b� (created)    W�O�?B�« s�U?�_« � Æ    ¡e?'« o?OI% r�?�Ë

 W�uN�� ‰Ë_« U�U��ùU� 
      S  aAcD | aBcD, 

A  aAc | aBc. 
 
    �G�*« ÂuI� WO�U��« …uD)« �ËB       ?*« q?�UIO� 5LO?�« u?� „d���U�   �G�  D  p?�–Ë ¨

 5�U��ù« o�d� s� 
Bc    cB, 
Bb    bB. 

 
         e?�— ¡U?A�≈ c?zbM� U?MMJ1 ¨ «c?� Àb?� U�b?M�Ë d     …œu?� ‰u?�—Ë b?�«Ë  (a return 

messenger) e�d�« lCO� Íc�«Ë    b   n�u��Ë `O�B�« ÊUJ*« � 
 

BD    Ed, 
cE    Ec, 
bE    Eb, 
aE    ab. 

 
 AM� q�b� >q��Ó�Ë   «�e�— Td       ÌW?�ö� �≈ W�U?{ùU�(a marker) D     n?K�� �‰u?�— l?�

 «�e�— TAM�b   WOKLF�« —«dL��« vK� k�U� tMJ�Ë ¨ 
 

    BD    FDd, 
cF    Fc, 

bF    Fb,7 
aF    abB. 

 
≥ ≠ ±∞ ®   W�¬ Â«b���U� UM� Ëb�� ÊU�d� qN�√lba  Æ ‚UO�K� W�U?��� U� ÎWG� Ê√ ÷dH� Æ�u� p�c� b

W�¬  lba ≠ sJ��Ë    M≠  WGK�« Ác� q�I�Æ  WK�K� UMOD�Ô√ «–≈w     ôË√ U?N��U�� bOF� UM�S� ¨
 WK�K��wR       W?�ü« U?NOK� o?�D� r?� ¨   M  Æ  Ê_ «d?E�Ë  LR = {w : wR  L}   ÊS?� ¨



 ±π¥ 

W�ü«   M    WK�K��« q�I��wR       X?�U� «–≈ j?I�Ë «–≈   w  LR  Æ     f?JF� �?�« W?�ü«Ë
(reverses) o?��D�Ë WK�K�     W?�ü«M        W?�¬ w?�  lba Æ  W?GK�U� p�c?�Ë   LR     W�U??���

 ‚UO�K�Æ 
 

≥ ≠ ±± ®    W?�P� ÊU?���« √b?��   lba   Æ   u� t?�√ `?{«u�« s?� ?� W?�¬ b     lba     Í√ v?K� ·d?F��« U?NMJ1
UN�GO??� WK??�K�  wuwR Æ  5�K�U??I�*« 5��U??NM�« b??M� «�u??� √b??�M�  (opposite ends)  ¨

 5?� Ê—UI�Ë   o?�«u� �≈ q?BM� “u?�d�«   (get a match) Æ     W?MJ2 WK?�K� ‰u?�√ b?�u�Ë   
w  WK�K��« l� U�u� Ê—UI� r� ¨u   Æ     W?�¬ b?�u� t?�_ «d?E�Ë   lba      W?GK�« Êu?J� p�c?K� ¨

 ‚UO�K� W�U�� …b�U� b�u� Ê√ V� w�U��U�Ë ¨ ‚UO�K� W�U?���Æ 
 

 



 ±πµ 

 r�—  UM�d9 W�u�√  ©¥ ® 
 

¥ – ±  ®    W�¬ UMOD�Ô√ «–≈M   Ë  WK�K�w  W�ü« ‰�b�FÓ�  ¨   M      W?�¬ v?K� qB���


M      n?�u�� �?�«
(halts) «–≈ j??I�Ë «–≈    e??�d�« sJO??�Ë ¨ ’U??� e??�— �V??�Ô�#  Æ �O??G�� p??�– c??OHM� U??MMJ1Ë

   W?�ü« n?�̂�u��  öOJ?A�  (halting configurations of) M    U??NM� U?��√ Ê√ Y?O� ¨

�J�??�d�« V ????? e #    �� r?� ??? n�uÆ    n?�̂�u�� ÊS?� «c?J�Ë   M      W?�ü« V?�J� Ê√ w?C�I� 

M 

 e�d�« #  ¨ W�U��Ë 

M  e�d�«  #        W?�ü« n?�u�� Ê√ w?C�I�M   Æ      UM�b?� ÊU?� «–≈ w�U?��U�Ë

�   s�O?�F�� �e?�— ÊU?� «–≈ U� U��� WO�“—«u  (a specified symbol) a     U?�ö�≈ V��J�O?�

(ever written)  ¨ ô Â√      W?�ü« v?K� U?NI�D� U?M�S�


M   Y?O� a = #   Æ   �q��O?� «c?�Ë 
(solve)   n�̂u��« ÓW�Q�� (halting problem) Æ 

 

¥ ≠ ≤ ®  UMOD�Ô√ «–≈(M, w)  ��  W�ü« ‰�bM   �≈


M   Ê√ YO� ¨(M, w)     j?I�Ë «–≈ n?�u��

  X??�U� «–≈


M     sJ�??�Ë ¨ U??� ÎWDO??�� ÎW??G� q??�I�{a}    Æq??F� Ác??OHM� s??J1 «c??�Ë  M  
 ��� ØoI���  (check) « s� ôË√* ????     ö�b?*« X?�U� «–≈ U?� d�c?��Ë ¨  ö�b  a   Æ

�ÂuI� r  M    …œU�F*« UN�U�U�� cOHM��Æ       ö�b?*« X?�U� «–≈ U?� o?I��� n?�u�� U�bM�Ë  

a   ÆX�U� ÊS�  a   q?�I� UN�S� ¨  (accept)    i�d?� U?N�S� ô≈Ë ¨ Æ  ÊS?� p�c?�Ë 


M   q?�I� 
{a}  X�U� «–≈ jI�Ë «–≈  M    n�u���Æ sJ��Ë ¨ WDO�� Z�—uO� W�¬ TAM� Êü«Ë  M1   ¨
 q�I� a Æ  ÊS� X�U�   ���« U?MMJLO� ¨ 5�?G� ÍËU?�� s� oI��� WO�“—«u� UM�b�????N�«b ?????? U

M�????�U� «–≈ U� Èd??????X   1MLML 






    ô Â√Æ �????�U� ÊS??????X  1MLML 






   

�?  ÊS(M, w)   ���? n�u ÆX�U� Ê≈Ë   1MLML 






    S?�Ê (M, w)    ¨ n?�u�� ô

 n�u��« W�Q�* q� UM�b� ÊuJ�ËÆ       
 

¥ ≠ ≥ ® MOD�Ô√ «–≈???????  U(M, w)  M�S�????????  ‰�b??F� UM   O�???????Y n??�u�� Lz«œ???????WKOJ??A��« � U  
(the configuration) qf w  Æ�???DF*« W�Q�*« X�U� ÊS ?????  M�S� ¨ r?��K� W?K�U� …U ????? U

 )« o?O�D� lOD���      5�KOJ?A��U� W?��b�FÔ*« W?�ü« v?K� W?{�H*« W?O�“—«u     q0 w, qf w Æ
ö� UMODFO� «c�Ë  n�u��« W�Q�*Æ  

 



 ±π∂ 

¥ ≠ ¥ ®  Z�—uO� W�¬ c�Q�WK�U�  (universal)   w�U?% UN?KF$Ë  (simulate)    v?K�  U�U?�(«
 ⁄—U� j�d�Æ �U;«  U�U�(« XH�u� ULK�ËU  q�I� UM�S� ¨ …(accept)  u?O� W�¬  �?�« Z�—

 UNO�U� Æ    ‰u?�� W?�¬ �b?�F�� WK�U?A�« Z�—uO� W�¬ ÊS� p�c�Ë  (an accepter)  l?OL'   ô¬
�� U�bM� n�u�� ��« Z�—uO� ⁄—U� j�d� vK� o��D Æ   b?�bF�K� W?K�U� W�uL:« ÊS� p�c�Ë

 U�œ«b�—«Æ 
 
  W�œ«b�—« W�uL:« Ê√ ÷dH� Êü«Ë ÆWO�“—«u� b�u�� czbM�   A  LzU� UMODF�W  (list) 

 v?K� n�u�� ��« Z�—uO�  ô¬ lOL�    ⁄—U?� j�d?�     …b?�«e�� ‰«u?�_ U?� ÌV?O��� q���b?�� 
(increasing lengths)   Z�U??��K�Æ   WOK??�_« Z�—u??O� W??�¬ X??�U� Ê≈ d??EM�  ô¬ 5??�

WO�“—«u)« U�b�u� ��« Z�—uO�  A   Æ      X?�U� wK?�_« Z�U?���« ‰u?� Ê_ «d?E�Ë Ø œb?�  
(fixed) « ÊS� ¨     ‰u?D�« «c?� “ËU?��� U�b?M� n�u��� W�—UI* Æ  Êu?J� «c?J�Ë    q?� UM�b?�

�d� vK� n�u��« W�Q�* ⁄—U� jÆ  
 

¥ ≠ µ ® MF�« X�U� «–≈ ?;« W�Q�*« ‰U: WM�OF*« d�U w?� œËb  (specific instances of 
the problem are) p1, p2, …, pn   T?AM� U?M�S� ¨  (construct)    Z�—u?O� W?�¬

qLF�  (behaves)  wK� UL�∫ 
 

   W�Q�*« X�U� «–≈ p1 =   WLOI�« b�Ó√ ∫QD� 
   W�Q�*« X�U� «–≈ p2 =   WLOI�« b�Ó√ ∫`� 

     
   W�Q�*« X�U� «–≈ pn =   WLOI�« b�Ó√ ∫`� 

 
if problem = p1 then return false, 
if problem = p2 then return true, 

 

  
  

if problem = pn then return true. 
 
  W�B�« rO� s� dEM�« iG�Ë (truth values)   ¬ U?Lz«œ b?�u� t�S� ¨ WHK��*« d�UMFK� ?� W

     W�O�?B�« W??�U�ù« w?DF� U?� Z�—u?O� Æ       W??�¬ w?� U?� W??�dF� Í—Ëd?C�« s?� fO?� t??�√ d]��c?��Ë
Ác� œu�Ë sLC� Ê√ jI� rN*« U/≈Ë ¨ Ác� Z�—uO�  W�ü«Æ 

 



 ±π∑ 

¥ ≠ ∂ ®    ÊU?� «–≈ U?� œb% WO�“—«u� UM�b� t�√ ÷dH� L(M1)  L(M2)   ô Â√ Æ   c?zbM� U?MMJ1
   W�¬ TAM� Ê√M2     Ê√ YO�L(M2) =    WO�“—«u)« o�D�ËÆ     Ê√ Èd?� p?�– bF�Ë

L(M1)  L(M2)      X?�U� «–≈ j??I�Ë «–≈L(M1) =   Æ  J�Ë ???� s???? i�U??M� «c
�dE�? W¥ ≠ ≥ dE� ¨W�ü« ¡UA�≈ UMMJ1 t�_ «  M1  …UDF� …b�U� Í√ s�  G1  Æ  

 
¥ ≠ ∑ ® U�c�√ «–≈    L(G2) = *  W�dE� ‰«R� w� `�B� W�Q�*« ÊS� ¨¥ ≠ ≥   w?N� w�U��U�Ë ¨

 r��K� WK�U� ��Æ 
 

¥ ≠ ∏ ≠  √® ���U�??????�dE� Â«b????f??�«— W  ∫�_ «d??E�????�u� t????  ◊d??A�« o??I% �??�« b??�«uI�« i??F� b   
L(G) = L(G)*            s?� Z�?M� r?��K� W?OK�UI�« Âb?� ÊS?� ¨ t?II% ô Èd?�√ b?�«u�Ë ¨

 f�«— W�dE�Æ 
 

           »® ���U�???????�*« Â«b???????O�Ë_« ∆œU??????W  ∫��ù«??????M�  U ??????�√ U ??????K� VF ???? öO Æ   W�Q?�� c?�
 n?�u��«  (M, w)  ��b�Ë????? U © D� v??K� �¡U?M�?????  W?�dE�  «u¥ ≠ ¥ ® �√ Y??O� ¨????? «–≈ t

H�u� ???X  (M, w)    ÊS?� 


M   q�I�?�  {a}*  n?�u�� � «–≈Ë ¨  (M, w)   ÊS?� 


M  

q???�I�     Æ W???�ü« s???�Ë 


M   B�????????? v???K� q…b???�UI�«  


G OKLF�????????A�ù« W????????¡U  

(construction)  W�dE� �≈ ÍœR� ��«≥ ≠ ∑  Æ �U� «–S?� ???X  L 






 
M  = {a}*  

� ???ÊS {a}*   L 






 
G  =  

*

GL 





 

=   ÆË�J ????s �U� «–≈ ???X  L 






 
M =     

� ?????ÊS    L 






 
G =     p�c?�Ë = {}  L

*

G 






 
  Æ  p�c?�Ë    Ác?� X?�U� «–S?�

 n�u��« W�Q�* q� vK� ‰uB(« lOD��M� UM�√ p�– vMFL� ¨ r��K� WK�U� W�Q�*«Æ  
 

¥ ≠ π ®  ‰u?K� b�√  PC -   u?�  w3w4w1 = v3v4v1  Æ  q?� b?�u� ô  MPC -    Ê_ «d?E�
WI�U� U� ÊuJO� 5�K�K��« Èb�≈  (a prefix) 001  ¨_«Ë  Èd�01  Æ 

 
¥ ≠ ±∞ ®  ÊU?� «–≈  |wi|  |vi|    Ë√ |wi|  |vi|    rO?� l?OL'  i        Êu?J� s?� t?�√ `?{«u�« s?L� ¨

   q?� „U?M� Æ     Êu?J� Ê√ U?�S� ¨ ◊d?A�« «c?� o?I��� � «–≈Ë  |wi| = |vi|     U?� ÌW?LOI�  i   ¨
 jO�� q� U� Ác�Ë Øt�U�  (a trivial solution)    W?LO� b?�u� Ê√ V?� t�√ Ë√ ¨  i  



 ±π∏ 

WLO�Ë   k  Ê√ YO� |wj|  |vj|   Ë  |wk|  |vk|   Æ W�Q?�*« ÊS� …��_« W�U(« �Ë 

PCP   q� U� ÊuJO�  s
k

r
j ww   YO� ¨  |vk| - |wk|, s = |wj| - |vj|    r  = Æ 

 
¥ – ±± ® �*«???????� W�Q?????�U� �??????��K� WK ??????????? r Æ�Ë ????????�U� u???? ???�U� X ???????? J� r?��K� WK ??????????? ÊU

M�b�??????????O�“—«u� U?????????�( W??????????�*« r???????????W�Q  MPC -  OK�_«??????? W Æ  U?MOD�Ô√ «–S� 
w1, w2, …, wn    s�u???J�� Âu???I� U???M�S� ¨  R

n
RR w...,w,w 21   Â«b��???�«Ë

{�H*« WO�“—«u)« ??????? W ÆE�Ë ???????Ê_ Î«d   RRR
i

R
k ww...w 1 w1wi…wk =    ÊS?� ¨

�*«????W�Q   MPC -      �*« X?�U� «–≈ j?I�Ë «–≈ q?� U?� ÊuJ� WOK�_« ???? W�QMPC - 
 q� U� …b�b'«Æ 

 
¥ – ±≤ –  √® WK�K��« nB�M� b�Ë√  (middle of the string)    W?�¡«u* U?�U�√Ë UHK� „d% r� ¨

(matching)   “u�d�« ÆÊU�dG��� Ê«¡e'«Ë  O(n2)   U�d���« s� Æ 
 

              »®  “u�d�« œb� V��« ÆU�œU�√ »U�(« - «–S�  (count is done in unary)   ÊS?� ¨
  W?OKL� Ác?�  O(n) (operation)  Æ       j�d?A�« v?K� ‰Ë_« n?BM�« V?��« p?�– b?F�Ë

 w�U��« ÆWOKL� UC�√ Ác�Ë   O(n) ÆMMJ1 «��√Ë U�œb�  U�d��� W�—UI*« U O(n)Æ 
 

              Ã® �M� 5L� UMMJ1???��« nB????WK�K  (middle of the string) � �� WI�dD�? …œb
(nondeterministically)    …b???�«Ë W???�d� Æ W???�¡«u*« s???J�Ë  (matching) 

‚dG��� qE�� O(n2)    U�d(« s�Æ 
 

              œ®  nB�M� 5L��� r�  » ¡e?'« � UL� „d% r� ¨ WK�K��« Æ ®    »u?KD*« w?KJ�« b?N'«Ë
    u�O(n) Æ 



 ±ππ 

 W�u�√ r�—  UM�d9  ©µ ® 
 

µ – ± ® «  Â«b���U�W�«b�  subtr   ‰U�� � W��d�F?Ô*«µ ≠ ≥  q(« vK� qB� 

 
greater (x, y)  = subtr (1, subtr (1, subtr ( x, y)))  

 
µ ≠ ≤ ®  

g (x, y) = mult (x, g ( x, y - 1)) 
        g (x, 0) = 1. 

 
µ ≠ ≥ ≠  √® 

     A(1, y) = A (0, A (1, y - 1)) 
 = A (1, y - 1) + 1 
 = A (1, y - 2) + 2 

 
   

 
        = A (1, 0) + y 

=  y + 2. 
 

         »®  √ ¡e'« ZzU�� vK� UM�uB� bF� ®   ¡«dI�?�ô« Â«b��?�« U?MMJ1 ‰«R��« s�  (induction) 
 WO�U��« WI�UD�*«  U��ù Æ  rO?I� t?�√ ÷dH�   y = 1, 2, …, n - 1    UM�b?�  A(2, y) = 2y + 3   Æ

 vK� qB� tOK� �¡UM�   
 

     A(2, n) = A (1, A (2, n - 1)) 
 = A (1, 2n + 1)   

      = 2n + 3    € ¡e'« s� √® › !
  Ê_ «�d?E�Ë 

A (2, 0) =  A (1, 1) 
   =  3    

 
rO� lOL' W�O�� W�œUF*« ÊuJ�Ë ¨ ”U�√ UM�b� ÊuJ�  y  Æ 

 



 ≤∞∞ 

µ ≠ ¥ ®  X?�U� «–≈  2x + y - 3 = 0    ÊS?� ¨ y = 3 - 2x   Æ  rO?�Ë x        w?DF� �?�« …b?O�u�«
?� W��u� WLO�  y    dHB�« w�    0 b�«u�«Ë 1  Æ   ‰U?� ÊS?� w�U��U�Ë µ   u?�  {0, 1}   ¨

?� ÈdG� ÎWLO� UODF�  y    ÍËU��   y = 1   Æ   ÊS� p�c�Ë 
 

µy (2x + y - 3) = 1 
 

µ ≠ µ ® �«��?????    ÂbCT = {a, b, c}, CN = {x}, A = {x} Æ  Ë   x  �??????O�dD�« � ??????????W 
(nonterminal x)  Âb���?�� b��   (a boundary)   ?��_« V�U'« 5�  V?�U'«Ë d

   ·b??�« WK??�K�K� s??1_«(target string) ¨    5�K??�K��« ¡U??M� r�??�Ëw's   X??�u�« �
  t�H�(simultaneously)  U�U��ùU� 

 
V1xV2  V1axV2a |V1bxV2b| V1cxV2c 

 
    q�e� «��√Ë(remove)   x  ÃU��ùU� 
 

V1xV2  V1V2 
 

µ  ≠ ∂ ®    n??�dF��« …u??D� q??� � Ø r�b??I��« Ø·�d??F��«  (identification)   s??JL*« b??O�u�« 
 �G�?LK�   V1     l?� Êu?J� Ø   WI�?A*« WK?�K��« sL?{    UN?KL�Q�(the entire derived 

string)  Æ    WK?�K��« WH�U?C� �≈ ÍœR?� «c?�Ë   (doubling the string)   w�U?��U�Ë ¨
 w� W�uKD*« WGK�« ÊuJ�  

 
L =  12 n:a

n  
 

µ ≠ ∑ ®  u� ‰uK(« b�√ ∫ 
 

V1 * V2 = V3  V11 * V2 = V3V2, 
V1 * V2 = V3  V1 * V21 = V3V1. 

 ö�L� 
1 * 1 = 1  11 * 1 = 11  11 * 11 = 1111, 

 

  «cJ�ËÆ 
 



 ≤∞± 

µ ≠ ∏ ®  
P1 : S  S1S2, 

     P2 : S1  aS1,  S2  aS2, 
     P3 : S1  bS1,  S2  bS2, 

           P4 : S1  ,  S2  . 
 

µ ≠ π ®        q?��d�« Â«b��?�U� U�d=�c??� U?M� q?(«(messengers)      ‚UO??�K� W�U??��(« b?�«uI�« l??�
(context-sensitive grammars) Æ 

 
ab  x, 
xb  bx, 
xc  . 

 
µ ≠ ±∞ ®  U???�U�√ ØUOzb???��  (in principle)  W???�U�� …œU???�≈ V???�  (rewriting)  e???�— q???�  

(symbol)  …uD� q� � Æ  ÃU?��ùU� «c?� vK� q�U��� Ê√ UMMJ1Ë  a  a   Æ  p�c?�Ë
  ·UC??�� …u?D� q� � t�√ YO� W�U�J�« …œU�≈ UMMJLO�   a      ?MODF� «c?�Ë ¨ …b?�«Ë W?GK�« U   

L(aa*)  Æ 



 ≤∞≤ 

 r�—  UM�d9 W�u�√  ©∂ ® 
 

∂ – ± ® O��«?????O�“—«u)« —U?????{u� � W?????O���« Ÿu????? V ØÓH�«?????�√ “�d??????� d????? ÂU Æ�—œË?????OIF��« W?????OM�e�« b????? W
DK�?????��« ‚d????I�dD� WDO�????O���« W????�UIH�« V?????w  (bubblesort)  �???w O(n2)  (time –  

complexity)    Æ�√ VO���«  UO�“—«u� QH�_ WOM�e�« bOIF��« W�—œ U Ø wN� “�d?ÓH�«O(n logn)Æ 

 
∂ ≠ ≤ ®  (x1  x3)  (x2  x3)    
 
∂ – ≥ ®   œ«“ «–≈ Ø …b???�«Ë WKOJ???A� �X????�L?��  (one configuration grows)    U???�uKF*« ÊS???� ¨

UNJ�d% V� j�dA�« vK� …œu�u*« (to be moved)    ÆV� t�√ ÷dH�   vML??�� W?�«“≈ qL� 

(a right shift)    Æ  e?�— q?� „�d?��Ë ¨ j�dAK� vMLO�« W�UNM�« �≈ t&«  (symbol)    W?IDM*« �
 WDAM�« © W�UFH�«®  (active area)   5LO�« �≈ Î…b�«Ë ÎWOK� Æœb� VKD�� «c�Ë   O(n kn)    s?�

  U�d(« Æ WKOJ?A� q� X�U� «–S�  (configuration)    OJ?A��« s?�  U�œb?� �?�«  ö  kn    b?�e� Ø
 …œd?H� W�d� � uLM�  (in a single move)      V?KD�� ÎW?K�U� W?OKLF�« ÊS?� ¨   O(n3 k2n)    s?�

 U�d(«  (moves)   ÆÊ_ «dE�Ë WLOI�U� W�uJ� WLOI�« Ác�   O(k3n) (dominated by)   ¨
A*« WDIM�« ‰UL�S� d�Q�� ô W�dEM�« UNO�≈ XK�Ë ��« W�O�M�« ÊS� UNO�≈ —UÆ 

 
∂ – ¥ ® …d�U�� W�O�� Ác�  (an immediate consequence)    W�dEM�∂ – ¥ Æ 
 

∂ – µ ®   q?�� U�O� ‰uI� Ê√ �≈ ¡d*« qO1 ¢ ∫   …œb?� �?� W?I�dD�  (nondeterministically)     �?�«  
Vi  ”√d�U� ¨ �Ë_«   Ë Vj   «cJ�Ë ¨ WO�U��« ”√d�U� ¢¨ � �� «c� sJ�Ë `O� Æ   b?�b���« Âb?� ULMO��

(nondeterminism)  «—UO��« wC�I�  (implies a choice)     W?�d� q?� � —UO��ô« sJ� ¨
W�U�*«  «—UO)« s� œËb� œb� s� u�  (a limited number of options)   Æ  Ê_ Î«d?E�Ë

  d?�R*« W?LO�  i   �  Vi     W?LO� w?�      U?�—UO��« «�?� …��?�(is arbitrarily large)  ¨    U?MMJ1 ô
 p�– ¡«d�≈ Æ WO�U��«  «uD)« � h�K��Ë ¨ p�– s� qC�√ WI�d� „UM�Ë∫ 

 
©±®     œ«b?�_« v?K� W?LzU� TA??��Ó√  1, 2, …, n      ÍœU?�_« ÕöD?�ôU�  (in unary notation)   Æ

u� WLzUI�« ‰u�Ë    O(n2)  …�� � p�– cOHM� sJLO� w�U��U�Ë ¨ WOM�“    time O(n2)  Æ 
 



 ≤∞≥ 

©≤® WLzUI�« `�0 r�  (scan the list)  …œb� �� WI�dD�Ë ¨  (nondeterministically)    �?�« 
(select)     «b?�«Ë «œb?� Æ    q�b?���« �≈ t??ÚH?{ÓQ?Ó� ¨ œb?� —U?O��« - «–≈Ë  (the permutation)   ¨

�t?Ú��“Ó√Ë  (remove it)  WLzUI�« s�  (list)  Æ 
 
©≥®  …uD)« —�d?Ó�©≤ ®œb�  n    «d*« s�Æ 
 

UNK� WOKLF�« cOHM� UMMJLO� «cJ�Ë  (the whole process)  X�Ë �  time O(n3)  Æ 
 

∂ – ∂ ®  W�Q?�LK� w�UO��« jD�*« c�  HAMPATH   t?KL�√Ë ¨  (complete it)   Æ   Ê«“Ë√ ¡U?D�S� r?�
 j??D�*« ·d??�_∫   0   …œu??�u*« ·d??�ú�  (existing edges)  Ë ¨   1   « ·d??�ú�…b??�b'  
(new edges)  Æ  WO�“—«u)« o?��?Ó�TSP YO�  k = 0  Æ q?� „UM� ÊU� ÊS�  (a solution) ¨

 —U�� b�u� czbMF� ¢ w�u�K�U�Æ ¢ 
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W�eOK$ù«Ë WO�dF�«  U�KDB*« qO�œ 
Index 

 
  � W?LzU� w?K� ULO�  ¡U?�Q  U�KD?B*«   W?GK�U� W?OLKF�«  W?�eOK$ù«  W?��d�  U?�O�d�  U�b?�√  ¨   U�KD?B*«Ë

 WGK�U� U� WK�UI*«WO�dF�« ¨   U�KDB*« Ác� UNO�  dN� ��«  U�HB�« ÂU�—√ l�Æ 

 
 

`KDB*« WGK�U� O�dF�«W 
 

W�HB�« `KDB*« K�U�WG �eOK$ù«W  

  W�œ«b�—« W�«œ - ±¥∞  - recursive function 
 …b?�OI�  ô¬ ØWOD� …œËb� ∂¥ (lba) linear bounded automata 

œd� Ã–u/ ±∑ abstract model 
‰u�� ±≥ acceptance 

‰u�� W�¬ ± accepter 
 W�«œ ¢ ÊU��d?=�√¢ ±≥∑ Ackermann’s function 
qL� ±∞ action 

 W�UF� WKOJA� ØWDA� µµ active configuration 
lL'« “UN� ≤≥ adder 
Ê«uMF�« —U�� µ≤ address track 

—ËU�?�� W�uHB� ±∑± adjacency matrix 
WO�“—«u� ≥± algorithm 
W???��?���u?�� W??O�“—«u� Ø  WO�U??�� W??OKL�

WO�“—«u� 
± ¨ππ algorithmic computation 

W�b�√ W�uL� ¥ alphabet 
q�b� ≤≤ alternate 

WK�b� Ã–U/ ≥∞ alternative models!
 ÂUN�ù« W�Q�� Ø”U���ô« ±≤µ ambiguity problem 

rN�?�� ±∞∞ ambiguous 
 ·c�ØwGK� ±¥∑ annihilate 

o�K� ±≤≤ append 
   



 ٢٠٧ 

 jO�Ë ØW??��?�� ¥ ¨≥∞ argument!
W�uEM� ≤ array 

 rOI�« œUM�≈ ±µ∏ assignment of values 
 b�«e��« ‰�b?�F?�� Øw�—UI��« uLM�« ±µµ asymptotic growth rate 

W�d(« WO�«– W�¬ ≤ automaton 
 W�u{u� Ø W?�L?]K?��?�� ØW�O?{�d?Ó� ±¥± axiom 

w�JF�« —U�*« V?ÎF�� WO�“—«u� 
       ©ÂU�ú� nK)« s� ® 

µ¥ backtracking algorithm 

O�U�_« Z�—uO� W�¬W ≥∂ basic Turing machine 
 „uK� © WO�“—«u�® ±µ¥ behavior ( of an algorithm ) 

⁄«d� ±± blank 
⁄—U� j�d� vK� n�u��« W�Q�� ±∞∏ blank – tape halting problem 

 jD�© w�UO� Ø ��U�® ≤≤ block diagram 
w�u??�� d?��R� ±µ∑ boolean operator 

Ÿ�d?H��« q�UF� µ∂ branching factor 
W�d�� WI�d� ±∂∑ bruteforce method 

w�UIH�« VO���« WO�“—«u� ≤∞≤ bubblesort algorithm 
¡UM��« V�«u� ≤≤ building blocks 

�b��*« Z�U���«?w ≤∂ calling program 
WF� µ capacity 

 WI�� Ø…dz«œ ≥µ category 
WOK� ≤ cell 

 nO�u� Øb�b% ±µ¥ characterization 
 W�U�— ¢ ‘�A�¢ ±≥± Church's thesis 
…—U�� ±µ∏ clause 

W?��?�B?�F�« W�Q�� ±∑≤ Clique problem 
 WO�UOI�« WGOB�« ØW?�O?H?ÚD?�F�« W�—UOF*« ±µ∑ CNF  ( conjunctive normal form ) 

Z?���œ ±∏ coalescing 
Z�—uO�  ô¬ 5� l??�L?Ó'« ≤≤ combining Turing machines 

W�—UI*« “UN� ≤≥ comparer 
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W�—UI� W�¬ ≤≥ comparing machine 
q??�LJ� ≥¥ complement 

 b?ÎF��« W�dE� ØbOIF��« ±µ∂ complexity theory 
 V?=��d?�� ØÊ�uJ� ≤π compose 

VO���« ±≥≥ composition 
 W��u�K� WOK�UI�« Ø»U��K� ππ computability 

��K� WK�U�»U ±∑ computable 
 W���u?�� Ø W�?��?� ØWO�U�� WOKL� ±± computation 

WO�u�U(« bOIF��« W�—œ ±µ≥ computational complexity 
 W�O� Ø WKOJA� ØWOM�uJ� W�U� µ ¨≥∑ configuration 

 öOJA��« …d�� µ∂ configuration  tree 
5L� ≤π conjecture 

 WO�UOI�« WGOB�« ØUOF*«W?�O?H?ÚD?�F�« W�— ±µ∑ conjunctive normal form ( CNF ) 
‚UO�K� W�U?��� …b�U� ∏∏ context – sensitive grammar 

‚UO�K� W�U?��� WG� ∏π context – sensitive language 
‚UO��« …d� WG� ± context – free language 

rJ% …b�Ë ≥ control unit 
ÕöD�« ∏ convention 

E� W�d ¢ „u�¢ ±∑∑ Cook's theorem 
a�� “UN� ≥≥ copier!

bFK� WK�U� W�uL� µπ countable set 
i�UM� ‰U�� ≤π counterexample 

—UOF� ∂≤ criterion 
WO�U(« W�U(« ¥ current state 

 r��K� WOK�UI�« Ø d�dI�K� Øb�b��K� ππ decidability 
 œ�b� © œËb� s?�O�� ®‰U:« µ≤ delimit the field 

‚UI��ô« WK�K� ±±π derivation string 
nA�J� ±µ detect 

…œ�b� W�¬ ∏ deterministic machine 
—UD�≈ ∑µ diagonalization 
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wL�— »u�U� ±∑ digital computer 
r�UI�« ∂µ divisor 
‰U� ±∑ domain 
·d� ∂ edge 

W��u(« …¡UH� ±µ¥ efficiency of computation 
¡«u)« WO�“—«u� ±±≤ emptiness algorithm 

WO�U)« WK�K��« ±≥ empty string 
n?=KG� ≤≤ encapsule 

WOzUN� ô …�Ë�d?�� ±± endless loop 
 WI�d� Ø b�bF� ¡«d�≈ Ø�b?�� ∂± enumeration procedure 

 ôü«  UI�� R�UJ� ≥∂ equivalence of classes of automata 
ô¬W��UJ��   ≥∂ equivalent automata 

«e�— `�1 ±µ erase a symbol 
u� Z�U�d� ≤≥ erasing program 

 WK�UA�« WI�dD�« ØW�œUHM��ô« ±µ∏ exhaustive approach!
q�UA�« Y���« ±≤∑ exhaustive search 

W??�O??��Ô√ bOIF� W�—œ ±µ∏ exponential complexity 
l??��u� w�d� Ã—b� πµ extended hierarchy 

 ÂUE�L -   l?���u?Ô*« Øb�L*« ±¥π extended L - system 
œ«b��« ±∂ extension!

WF?���u?�� W�uL� ≤≥ extensive set 
W�dH��  U�«d� ∏µ extraneous blanks!

WOzUN� W�U� ¥ final state 
…œËb� ‰u�� W�¬ π∂ finite accepter 

…œËb� W�¬ ± finite automaton!
…œËb� …d�«– µ finite memory 

…œËb� W�uL� ¥ finite set 
W�œËb;« WO�“—«u� ±±¥ finiteness algorithm 

÷«d�_« œbF�� »u�U� µπ general – purpose computer 
WO�uLF�« π≤ generality 
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w�UO� jD� ∂ graph 
 j/ Øu/ Ã–u/ ±¥∏ growth pattern 

?�F?��uLM�« ‰�b ±≥∏ growth rate 
 n�u�� Øn??�̂u� µ halt 

n??�̂�u?�� W�U� µ halt state 
n?�̂�u?�� W�U� ±± halt state 

n?�̂�u?�� WKOJA� ±±¥ halting configuration 
n�u� W�Q�� ππ halting problem 
n?�̂�u?�� W�U� ±±≥ halting state 

 —U�� ¢ w�u�K�U�¢ ±∑∞ Hamiltonian path 
  «bF*« ØW�œU*«  U��uJ*« ±µ≥ hardware 

w�d� q�K�� ∑± hierarchy 
Èu��*« w�U� n?���Ë ≤≤ high – level description 

Èu��*« WO�U� WG� ±≥ high level language 
÷�d?Ó� ≤π hypothesis 

WI�UD�� ±µ± identity 
cOHM� ±∑ implementation 

¡UC��« ∂µ implication 
¡«dI��ô« ∏∑ induction 

wzUN� ô j�d� ≥∂ infinite tape 
 w�«– Øs�U� ±≥± inherent 

WOz«b��« WOM�uJ� W�O� ∂ initial configuration!
WOz«b��« W�U� ¥ initial state 

‰U�œû� W�b�√ W�uL� ¥ input alphabet 
‰U�œ≈ nK� ≤ input file 

w?E?��?Ó� n�Ë ≥∑ instantaneous description 
w?E?��?Ó� n?���Ë ∏ instantaneous description 
 ULOKF��« qO� ≤≤ instruction stream 

q�UH�� ≤∂ interact 
WOK�«œ W�U� ¥ internal state 
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��H� ¥ interpretation 
 W'UF*« W�F� ØW'UF*« …d?�?�� ±∂∏ intractable 

fJFK� q�U� π≥ invertible 
VIF�� ±≤ keep track of 

ÕU�H� œb� ±µ∂ key number 
   ÂUE�L - ±¥∏ L – system!

 v?�L�?�� Ø r�« ØÊ«uM� ∂ label 
WGK� ‰u�� W�¬ ±± language accepter 

WO�U�√  U�«d� ∏≥ leading blanks 
s�e�« W?�O?=D?�� WO�“—«u� ±µ∏ linear – time algorithm 

 …b?�OI�  ô¬ Øb�WOD� …œË ∂¥ linear bounded automata (lba) 
w?=D?�� Y� ±µ∂ linear search 

�w?��d?�� ±µ∏ literal 
wIDM� d?��R� ±µ∑ logic operator 

W�ü« WG� ≤≤ machine language 
 Ëd�U� WLOKF� ØWO�U�≈ ≤¥ macroinstruction 

 WO�“—«u� ¢ ·u�—U�¢ ±¥∂ Markov algorithm 
o�«u�  Ø rz«u� Ørz«u� ±∂ ¨∑¥ match 

�uHB� …b�U�OW ±¥µ matrix grammar 
WO�¬ ≥ mechanism 

 W�uC� WO�“—«u� Ø¡UL��« ∑≤ membership algorithm 
‰u�— π∞ messenger 

 w�U� Øb?=KI� ≥∑ mimic 
W?���dG�_« d?��R� ±≥π minimalization operator 

 W�Q�� ¢ X�u� ¢� W��b?�F?Ô*«WK�UILK ±±∑ Modified Post Correspondence 
Problem (MPCP)!

 d�R� ØÕdD�« s� ’U� ŸuM� q�U� ±≥¥ monus ( 


 ) 
W�d� ¥ move 

 W�Q�� ¢ X�u� ¢                WK�UILK� W��b?�F?Ô*«      ±±∑   MPCP (Modified Post 
Correspondence Problem) 

œUF�_« …œbF�� W�¬ µ∞ multidimensional machine 
   



 ٢١٢ 

”Ëƒd�« …œbF�� Z�—uO� W�¬ ∂∏ multihead Turing machine 
…œbF��  «—U�� ¥± multiple tracks 

tO� »ËdC*« œbF�« ≤∑ multiplicand 
»d{ W�¬ ≤∑ multiplication machine 

»d{ “UN� ≥≥ multiplier 
W�d�_« …œbF�� W�¬ ¥∂ multitape machine 

 «—U�*« …œbF�� W�¬ ∂¥ multitrack machine 
wHM�« d?��R� ±µ∑ negation operator 

WK�«b�� WOM� π∂ nested structure  
w�«d� �� e�— ±∑ nonblank symbol 

 h????KI�� �??????� Ø  gL????????JM� �??????�
 © b�«uI�« s� Ÿu�® 

∏∏ noncontracting 

Âb� b�b���« ≥µ nondeterminism 
Z�—uO� W�¬ �� …œ�b� µ≥ nondeterministic Turing machine 

WO�U*« �� Z�—uO� W�¬ ∂∑ nonerasing Turing machine 
WOzUN� �� W�U� ±≤ nonfinal state 

WO�d� �� X�«u� ±¥± nonterminal constants 
WO�UO� WGO� ∏∏ normal form 

 W�U� WG�Ø WK�U�  NP -   ±∑∑ NP – complete language 
 ÂUL��« Ø ‰ULJ�«  NP -  ±∑∑ NP - completeness 

 l�œ  «– …œb� �� ‰u�� W�¬
qH�_ 

∂π npda (nondeterministic pushdown    
accepter) 

j)« s� W�uBH� W�¬ ¥¥ off – line machine 
Y��K� W�u�H� W�Q�� ±∑π open problem 

qOK% rOI�« œËb� ±µµ order – of – magnitude analysis 
rOI�« œËb� ��UF� ±µ≥ orders – of – magnitude expressions 

W�O�� ≤≤ outcome 
WOze� W�«œ ¥ partial function 

 —Ëd� Ø…—Ëœ ±¥ pass 

 W�Q�� ¢ X�u� ¢WK�UILK� ±±µ PCP (Post Correspondence 
Problem) 
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 ¡«œ√ ©—«u� WO�“® ±µ¥ performance ( of an algorithm )!
q�b�� ±∏∞ permutation 
…—U�� ≤¥ phrase 

 WO�«—U�� WOM�  «– …b�U� ØWOK?�L?�� ±¥µ phrase – structure grammar 
s�e�« W�œËb� WO�“—«u� ±∑∑ polynomial – time algorithm 

W�œËb� WOM�“ …�� � ‰«e��ô« ±∑≥ polynomial – time reduction 

 W�Q�� ¢ X�u� ¢WK�UILK� ±±µ Post Correspondence Problem 
(PCP)!

 ÂUE� ¢ X�u�¢ ±¥∞ Post system 
WO�U� …—b� Ë– ≤∏ powerful 
 WI�U��« W�«b�« Ø W��bI*« ØW?�O?K?��?ÓI�« ±≥¥ predecessor function 

wz«b� ≤∏ primitive 
wz«b��« œ«b�—ô« ±≥≥ primitive recursion 

WOz«b� W�œ«b�—« W�«œ ±≥µ primitive recursive function 
W�Q�� ±∞∞ problem 

¡«d�≈ ≤π procedure 
qOGA� …b�Ë µ processing unit 
◊UI�ù« W�«œ ±≥≤ projector function 

 `O�� VO�d� Ø rOK� Ø◊u�C� ∂≤ proper order 
 WOKF� WOze� W�uL� ØW�O�� ± proper subset 

 © œu??� Ø Z�U??�d� ® © tO�??� Ø n??z«“®  Ø
œu� t�� 

≤≤ pseudo code / pseudocode 

qH�_ l�b�«  «Ë–  ô¬ ± pushdown automata 
qH�_ l�b�«  ô¬ ±∂ pushdown automata (pda)!

—u�U� ± queue 
W�d(« WO�«– —u�U� W�¬ ∂∏ queue automaton 

ÍœUO��« d�� ∂∞ quotient 
Èb� ±≥± range 

W�U�J�«Ë …¡«dI�« ”√— ≥ read – write head 
wKLF�« l�«u�« � wKFH�« ¡«œ_« ±µµ real – life performance 

W�œ«b�—« W�«œ ±≥± recursive function 
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W�œ«b�—« WG� ∑≤ recursive language 
Íœ«b�—« Z�U�d� ±≥∑ recursive program 

U�œ«b�—« b�bF�K� WK�U� WG� ∑≤ recursively enumerable language 
‰e�� ±∞∑ reduce 

‰«e��ô« WI�d� ±∞∑ reduction technique 
 œUM�≈ WDI� Øl�d� WDI� ¥≤ reference point 

 qI?�B?�� Ø q?�BH?�� Ø `?=IM?�� © UH?���Ë® ≤≤ refine (a description) 
o�UM� q�U� ≤∂ region separator 

WLE�M� WG� ± regular language 
 d�dJ� Øa�� µ¥ replicating 

W���« …œU�ù WK�U� W�¬ ≥∂ reprogrammable machine 
œ—«u*«  U�KD�� ±µ≥ resource requirements 

W�U�J�« …œU�≈ ÂUE� ±¥¥ rewriting system 
 W�dE� ¢ f�«—¢ ±±µ Rice's theorem 

W?�O?I?Î?��?���« W�Q�� ±µ∂ satisfiability problem ( SAT ) 
w?I?Î?��?�� ±∑∏ satisfiable 

w?I?Î?��?�� ��F� ±µ∏ satisfiable expression 
jD� ≤ scheme 

b�u���«Ë qLFK� e?�O� ∂∂ scratch space 
Íu�U� s�e� µ secondary storage 

wzUN� ô nB� ◊Ëd� ¥± semi – infinite tape 
”U��ù« µ sensing 

WGOB�« W�—U(« ∏µ sentential form 
WO�«—U�� WGO� ∏∏ sentential form 

 öOJA� WF�U��� ∏ sequence of configurations 
 U�d% WF�U��� ∂ sequence of moves 

…—U�≈ ≤≤ signal 
WO�U� W�¬ ≥π simulating machine 

…U�U� ≥∑ simulation 
œd?ÚH?�� ±¥∂ single out 
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l??�{�Ë ¥ situation 
 r�� ØW�Q�*« WF� ±µ¥ size of a problem 

jD� ≤π sketch 
 UO���« ±µ≥ software 

 VO���« W�Q�� Ø“�d?ÓH�« ±µ¥ sorting problem 
WO�UJ*« bOIF��« W�—œ ±µ≥ space complexity 

W??��— ≥¥ stack 
WK�d� ∂ stage 

WO�UO� W�¬ ≤ ¨∏ standard machine 
W�U� ¥ state 

W�U(« ‰u�œ W�Q�� ±∞∑ state – entry problem 
rJ���« W�U� µ state of control 
 ¡UI��« —UO��« © l{u*« �® ≥∏ stay – option 

 Êe� Øs�e� ≤ storage 
s�e� WKO�Ë ≥µ storage device 

WK�K� ±± string 
q�ö�K�  U'UF� ≤π string manipulations 

WOM� ±∂ structure 
w�d� Z�U�d� ≤µ subprogram 

 d?��R� Øw?KÚH?�� e�— ±∞ subscript 
w�U� ∂ subsequent 

Õd� “UN� ≥≥ subtracter 
 WF�U��« W�«b�« Ø WO�U��« Ø W?��b?�F?���« Ø
WI�ö�« 

±≥≤ successor function 

n�u� ≤∂ suspend 
e�— ¥ symbol 

VO�d� ±π synthesis 
j�d� ±± tape 

j�dAK� W�b�√ W�uL� ¥ tape alphabet 
WLN� ≤≤ task 
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 w�M?Ó� Ø�I� ±≥ technical 
X�R� s�e� ± temporary storage 

�b?�� ±µ∑ term 
WO�d� X�«u� ±¥± terminal constants 

WO�d�  U�U��≈ ±¥∂ terminal productions 
WO�d� WK�K� ±¥∂ terminal string 

  UO?��d?Ó�Ø WO?��d?Ó� “u�— ∏± terminals 
 n�u�� ØwN�M�  ØwNM� µ terminate 

WOM�e�« bOIF��« W�—œ ±µ≥ time complexity 
W?�O?=K?Ô� W�«œ ±≥µ total function 

l���� ≤± trace 
—U�� ¥± track 

 W'UF*« W�uN� ØW'UF*« d�?�� ±∑∑ tractability!
 W?�F?�O?Ó� ØW'UF*« WKN� ±∂∏ tractable 

WOHK�  U�«d� ∏≥ trailing blanks 
W�UDK� ‰�u?� ±∑ transducer 

‰UI��« ±¥ transition 
‰UI��« W�«œ ¥ transition function 

 ôUI��ö� w�UO� jD� ∂ transition graph!
 ôUI��ö� w�UO� jD� ∂ transition graph 

d�U�*« lzU��« W�Q�� ±∏± traveling salesman problem ( TSP ) 
WO�ö� ¥∞ triplet 

d�U�*« lzU��« W�Q�� ±∏± TSP ( traveling salesman problem  ) 
Z�—uO� WO{d� µπ Turing hypothesis 

Z�—uO� W�¬ ± Turing machine 
Z�—uO� W�U�— ≤∏ Turing's thesis 

bF��« wzUM� j�d� µ± two – dimensional tape 
WOD/ W�U� ∑ typical case 

ÍœU�_« ÕöD�ô« ±∏ unary notation 
ÍœU�√ qO�9 ±¥≥ unary representation 
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 b?�OI� �� j�d� ØœËb� ∏ ¨∂≥ unbounded tape 
bFK� WK�U� �� W�uL� ∂± uncountable set 

 r��K� WK�U� �� Ød�dI�K� ±∞∞ undecidable 
 W�UF�« Z�—uO� W�¬ ØWK�UA�« µ∂ universal Turing machine 
…œËb� �� WF� µ unlimited capacity 
…b?�OI� �� …b�U� ∏± unrestricted grammar 
 œ�b?��?�� �� ¡e�©j�d� s�® π unspecified part (of a tape) 

 Ÿ�u�M?�� Ø·ö��« ±µµ variation 
jO�� —U�� Ê“Ë ±∏± weight of a simple path 

�F?�� WIDM�«bO� W��d? ±≤ well – defined region 
 e?�O?� ØqLF�« WIDM� ≤≤ working space / workspace 

W�U� √u�√ ±µµ worst case 
W�dHB�« W�«b�« ±≥≤ zero function 

      



n�RLK� V�� 
»u�U(« rK�Ë  UO{U�d�« � 

???????????????????????????????????????????????? 
  ± ≠   ◊ ¨ Ê«d�—uH�« WGK� V�U(« W�d�¥  rKI�« —«œ ¨ ÆÆ X�uJ�«±ππ≤ Æ 
  ≤  ≠ ◊ ¨  U�uKF*« W�dE� � W�bI�≤  rKI�« —«œ ¨ ÆÆ X�uJ�«±ππ≥ Æ 
  ≥  ≠ rKI�« —«œ ¨ WOL�d�«  UJ�A�« ÆÆ X�uJ�«±π∏∂ Æ 
  ¥ ≠   rKI�« —«œ ¨ ÍœbF�« qOK���«  ÆÆ X�uJ�«±π∏∏ Æ 
  µ  ≠ ◊ ¨ wD)« �'«≤ ¨ rKI�« —«œ  ÆÆ X�uJ�«±ππµ Æ 
  ∂  ≠◊ ¨ ‰UJ�U��« WGK� V�U(« W�d�≤  rKI�« —«œ ¨  ÆÆ X�uJ�«±πππ Æ 
  ∑  ≠œ l� ¨ ‰UJ�U��« WGK� W�bI�*« W���« ÆrKI�« —«œ ¨Ê«u�— …e�   ÆÆ X�uJ�«±ππ¥Æ 
  ∏  ≠ WOL�d�« WK�UJ�*« dz«Ëb�«©W�d� ® rKI�« —«œ ¨  ÆÆ X�uJ�« ±ππ≥Æ 
  π  ≠ rKI�« —«œ ¨ ‰UJ�U��« WGK� W���«Ë  UO�“—«u)«  ÆÆ X�uJ�« ±ππ∑Æ 

±∞ ≠ ¨  UODF*« vM�œ l� ÆÊ«u�— …e�  rKI�« —«œ ¨  ÆÆ X�uJ�«±ππ∏Æ 
±± ≠��«  ôœUFLK� W�œbF�« ‰uK(« —«œ ¨ W�œUF�« WOK{UH rKI�«  ÆÆ X�uJ�«≤∞∞∞ Æ 
±≤ ≠ —«œ ¨ WOze'« WOK{UH��«  ôœUFLK� W�œbF�« ‰uK(« rKI�«  ÆÆ X�uJ�«≤∞∞± Æ 
±≥ ≠ WGK� V�U(« W�d�C++  ¨ —«œ rKI�«  ÆÆ X�uJ�«≤∞∞≤ Æ 
±¥ ≠ WGK� W�bI�*« W���«C++  ¨ —«œ rKI�«  ÆÆ X�uJ�«≤∞∞≥ Æ 
±µ ≠*«  UO{U�d�« ÕöH�« W��J� ¨ »u�U(« rK� � WFDI� ÆÆ X�uJ�«≤∞∞µ Æ 
±∂ ≠ WGK�  U�UO��« q�UO�C++ œ l� ¨ Æ ÕöH�« W��J� ¨ Ê«u�— …e� ÆÆ X�uJ�«≤∞∞∂ Æ 
±∑ ≠ WGK� W�bI�*« W���«C  √d�« —«œ ¨ ÆÆ X�uJ�«≤∞∞∂ Æ 

±∏  ≠ WGK� »u�U(« W�d�C  √d�« —«œ ¨ ÆÆ X�uJ�«≤∞∞∑ Æ 
±π ≠u�U(« rE� ¨ »ÕöH�« W��J�  ÆÆ X�uJ�«≤∞±± Æ 
≤∞ –  ¨ WOKJA�«  UGK�«Ë WO�U�u�Ë_«Ë W��u(« W�dE� ÕöH�« W��J� ÆÆ X�uJ�«≤∞±± Æ  
≤±  ≠ ÕöH�« W��J� ¨ ÍœbF�« qOK���«Ë W�œbF�« ‚dD�« ÆÆ X�uJ�«≤∞±≤ Æ 
≤≤  ≠     ??�ö��«  «– ¨ WOKJ??A�«  U??GK�«Ë W??O�U�u�Ë_«Ë W�??�u(« � W??�bI�*« W??�dEM�« q ÆÆ

 X�uJ�«≤∞±µÆ 
≤≥ ≠     q�ö��«  «– ¨»u�U(«  UO�“—«u� qOK%Ë rOLB� ÆÆ X�uJ�«≤∞±∂Æ 



»U�J�«  U�u�� 
 

Ÿu{u*« �«W�HB 
W�bI*«  

‰Ë_« qBH�« ∫   Z�—uO�  ô¬ ± 
w�U��« qBH�« ∫   Z�—uO�  ôü Èd�√ Ã–U/ ≥µ 
Y�U��« qBH�«    ∫      W?O�«–  ôü«Ë WOKJ?A�«  U?GK� w?�d�« q?�K���«

W�d(« 
∑± 

l�«d�« qBH�«    ∫WO�“—«u)« WO�U�(«  UOKLF�« œËb� ππ 
f�U)« qBH�«   ∫W��u�K� Èd�√ Ã–U/ ±≥± 
”œU��« qBH�«    ∫WO�u�U(« bOIF��« W�—œ vK� W�U� …dE� ±µ≥ 
  UM�d9 W�u�√‰Ë_« qBH�« ±∏≥ 
  UM�d9 W�u�√w�U��« qBH�« ±∏∂ 
 UM�d9 W�u�√ Y�U��« qBH�« ±π± 

  UM�d9 W�u�√l�«d�« qBH�« ±πµ 
  UM�d9 W�u�√f�U)« qBH�« ±ππ 
  UM�d9 W�u�√”œU��« qBH�« ≤∞≤ 

  

W�dE� � l�«d*« iF� ¡U�√ WOKJA�«  UGK�«Ë WO�U�u�Ë_«Ë W��u(« ≤∞¥ 
W�eOK$ù«Ë WO�dF�«  U�KDB*« qO�œ ≤∞∂ 

  

»u�U(« rK�Ë  UO{U�d�« � n�RLK� V�� ≤±π 
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